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Luigi Roberti and Gerald Teschl
WS2024/25

Note: References refer to the lecture notes.

1. Show that for n,m € N we have

1
2/ sin(nma) sin(mmrx)dx =
0 0, n#m.

Conclude that the Fourier sine coeflicients g,, of
oo

g(z) = Z gn sin(nma).
n=1

are given by
1
gn = 2/ sin(nmzx)g(z)dz.
0
provided the sum converges uniformly.

. Use the method of separation of variables as described in the notes to
solve the heat equation

0 o?
Eu(t x) = @u(t, x)

with boundary conditions u(t,0) = wug, u(¢,1) = u; and initial condition
u(0,2) = u(z). It models the temperature distribution of a thin wire
whose edges are kept at a fixed temperature ug and u;. What can you say
about lim;_, oo u(t,2)? (Hint: If u(z,t) solves the heat equation, so does
u(x,t) + a + bx. Use this to reduce the boundary conditions to the case
Ugp = Uy = O)

. Show that ¢2(N) is a Hilbert space.

. Prove the parallelogram law

1f +gl* + 1f = all* = 21l £1* + 2]lg]1*

for f, g in some Hilbert space $.

. Let
P(N) == {a := (aj)jen | [lallp, < oo},
where
1/p
(ZjeN ‘aj‘p> , 1< p<oo,
SUpjey la;], p = o0.

Show that /P(N), 1 < p < o0, is a Hilbert space if and only if p = 2. (Hint:
Previous problem.)

all, =
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6. Suppose 9 is a complex vector space. Let s(f,g) be a sesquilinear form

10.

on 9 and q(f) := s(f, f) the associated quadratic form. Prove the par-
allelogram law

q(f +9) +a(f —9) =2q(f) +24(9)

and the polarization identity

s(f,9) =~ (a(f+9) —q(f —g) +iq(f —ig) —iq(f +ig)).

> =

Show that s(f, g) is symmetric if and only if ¢(f) is real-valued.

Note, that if 9 is a real vector space, then the parallelogram law is un-
changed but the polarization identity in the form s(f,g) = 1(q(f +g) —
q(f — g)) will only hold if s(f,g) is symmetric.

Let {u;}52, C $ be a countable orthonormal set and f € $. Show that

n

Fo = uy, g

§=0
is a Cauchy sequence.
Let f € LP(R") and g € LY(R™) with L 47 = 1. Show that fxg € L(R")
with
1 * glloe < £ llpllgllq-

Show that for 1 < p < co or p = 1 and g € Cyp(R™) we even have
f*g€ Co(R™).

Let ¢. be a symmetric approximate identity on R, that is, ¢.(z) = ¢.(—z).
Show that for every bounded measurable function f we have

flat) + flz—)

1611%1((255 * f)(z) = 5 )

at every point z where both right/left sided limits f(z+) := lim. o f(z£¢)
exist.

Show that the same conclusion holds for integrable functions f if ¢,
has compact support, supp(¢:) C [—s, s], and for every r > 0 we have

limELO SUPr<|z|<s |(b€(£l7)| =0.
Show that the Landau kernel
1 1— 2\n 1 1
La(a) = {77 el <L / (1 —2?)"de
07 |£L'| 2 ]-7 -1

is an approximate identity on R (for ¢ = % with n € N).

Use this to prove the Weierstral approximation theorem, that every con-
tinuous function on | can be uniformly approximated by polynomi-
als.

_%v%}
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11.

12.

13.

14.

15.

16.

17.

Show that the Poisson kernel

1 €

P.(x) = ————
(@) T x2 + €2
is an approximate identity on R.

Show that the Cauchy transform (also Borel transform)

d\
/)\—z

of a real-valued function f € LP(R), 1 < p < oo is analytic in the upper
half-plane with imaginary part given by

Im(F(z +iy)) = (Py * f)(x).

In particular, by Young’s inequality || Im(F'(.+iy))|l, < ||f|l, and thus also
sup,~ [[Im(F(. +1iy))[l, = [|f[lp- Such harmonic functions are said to be
in the Hardy space h?(C).

(Hint: To see analyticity of F' use Problem A.1 from the notes plus the
estimate

1 14|27 )
= L+ (A [Im(2)|

1
A—z

Let f € L'(—m,7) be periodic and a € R, n € Z. Show

g(z) | fik
f(—x) Ji—k
f(z)* TZ

f+a) | e fy
einmf(l.) fk—n

Show the following estimates for the Dirichlet and Fejér kernels: |D,,(z)| <
min(2n + 1, 77) and £y, () < min(n, n”—;) for |x| < 7.

Show that the Dirichlet kernel satisfies

81
— > % <[IDulls < 27(1 +log(2n + 1))

k=1
and note that the harmonic series diverges.

Compute the Fourier series of the Dirichlet kernel D,, and the Fejér kernel
FE,.

Compute the Fourier series of f(z) := |z| on [—m, 7]. For which x € [—m, 7]
does S,,(f)(z) converge to f(x)?

Compute the Fourier series of f(z) := 22 on [—m, 7] and use this to show

(Basel problem)

2 a
—n 6

(Hint: Evaluate the series at = .)
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18.

19.

20.

21.

22.

23.

24.

Show that if a sequence of complex numbers .S,, converges to .S, then the
sequence of mean values

n—1

> S

k=0

Sy =

3=

also converges to S.

Suppose f and g are periodic (with period 27) integrable functions. Show

(m)k = 27 ks

where .
(f*g)(x) = i} [z —y)g(y)dy.
(Hint: Fubini.)
Compute the Fourier series of f(z) := x on [—m, 7] and use this to solve
again the Basel problem. (Hint: Parseval’s relation.)
Show that the Hilbert transform H satisfies

sign(k) ~

(Hf) = F

1

for f a trigonometric polynomial. (Hint: To evaluate the integral consider
the closed form of the Dirichlet kernel and split off the +1/2.)

Compute the Fourier series of f(x) := sign(x). For which € [—m, 7] does
Sn(f)(z) converge to f(x)?

Compute the Fourier series of f(z) := ﬁei‘” on [—m, 7] for a« € C\ Z.
For which z € [—m, 7] does S,,(f)(x) converge to f(x)?

Establish the partial fraction decomposition

— 1
wzcot(wz)zl—l—?zzzm, z€C\Z.
k=1

Show that for § € R and f € L'(0,7) we have

™

lim f(x)sin((n + 6)x)dx = 0.
n—0oo 0
Use this to compute the Dirichlet integral

R -
lim / wdz = z.
0 2

R—o0 T

(Hint: To evaluate the Dirichlet integral start from [ D, (z)dz = 7 and
observe that 2 — —L_~ is continuous on [—,7].)
sin(x/2)
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25.

26.

27.

28.

Show the summation by parts formula

Z gj(af)j = Onfot1 — Gm-1fm + Z (8*g)jfj
j=m

j=m
where,
Of)n = o1 = fns (O f)n = fo1— [,

are the forward/backward difference operators.
Suppose the real-valued sequence a,, converges to zero and satisfies b,, :=
—(00*a)n, = aps1 + an—1 — 2a, > 0 for n € N. Show that

® o, = a,_1 — a, > 0 is decreasing and converges to zero,

o na, — 0,

® am = Z;O:m—i-l(j —m)b;.
(Hint: To show the second claim use a,, — a,, > (n — m)a, for n > m.

For the third claim use summation by parts.)

Let (ax)ren be a nonnegative monotone decreasing sequence which con-
verges to zero and (b (x))kren a sequence of complex-valued functions for
which B, (z) = 2;11 b (z) is uniformly bounded, |B,(z)| < C. Show
that (Dirichlet criterion) the series

> arbi(z)
k=0

converges uniformly.

Conclude that the Fourier cosine/sine series

Zak cos(kx), Zak sin(kx)
k=0 k=0

converge uniformly on every compact subinterval 0 < |z| < 2. (Hint: To
show the Dirichlet criterion use summation by parts from Problem )

Show that the operator

[ L (—m 1) = Cyorl—mo),  f(2) s F(z) — for — % " Fla)ds,

—T

where F(z) := [ f(y)dy, satisfies

- 0, k=0,
T ke z\ {0}.

Show also [|1(f)]lee < 3|1 f]l1-

Show that f € Cpg,.[—m, 7] if and only if |kmfk| is bounded for all m € N.
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29.

30.

31.

32.

33.

Define the Sobolev space
H,, (=, 7) = {f € L*(=m,7) | [k|*fix € (*(2)}.

per

Show that H}, (—m,m) = {f € ACper[—m, ] | ' € L?*(—m,m)}. Show
that the Fourier coefficients of f € Hj,,(—m,7) are summable for s > 1.

Show that this fails for s = 3. (Hint: Problem [27])

Show that if f € C%Y[—x, 7] is Holder continuous, then

per
[f]“/ ™

~ v
fk|§2(|k|> ’ k # 0.

Conclude that if f € CL) [~ 7] (the set of periodic functions which are

per
C' and for which the highest derivative is Holder continuous of exponent

v) we have
~ @ I+
R (G) o kR

(Hint: What changes if you replace e~ **¥ by e~ *(w+7/k) in a Fourier series?

Now make a change of variables y — y — 7/k in the integral.)

Consider the function
flx):= Z Q*Weizjm, v > 0.
=0

Show:
(i) f is in the Wiener algebra (and in particular continuous).

)
(i)
)
)

(iii
(iv) f is Holder continuous of exponent «y for 0 < 4 < 1 but not Lipschitz
continuous for v = 1.

f is not of bounded variation for 0 < v < 1.

f is not absolutely continuous for 0 < v < 1.

(Hint for (iv): To estimate |f(z + d) — f(z)| split the sum at an index n
and use |ei® — 1] < |z|, x € R, for the first part and |el* — 1| < 2, z € R,
for the second. Now find a suitable value for n.)

Let S, = > p_oax and S, := %szl Si. Show that for m < n

- m+1, . . 1 -
Sn - Sn+1 - m(5n+1 - Sm—l—l) + n—m kgn;rl(sn - Sk)

Show that F1(R™) C LP(R") with

_n(|_1 LoA1-1
£l < @o)~ECS £ FIlL 7

Moreover, show that S(R™) C F1(R") and conclude that F!(R"™) is dense
in LP(R™) for p € [1,00). (Hint: Use 2P < z for 0 < z < 1 to show

£l < A1 1A
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34.

35.

36.

37.

38.

39.

40.

41.

42.

Suppose f; € L'(R), j = 1,...,n and set f(z) := [[;_, fj(x;). Show that

fe LR with [|flly = ITj= [1fill and f(p) = TTj=, £(p))-

Compute the Fourier transform of the following functions f: R — C:
C7k|z\

(1) f(x) = x(-1,1)(@). (ii) f(z) = *5—, Re(k)>0.
Show that

Un() 1= Ho(z)e™ % € S(R),

where H,(z) is the Hermite polynomial DLMF |(12.7.2)| of degree n given
by

Prove the Poisson summation formula

Z f(n)e™ " = /2n Z Fla +2mm),

neZ meZ

where f € LY(R) satisfies |f(z)| + |f(x)\ < W for some o > 1.
(Hint: Compute the Fourier coefficients of the right-hand side. To this
end observe that the integrals over [—, 7| give a tiling of R when m runs
through all values in Z.)

Suppose f € L'(R) satisfies |f(z)| + |f(z)| < W for some o > 1.
Prove the Whittaker—Shannon interpolation formula:

fw) =" f(n)sinc(r(z —n))

nez

~

provided supp(f) C [-m, 7. Here sinc(z) := 322 (Hint: Use the Pois-

x

son summation formula to express f and take the inverse Fourier trans-
form.)
* sin(x)? ™
o —dr = .
0 T 2

Suppose f(x)e*l*l € LY(R) for some k > 0. Then f(p) has an analytic
extension to the strip |Im(p)| < k.

Show

(Hint: Problem [35] (i).)

Show that

111 := mf{[[ follpo + 1frllps 3 = fo+ fr, fo € L7, fr € L™}

turns LP° + LP1 into a Banach space.

Use dilations f(z) — f(Az), A > 0, to show that an inequality | f]l, <
Cp.qll fllp can only hold if % + % =1.


http://dlmf.nist.gov/12.7.E2
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43.

44.

45.
46.

Show that the Fourier transform does not extend to a continuous map
F : LP(R") — L9(R"), for p > 2. Use the closed graph theorem to
conclude that F is not onto for 1 < p < 2. (Hint for the case n = 1:
Consider ¢, (z) = exp(—z2?/2) for z = X\ + iw with A > 0.)

Show that Ey = 0 if and only if f = 0. Moreover, show E¢ ,(r +
s) < Ey(r) + Ey(s) and Eus(r) = Ef(r/]a]) for a # 0. Conclude that
LPY(X,du) is a quasinormed space with

paw < 2(1flpw + lgllpwo)s  llafllpao = Il fllp-

If+ 9|

Show f(z) = |z|~™/? € LP*(R™). Compute || f||p.w-

Compute the maximal function of f(z) := x(1,1)(x).



