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Abstract

We consider the Sturm-Liouville differential expression with measure-valued coefficients

d [ df
=g (it [ 1)

and introduce the Weyl m-function for self-adjoint realizations. We further look at the special
case of one-dimensional Schrodinger operators with measure-valued potentials. For this case we
develop the asymptotic behavior

m(z) =~z - /D LN i) o (¢1—7)

of the Weyl m-function for large z.



Introduction

The Sturm-Liouville theory, which essentially is the theory of ordinary differential equations of
second order, was initiated in the 1830’s by Charles Frangois Sturm who soon collaborated with
Joseph Liouville. This theory has been a field of interest ever since, with many applications
most notably in physics. Especially the modern field of quantum mechanics broadly employs
the Sturm-Liouville theory in combination with spectral theory. In the one-dimensional case
the Sturm-Liouville eigenvalue problem coincides with the one-dimensional time-independent
Schrodinger equation Hip(z) = Ev(z). A popular introduction problem for physics students is
a model with a potential of the form V(x) = —%5(1‘) were d(x) describes a point charge. This
leads to a jump condition for the first derivative of solutions of the Schrodinger equation which
is not covered by the classical Sturm-Liouville theory.

In this thesis we look at a generalization of the classical Sturm-Liouville differential expression
71 which covers such point charge potentials as well as many other generalized potentials of
interest. The derivatives are extended as Radon—Nikodym derivatives to the expression

d [ df
Tlf:dg(‘dﬁ/de)’

with measures o, ( and y not necessarily absolutely continuous with respect to the Lebesgue
measure.

Our starting point is the paper of [1], published by Gerald Teschl and Jonathan Eckhardt in
2013. From this paper we explain the basic theory of the differential expression 71. This includes
an existence and uniqueness result for the initial value problem, categorizing interval endpoint
regularities and looking for self-adjoint realizations of 7. The methods we use to develop this
results are very similar to the classical Sturm-Liouville theory methods with the difference that
we have to use the tools of measure theory, i.e. the Radon—-Nikodym theorem and integration
by parts for Lebesgue-Stieltjes integrals. The main effort lies in finding self-adjoint realizations
of 7 in a Hilbert space as those correspond to possibly multi-valued linear relations. For cer-
tain self-adjoint realizations S of 7 we introduce the Weyl m-function, which is a Nevanlinna
function containing the spectral information of S.

Equipped with this apparatus of our generalized Sturm-Liouville expression we examine the one-
dimensional Schrédinger operator with measure-valued potential. This potential is described
by the measure x resulting in the differential expression

f = <—f/+/fdx)/.

In this thesis we will develop a new improved estimate for the asymptotic behavior of the Weyl
m-~function corresponding to 0. We do this by first describing a fundamental system of the
differential equation (75 — z)u = 0 as solutions of integral equations. This integral equations
allow us to extract an asymptotic estimate for their solutions. Then we find an asymptotic
estimate for the Weyl m-function with the help of the Weyl circles, as done in the classical case
by F. Atkinson in [3]. Combining this two estimates leads to or final estimate for the asymptotic
behavior of the Weyl function given as

m(z) = =2 = [T i) +o

1
A / _Z)
as Im(z) — 4o0.
This result is valuable for inverse Sturm-Liouville problems which examines the possibility to



get information about the self-adjoint realization of a differential expression 7 (i.e. its potential)
by only possessing its spectral information (i.e. its Weyl m-function).

Acknowledgement

First I want to thank my supervisor Gerald Teschl for his great suggestions and support on
writing this thesis, as well as for sparking my interest in this field of mathematics through his
excellent book [4]. T also thank my co-supervisor Annemarie Luger for her devoted support
during my stay at Stockholm University.

Furthermore I want to thank my family for their incredible support throughout the years of my
studies. T am indebted to all my friends for their constant support especially Albert Fandl, Oliver
Leingang and Alexander Beigl for their help on mathematical questions. Last but not least, I
want to express my appreciation for my girlfriend Ana Svetel, who was always understanding
and a big source of motivation.



Contents

Abstract . . . . . e,
Introduction . . . . . . . L. e

1 Preliminaries and notations
1.1 Measures . . . . . . . . . e e e
1.2 Absolutely continuous functions . . . . . . . ... oL
1.3 Asymptotic behavior of functions . . . . . . . .. ...
1.4 Nevanlinna functions . . . . . . . . . . . . .o

2 Linear relations
2.1 Thebasics . . . . . . . o o
2.2 Self-adjoint linear relations . . . . . . . ... o L
2.3 Self-adjoint extensions of linear relations . . . . . . .. ... ... o0

3 Linear measure differential equations
3.1 Initial value problems . . . . . . .. ..
3.2 Properties of solutions . . . . . . . ...

4 Sturm-Liouville equations with measure-valued coefficients
4.1 Consistency with the classical Sturm-Liouville problem . . . . . . ... ... ...
4.2 Generalized cases . . . . . . ..o e
4.3 Solutions of initial value problems . . . . . .. .. ... o oL,
4.4 Regularity of 7 . . . .. L
4.5 The Sturm-Liouville operator on L2((a,b);0) . . . « v v v v v v i i
4.6  Weyl’s alternative and the deficiency index of Ty -« . . v . . o o o o o o oL L.
4.7 Self-adjoint realizationsof 7 . . . . . ... oL
4.8 The Weyl m-function . . . . . . . . . ...

5 Asymptotics of the Weyl m-function
5.1 The Weyl m-function for S . . . . . . .. . ..
5.2  The one-dimensional Schrodinger operator with measure-valued potential

References

10
10
11
13

15
15
21

24
24
25
26
32
35
49
53
55

57
o7
59

73



1 Preliminaries and notations

We gather some basic definitions and theorems of analysis that will be used throughout this
thesis. It might fill some gaps of the knowledge that is needed for this thesis and serve as a
standardized reference point for implications later on.

1.1 Measures

We recapitulate some basic measure theory and define a set function which is a complex measure
for all compact subsets.

Definition 1.1. Let  be a set and 2 be a o-algebra on Q. A function p : A — C is
called complex measure if for all sequences (E,,) with pairwise disjoint E,, € A, we have

I <Z En) = ZM(En)
n=1 n=1

Starting from such a complex measure we can construct a positive finite measure.

Definition 1.2. Let (Q2,2() be a set equipped with a o-algebra and let p : A — C be a
complex measure on ). Then we call

() =0 £ 2 (4] 45 € 2, Au = 4
]:

the variation of p.

The variation of a complex measure u is always a positive finite measure and we have the in-
equality |p](A) < [u(A)] for A € 2.

We want measures which are finite on all compact sets, thus we need the set on which our
measure is operating equipped with a topology.

Definition 1.3. Let (X,7) be a topological space. We call the o-algebra created by T the
Borel-c-algebra on X and denote B(X) := A,(T). If D C X and 7p the subspace topology we
denote B(D) := A,(Tp).

We have the equality B(D) = A,(T)N D

Definition 1.4. Let (X, 7T) be a topological Hausdorff space. A measure p : B(X) — [0, +00]
is called a positive Borel measure if u(K) < +oo for all compact K C X.

The property of (X, T) to be Hausdorff is needed in order for compact sets to be closed. Hence
K € B(X) for all K C X, K compact.

We can extend this definition to complex measures and as those are finite-valued everywhere
we only need to specify the underlying o-algebra.

Definition 1.5. Let (X,7) be a topological space and p a complex measure on X. We
call ;1 a complex Borel measure if it is defined on the o-algebra B(X), i.e. u: B(X) — C.



If (X, T) is a topological Hausdorff space and p is a complex Borel measure then the mapping
|| : B(X) — [0,+00) is a finite measure, and therefore |u|(K) < oo for all complex K C X,
hence || is a positive Borel measure.

Definition 1.6. Let (X,7) be a local compact Hausdorff space. We say

p: |J BE)—cC
KCX
Kcompact
is a locally finite complex Borel measure if for all K C X, K compact, the restricted measure
#|B(k) is a complex measure.

Again from the Hausdorff property follows that compact K satisfy K € B(X) and thus
B(K1) C B(K3) for K1 C Ks which means (1 [g(x,)) |8(x,)= # |B(k,)- Hence the defini-
tion above makes sense.

The locally compactness assures that for every point x € X we find a compact set K, with
x € K, which we need for the definition of the support below.

Note that if p is a locally finite complex Borel measure and K is compact then the measure
|l 5( K)| is a finite positive Borel measure on K.

Definition 1.7. Let (X,7) be a topological space and p : B(X) — C be a complex mea-
sure on X. The support of u is defined as

supp(p) :={x € X | VN, € T with x € N, : |u|(N,) > 0}.

If (X, T) is a locally compact Hausdorff space and p a locally finite complex Borel measure on
X, then the support of u is defined as

supp(p) := ) supp uls)-
KCX
K compact

Definition 1.8. Let u, v be complex measures on (X,2). We call o absolutely continuous with
respect to v, denoted as p < v, if for all A € 2 with |v|(A) = 0 follows that |u|(A) = 0.

Now we will focus our interest on intervals on the real line.

Definition 1.9. Let [«, 5] be a real finite interval and let u be a complex Borel measure
on [a, 5]. We call a function f : [«, 5] — C satisfying

fle) = f(d) = p([e,d)) forall c,d € [, f], ¢ < d
a distribution function of p.

Note that in this definition we have the half-open interval [c, d) with the right endpoint excluded
in contrast to most literature were the left endpoint is chosen to be excluded. Our definition
leads to the distribution function being left-continuous. Every measure has a distribution func-
tion which is unique up to an additive constant.



1.2 Absolutely continuous functions

Combining the theorem of Radon—Nikodym with the distribution function of an absolutely con-
tinuous measure leads to a generalization of the fundamental theorem of calculus.

Definition 1.10. Let [a, ] be a finite interval and p a complex Borel measure on |, f].
We call a function f : [a, ] — C absolutely continuous with respect to p if f is a distribution
function to some complex Borel measure v on [a, 8] satisfying v < u. We denote the set of
absolutely continuous functions with respect to u as AC([av, O]; ).

From the theorem of Radon—Nikodym follows that f € AC([a, f]; 1) if and only if f can be
written as

f@) = £+ [ b, € faf)
with h € L(]a, 8]; 1) and some ¢ € [, B]. The integral is defined as

f[c’x) hdpy — c<ux,

/hd,u— 0 c=uz,

—f[xc)hdu c>uw,

corresponding to the left-continuously defined distribution functions. With this notation as
the basis, we denote fcgi = f(m) and fcgf = f(w]. The function h is the Radon—Nikodym
derivative of f with respect to u and we also write j—f := h. It is uniquely defined in L' ([e, 8]; ).
From the integral representation of f € AC([a, 8]; 1) follows, that the right-hand limit exists
for all z € [, B). Indeed we have

xr+e

flz+) == ii{%f(x—l—a) = f(x) —i—ii\% ’ hdp.

Now by definition of our integral range this means we integrate over

ii{‘%[:c,x—ke):g[x,x—ks):{x}

and get
fla+) = f(@) + h(z)p({z}). (L.1)

As f is left-continuous we also see from this identity that f can only be discontinuous at a point
x if p({x}) # 0. |p| is a finite measure so p can at most have countable many points with mass,
so f € AC([a, B]; 1) can at most have countable many points of discontinuity in the form of
jumps.

Functions f € AC(|«, 8]; 1) are of bounded variation, that means if P is the set of all partitions
P of [a,ﬁ] (with a =t < to,...< tn(p) = B) we have

n(P)
VE(f) = ;217)) ; |f(tiy1) — f(t:)] < oo.

As any two points in [a, 8] are part of some partition, we have for all y € [a, ]

W<+ 1fy) = FQ)l < 1F() + VE(S) < oo



Thus any f € AC([o, B]; p) is bounded in [a, §].
We want to extend the idea of absolutely continuous functions to intervals of infinite length.

Definition 1.11. Let (a,b) be an arbitrary interval with —oco < a < b < +o0 and let p
be a locally finite complex Borel measure. A function f : (a,b) — C is called locally ab-
solutely continuous with respect to p if for all finite intervals [a, 8] C (a,b) with a < f the
restricted function fi, 5 is absolutely continuous with respect to jig((a,g)- In this case we

write f c ACloc((a'a b)a /J')

From the definition and the above stated results follows that f is locally absolutely continuous
with respect to p if and only if we can write f in the form

f@) =t + [ Tan e @ (12)

with % € L{ ((a,b); p) and some ¢ € (a, b).

loc
For locally absolutely continuous functions we have a variation of the integration by parts

formula which will be one of the most prominent tools used in this thesis. For proof and sur-
rounding theory we refer to [17], Section 16.

Lemma 1.12.  Let (a,b) be an arbitrary interval with —oo < a < b < +o00 and let p and
v be locally finite complex Borel measures on (a,b) with distribution functions F' and G respec-
tively. Then we have the identity

B B
/1F@ﬁw@%:W@§—/‘G@HdM@,<Lﬁemw) (1.3)

where [FG4 := F(B)G(B) — F(a)G(a).

Note that if the measures have the explicit form

Mwyzéfw mduwyzégw

for B € B((a,b)) with f,g € L _((a,b); \) we get the classical integration by parts formula.

loc
This follows as v has no point mass since A has none. Thus G is continuous, i.e. G(z+) = G(x)

for all x € (a,b) and we get
B a
| P axe = PG - [ 6@ @@ a. (o),
a B
1.3 Asymptotic behavior of functions

Definition 1.13. Let f: R — C and g : R — C be two functions. We write
f(x) =0(g(x)) asxz— +oo
if and only if there exist two positive constants xg and M such that

|f(x)| < Ml|g(z)| for all z > xo.



We write
f(x) =o0(g(x)) asz— 4o

if and only if for every constant ¢ > 0 there exists some zo(¢) > 0 such that

|f(x)| <elg(z)] forall z > xo(e).

We see immediately from the definition that from f(z) = o(g(z)) as * — +o0 it always follows
that f(z) = O(g(x)) as * — +o0. If g is a function for which there exists some constant R > 0
such that g(x) # 0 for all x > R we have the equivalences

f(z) =0(g(z)) asz — +oo <= limsup J(@) < 400
T—+00 g(x)
and
- f@)
f(z)=0(g(x)) as x - +o0 <= mgrfoo 7@) =0

We can formulate these equivalences in a more practical way as

f(z) =0(g(x)) as x — oo = f(z)=g(z)D(z)
and

f(x) =o(g(x)) as . = o0 = [f(z) = g(x)e(x)

for some function D : R — C for which there exist positive constants xzg and C such that
|D(z)| < C for x > zp and some function € : R — C which satisfies limy_, 1 e(z) = 0.

1.4 Nevanlinna functions

Definition 1.14. We call a function f : C™ — C* which is analytic a Nevanlinna function.

Theorem 1.15. Let f : C™ — C be an analytic function. Then f is a Nevanlinna function if
and only if it has the representation

f(2) :cl—i-cQz—i-/R ()\iz —1:\>\2> du(N). (1.4)

with c1,c0 € R, co > 0 and v a positive Borel measure satisfying
dp(A)
<
/R 112 =%

For proof we refer to [14], Chapter 2, Theorem 2.

Proposition 1.16. A Nevanlinna function f with representation (1.4) satisfies

lim M:

y—+oo 1y

For proof see [14], Chapter 2, Theorem 3.



2 Linear relations

In this section we will give a short introduction to the theory of linear relations similarly as in
[1], Appendix B and state some results that we will need for later use. For a good introduction

to linear relations we refer to the manuscript [16] and for further theory we refer to the books
12], [11].

The theory of linear relations is a generalization of the theory of linear operators. One motivation
for this theory is the example of operators T for which the element T* or 7' is multi-valued
and thus not an operator. In contrast to linear operators inverting some linear relation T is
always possible and convenient and the adjoint 7™ always exists. Specifically we will see that
the realization of the Sturm-Liouville differential expression in a Hilbert space which we will
examine in Section 4 can have a multi-valued part.

2.1 The basics

We start with two linear spaces X and Y over C and want to look at the cartesian product of
those two spaces denoted as X x Y. If X and Y are topological vector spaces we view X x Y
with respect to the product topology. We write the elements as (z,y) € X x Y with z € X and
y € Y. We introduce linear relations as subspaces of product spaces of this kind.

Definition 2.1. T is called a linear relation of X into Y if it is a linear subspace of X x Y. We
denote this with T € LR(X,Y). We denote T as the closure of T in X x Y. A linear relation
T is called a closed linear relation if it satisfies T = T.

Linear relations are indeed a generalization of linear operators. To see this we look at a linear
subspace D C X and a linear operator T': D — Y. We can identify the linear operator T" with
its graph, given as graph(7) = {(z,Tx) | x € D} C X x Y. Because of the linearity properties
of T the graph of T is a linear subspace of X x Y. We see that every linear operator can be
identified with a linear relation. As we know that a closed operator is an operator for which its
graph is closed in X X Y, a closed operator corresponds to a closed linear relation.

Motivated by the theory of linear operators we make the following definitions, for which the first
three are identical with the classical definitions if T is a linear relation resembling the graph of
a linear operator.

Definition 2.2. If 7' € LR(X,Y) we define the domain, range, kernel and multi-valued part of
T as

domT :={zx e X |yeY:(z,y) €T},
ranT :={yeY |dre X : (x,y) €T},
kerT :={zx € X | (z,0) € T},
mul7 :={yeY |(0,y) €T}

If T is the graph of an operator then mul 7' = {0} has to be true in order for the operator to be
well-defined. For T € LR(X,Y") with mul T = {0} and (x,y1), (z,y2) € T we get (0,y1 —y2) € T
and y; = yy follows. We see that T is the graph of an operator if and only if mul 7" = {0}.

10



Now we want to introduce operations between linear relations again motivated by operator
theory.

Definition 2.3. For 7, S € LR(X,Y) and A € C we define
T+8:={(x,y) e X xY [Iy,pp €Y : (z,y1) € 5, (z,52) € T,yn +y2 = y}

and
AN :={(z,y) e X XY | Jyo € C: (x,y0) € T,y = \yo}-

If T e LR(X,Y) and S € LR(Y, Z) for some linear space Z we define
ST ={(z,z) e X xZ|3yeY:(x,y) €T, (y,z) €S}

and
T7':={(y,x) €Y x X | (x,y) € T}.

It is easy to check that the above defined subspaces are linear relations in their overlying product
spaces. If W is another linear space and R € LR(W, X) we have

S(TR) = (ST)R and (ST)'=717"1s"1
We also have the easily understood identities
dom(T™") =ranT and ran(7~')=domT.
From the definition of the multi-valued part we see that 7! is the graph of an operator if and

only if ker T = {0}.

2.2 Self-adjoint linear relations

Now we want to develop a theory for self-adjoint linear relations similarly to the theory of self-
adjoint operators. As mentioned before the adjoint of a linear relation always exists even if the
domain of the linear relation is not densely defined.

From now on assume X and Y are Hilbert spaces with inner product (-,-)x and (-, -)y.

Definition 2.4. If T is a linear relation of X into Y we call
T* = {(g0) €Y x X |¥(u,0) € T (x,u)x = {3, )y}
the adjoint of T.

The adjoint of a linear relation is a closed linear relation and similar to the adjoint of an operator
we have
T =T, kerT*= (ranT)t and mulT* = (domT)". (2.1)

If S € LR(X,Y) is another linear relation we have
TCS = S*CT".

The proofs for this and similar properties can be found for example in [16], page 61f or in [11],
page 15f.

11



Spectral properties

From now on let T be a linear relation of X into X. We will only distinguish the terms operator
and graph of an operator if not clear in the context. B(X,Y") will denote the set of bounded
linear operators of X into Y and abbriviate B(X) := B(X, X).

The definition of spectrum, subsets of the spectrum and resolvent are the same as in the oper-
ator theory. Additionally we have the points of regular type.

Definition 2.5. Let T be a closed linear relation. Then we call the set
p(T) = {z € C| (T — 2" € B(X)}
the resolvent set of T. We denote R,(T) := (T — z)~! and call the mapping

p(T) = B(X),
z— R,(T)

the resolvent of T'. The spectrum of T is defined as the complement of p(7T") in C and we denote

o(T) := C\p(T).

The set
r(T):={2€C|(T—-2)"" eBran(T — 2), X)}

is called the points of regular type of T.

The inclusion p(T") C r(T') holds for every closed linear relation 7" and we have r(T") = r(7T).

Theorem 2.6. Let T be a linear relation on X. Then for every connected Q@ C r(T) we
have
dimran(T — \)* = const.

for A € Q.

For proof see for example [16], Corollary 3.2.20.

Definition 2.7. A linear relation T is said to be symmetric provided that T C T*. A linear
relation S is said to be self-adjoint provided S = S* holds.

If T is a symmetric linear relation we have C\R C r(T). If S is a self-adjoint linear relation it
is closed, the spectrum is real and from (2.1) one sees that

mul S = (dom S)*  and ker S = (ran S)=*.

In particular we see that if S is densely defined mul S = {0} holds and S is a linear operator.
So a self-adjoint linear relation is an operator if and only if it is densely defined. Furthermore
for D := dom S the linear relation

Sp = SN (D x D)

is a self-adjoint operator in the Hilbert space (D, (-,-)|p). The following results will show that
S and Sp have many spectral properties in common.

12



Lemma 2.8. Let S be a self-adjoint linear relation, Sp defined as above and P the orthogonal
projection onto D. Then we have

a(S) = o(Sp)

and

R.f=(Sp—2)"'Pf, feX,zcp).

Moreover the eigenvalues and the corresponding eigenspaces are identical.

Proof.
For all z € C we have the equality

(ran(S —2))ND={ye X |FJreX:(x,y) €eS—2}ND
={yeD|FxeD:(z,y) €5 —2z}
= ran(Sp — 2)

and the orthogonal equivalent
ker(S — z) = ker(Sp — 2).

Thus S and Sp have the same spectrum as well as the same point spectrum and eigenspaces.
Let z € p(S), f € X and set g := (S — 2)"1f, then (g, f) € S — z and therefore g € D. If f € D
we have (g, f) € Sp — z which means (Sp —2)"'f = g. If f € D' = dom S+ = dom(S — 2)* =
mul(S — z) then g = 0 follows.

O

2.3 Self-adjoint extensions of linear relations

As in the theory of operators on a Hilbert space our goal is to find self-adjoint linear relations
as extensions of symmetric linear relations in X.

Definition 2.9. S is called an (n dimensional) extension to a linear relation 7" if ' C S (with
S/T =n). S is said to be a self-adjoint extension if it is an extension of T" and self-adjoint. For
a closed symmetric linear relation the linear relations

Ny(T)=A(z,y) €eT* |y=tix} CT"
are called deficiency spaces of T'. The deficiency indices of T are defined as

ni(T) = dimN:t(T) S [0, OO]

Note first that because of (z, +iz) € T* = x € ker(T™* F 1) the signs of the deficiency indices
are consistent with the classical definition and second that N4 (7') are operators with

dom(N4(T)) = ker(T* F i) = ran(T + i)*.

Furthermore one has an analog result of the first von Neumann formula.

Theorem 2.10. Let T be a closed symmetric linear relation in X x X. Then we have

T*=To®NL(T)® N_(T)

13



where the sums are orthogonal with respect to the usual inner product

((f1, f2)5 (91, 92)) xxx = (f1,91)x + (f2,92)x, (f1.f2),(91,92) € X x X.

For proof we refer to [13] Theorem 6.1. An immediate consequence of the first von Neumann
formula is the following corollary.

Corollary 2.11. If T is a closed symmetric linear relation then T is self-adjoint if and only if
ny(T) =n_(T) =0.

As in the operator case there exists a self-adjoint extension of some closed symmetric linear
relation T if the deficiency subspaces of T are of the same dimension.

Theorem 2.12. The closed symmetric linear relation T has a self-adjoint extension if and
only if ny (T) =n_(T). In this case all self-adjoint extensions S of T are of the form

S=Taq (I —V)NL(T) (2.2)

where V : Ny (T) — N_(T) is an isometry. Conversely, for each such isometry V the linear
relation S given by (2.2) is self-adjoint.

For proof we refer to [13] Theorem 6.2.

Corollary 2.13. Let T be a closed symmetric linear relation. If n_(T) = ny(T) € n € N, then
the self-adjoint extensions of T are precisely the n-dimensional symmetric extensions of T'.

Proof.
Let S be a self-adjoint extension of 7. By Theorem 2.12 we have S =T & (I — V)N, (T) with
V an isometry from N (T) onto N_(T). Since dim(I — V)N (T) = dim N_(T') = n the linear

relation S is an n-dimensional extension of 7.

Conversely, assume that S is an n-dimensional symmetric extension of T, i.e. S = T+N for
some n-dimensional symmetric subspace N. We show dim N4 (S) = 0 and use Corollary 2.11.
The linear relation N + i is given as the set

N+i={(f,gtif) e X x X |3geX:(f,9) e N}

and therefore
ran(N i) ={(¢gtif) € X |3g:(f,g9) € N}.

Since +i € r(N) we have
{0} = mul(N +4)"! = ker(N +1)

so the mapping

N — ran(N =£1)
(f:9) = (g +1if)

is bijective and we get
dimran(N +4) = dim(N) = n.
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From i € r(T") follows that ran(7" £ ¢) is closed and hence
n = dimran(T + i)+ = dim X/ ran(T =+ i).

We get
ran(S + i) = ran(7 £ i)+ ran(N + i) = X.

Hence we have dim N4 (S) = 0 and therefore S = S* by Corollary 2.11.

3 Linear measure differential equations

In this section we introduce the theory for linear measure differential equations as done in the
paper [1], Appendix A.

The methods we use to develop the basic theory for linear measure differential equations for lo-
cally finite Borel measures is very similar to the classical case where the measure coincides with
the Lebesgue measure. As our solutions can now have countable infinitely many jumps, we have
to introduce an additional condition to our equation parameters in order to get unique solutions.

3.1 Initial value problems

Let (a,b) be an arbitrary interval in R with interval endpoints —oco < a < b < 400 and let w
be a positive Borel measure on (a,b). We look at a matrix-valued function M : (a,b) — C"*"
with measurable components and a vector-valued function F' : (a,b) — C" with measurable
components. Additionally we assume the functions M and F to be locally integrable, that
means

/||M||dw<oo and /|]F||dw<oo
K K

for all compact sets K C (a,b). Here || - || denotes the norm on C" as well as the corresponding
operator norm on C"*"™,

Definition 3.1. For ¢ € (a,b) and Y, € C" some function Y : (a,b) — C" is called a so-
lution of the initial value problem

ay
MY A+F Y()=Y,, 3.1
7 +F, Y(c) (3.1)

if the components Y; of YV satisfy Y; € AC)yc((a,b);w) and their Radon—-Nikodym derivatives
satisfy the differential equation in (3.1) almost everywhere with respect to w and Y satisfies the
given initial value at c.

Lemma 3.2. A functionY : (a,b) — C" is a solution of the initial value problem (3.1) if and
only if it is a solution of the integral equation

Y(a:):Yc—i-/ MY + Fdw, x € (a,b). (3.2)
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Proof.
This follows immediately from the calculus for absolute continuous functions (see equation
(1.2)). If Y is a solution of the initial value problem (3.1) we can write

Y(x)—Y(c)—i—/ ddw—YC—i-/ MY + Fdw.
C w (&

Conversely a function satisfying (3.1) solves the initial value problem by definition of the inte-
gral and the calculus for absolutely continuous functions.
O

Remark 3.5.

o If Y is a solution of the initial value problem (3.1), it’s components are absolutely contin-
uous and we can write

T

Y(zo+) = lim Y(z) =Y(w) + lim, 5 MY + F dw.

We get (remember (1.1))

Y(xo+) =Y (x0) + (M(20)Y (z0) + F(x0))w({z0})- (3.3)
o Similarly we can take the right-hand limit of the lower integral boundary and get
c—xo+

Y(z) = lim Y(c)+/ MY + F dw

=Y (xo+) + lim MY + Fdw =Y (xo+) + MY + F dw

cmrot Jiea) (zo,7)

Using the notation of our integral range from the preliminaries this means

Y(z) =Y(xo+) + /::_ MY + F dw. (3.4)

In order to get an explicit estimate for the growth of our solutions Y we will introduce a varia-
tion of the Gronwall lemma known from the theory of ODEs. For the proof of this lemma we
cite a variant of the substitution rule for Lebesgue-Stieltjes integrals from [8].

Lemma 3.4. Let H : [c,d] — R be increasing and let g be a bounded measurable function
on the range of H, then we have

d H(d)
/ g(H(z)) dH(z) < / o) dA(y). (3.5)

H(c)

Lemma 3.5. Let ¢ € (a,b) and v € L}, ((a,b);w) be real-valued, such that

0§v(m)§K+/ vdw, x € |c,b)
Cc
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for some constant K > 0. Then v can be estimated by
v(z) < Kele ® 2 ¢ [e,b).

Similarly for
c+

OSU(:U)SK—F/ vdw, =€ (a,c]
T+

follows the estimate
c+
v(z) < Kelot .

Proof.
Applying Lemma 3.4 by setting g(x) := z™ and the increasing function H(z) := fcx dw, which
means dH = ldw, we get the inequality

T H(x) n+1 7 H(2) n+1
/ H'dw < / " dA(y) = [y ] _ A=) (3.6)
c H(c) n+ll, _pgey ntl

for n € Nyg. We will need this inequality to prove that

n!

" H(z)* H(z)* [*
v(a:)gKkZO Ec') + (@) /Cvdw

for each n € Ny.
For n = 0 this is the assumption of the lemma. Otherwise (with help of inequality (3.6) to get
to third and fourth line) we inductively get

v(x) §K+/xvdw
x n H(t)k H(t)" t
§K+/c (Kkzo P /c vdw) dw(t)

<K <1+zn: ’ H}S)k dw(t)) +%/mvdw

k=0"v¢

n H(w)kH H(.’L‘)n+1 T
=K (szzo (k:+1)!>+ (n+ 1) / o
n+1

B H(a:)k H(.CE)”'H T
_Kkz_o 1 +(n+1)!/c v dw.

Taking the limit n — oo for fixed x € [, b) leads to

H n+1 x -
v(z) < Kef® 4+ lim (m)/ vdw = Kele v
n—oo (n+41)! J,

. H({L‘)n+1
where hmn_mo W
start from the estimate for x € (a,c] and accordingly adjust the proof from above to get the

desired result.

= 0 since the partial sums of this sequence converge. Similarly one can

O
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Now we want to examine the existence and uniqueness of solutions of the initial value problem.
In the classical case where w = A has no point mass, we know from the theory of ordinary dif-
ferential equations, that a unique solution is guaranteed for every initial value problem without
further conditions. As our measure can have point-mass and therefore a solution of the initial
value problem Y can have points of discontinuity we need to add one assumption in order to get
uniqueness and existence of Y for the whole interval. The proof will show that this assumption
is only needed for the left-hand side of the initial value ¢ of the interval (a,b).

Theorem 3.6. The initial value problem (3.1) has a unique solution for each ¢ € (a,b) and
Y. € C" if and only if the matriz
I+ w({x})M(x) (3.7)

is invertible for all x € (a,b).

Proof.

First we assume that (3.1) has a unique solution for ¢ € (a,b), Y. € C". If the matrix (3.7) was
not invertible for some zy € (a,b), its columns would be linearly dependent and so we would
have two vectors vy, vy € C"\{0}, v1 # vy with

(I +w({zo})) M(zo)vr = (I +w({zo})) M (x0)va-

Now by assumption we can find solutions of our differential equation Y; and Y5 going through
these vectors v; and wve respectively, i.e.

Yl(x(]) =1 and YQ(iL'o) = V2.

From vy # vy follows that Y7 # Ys. By (3.3) we can write

Y (wo+) = Y (20) + (M (z0)Y (z0) + F(z0))w({70})
= (I + M(zo)w({z0}))Y (20) + F(x0)w({zo})-

It follows that

Yi(zot) — F(zo)w({zo}) = (I + M(xo)w({zo}))Y1(z0)
= (I + M(zo)w({zo}))Y2(20)
= Ya(zo+) — F(zo)w({zo})

and hence Yi(xo+) = Ya(zo+). Now using (3.4) for our two solutions Y7 and Y2 we get the
estimate

[Vi(z) - Ya(@)]| = \

x x
Y1(1‘0+)+/ MYl—l-Fdw—Yg(aZo-i-)—/ MYQ—I-Fde
zo+ zo+

xT xr
< / IMY: — MY dw < / MY — Yal deo.
I

o+ zo+

Applying the Gronwall lemma with dw replaced by || M||dw and with K = 0 we get
1Vi(z) = Ya(z)|| < Kelwor M4 _ g

and hence Yi(x) = Ya(x) for € (x0,b). So both functions are solutions for the same initial
value problem at some ¢ € (xg,b), but since Y] # Y5 this is a contradiction to our assumption.
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For the other implication we assume the matrix (3.7) is invertible for all z € (a,b) and let
¢, a, B € (a,b) with a < ¢ < S.

Uniqueness:
To prove the uniqueness we assume Y is a solution of the homogenous system with Y, = 0. We
get

1Y ()] < /xIIM(t)HIIY(t)Ildw(t), z € [e ).

The Gronwall lemma implies that Y (x) = 0 for all x € [¢,3). To the left-hand side of point ¢
we have

— /; MY dw = — /; MY dw — M(z)Y (z)w({z})

and thus

(I + M(z)w({z})Y / MY dw.

As the matrix on the left side is invertible by assumption, we can write the solution as
C
V() = ~(1+ M)l (o))" [ MY do
z+

for x € (o, ¢). Adding the point ¢ to the integration range after performing the triangle inequal-
ity leads to

ct+
ECHES ||(I+M(ﬂf)w({ﬂf}))‘lll/+ IMINY ] dw, 2 € (e, ). (3.8)

Since || M| is locally integrable, we have || M (z)w({z})|| < & for all but finitely many z € [a, c].
For those z we have

[e.e]

> (M(@)w({z})"

n=0
< D IMEIah <Y 0 =
n=0 n=0

and we get an estimate ||(I + M (x)w(z))7Y| < K for all x € [, c) with some K > 2 as only
finitely many x can lead to values bigger than 2. Now we can perform the Gronwall lemma to
(3.8) and arrive at Y (z) = 0 for all z € («,¢) and the uniqueness is proven for all z € («, 3).
This is true for all o, 8 € (a,b) with a < ¢ < 5. So for a point = € (a,b) we find an interval
(ar, B) including = with the properties from before. It follows that we have uniqueness on the
whole interval (a,b).

(7 + M (z)w({z}) "'l =

w\»—t

Existence
To prove the existence of a solution we construct the solution through successive approximation.
We define

Yo(z) ;:YC+/mFdw, x € [c,B)

and inductively for each n € N through
Yo (x) ::/ MY, _1dw, x€[c,f).
c
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We will show that these functions are bounded by

Wil < s ool ([ HMHdw) celeh)

tEcw

For n = 0 this is true. For n > 0 we use (3.6) with ||M||dw as the measure to calculate
inductively

1Yn ()]

< [ 1O @) dote)

n—1

1 v /ot
SSqut/(/de) M) dw(t
e Nl =; [ ([ 1] |M(5)]| dw(t)

1 1/ n
< sw IOl —gy, / M) dos
te(c,x)

— sup V(e u( [ \MHdw)
tele,x)

Hence the sum Y (z) := Y 07 Y, (x) converges absolutely and uniformly for z € [c, §) and we
have

(e} x o
Y(m):Yo(z)-i-Z/ MYn1dw:Yc—|—/ MY + F dw

for all x € [¢, ). Now we will extend the solution to the left of c. Since ||M]|| is locally integrable
w({z})||M(z)|| > % is only true for finitely many points. We can divide the interval (o, c) in
subintervals with those endpoints and then further divide those subintervals in finitely many so
that we get points xj such that a =z_y < x_Nn41 < ... < 2o = c with

1
/ | M| dw < —.
(g, Tpq1) 2

Now we take k such that —N < k < 0 and assume Y is a solution on [z, 5). We show that ¥
can be extended to a solution on [z;_1, ). We define

Zo(x) =Y (z) + /dew, x € (T—1, Tk

Tk
and inductively

xT
:/ MZy_1dw, € (Tp_1,2k]
xT

for n > 0. Again one can show inductively that for each n € N and = € (xg_1,xx] these
functions are bounded by

1Za(@)] < <||Y<:ck>|| - /[ F| dw> = (3.9)

Hence we may extend Y onto (zx_1, k) by

x) = Z Zn(z), € (xp—1,78),
n=0
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where the sum converges uniformly and absolutely. For this reason we can show that Y is a
solution of (3.1) in the same way as above for x € (z_1, ). If we set

Y (zp-1) = (I + w({zp-1 DM (2r-1)) 7 (Y (@r-1+) — w{zr-1}) Fze-),

then one can show that Y satisfies the integral equation (3.2) for all z € [x;_1, 5). After finitely
many steps we arrive at a solution Y satisfying the integral equation (3.2) for all x € (o, 8). If
Y., F, M are real, all the quantities in the proof are real-valued and we get a real-valued solution.

O

3.2 Properties of solutions

We assume M to be dependent on an additional complex variable z and look into the behavior
of solutions of our initial value problem with respect to this z. Furthermore we will look into
the behavior of the solutions if we assume additional regularity of our equation parameters close
to the endpoints.

Corollary 3.7. Let My, Ms : (a,b) — C™*™ be measurable functions on (a,b) such that
| M1 ()|, | M2(4)|| € L ((a,b);w). Assume for z € C

(I + (Mi(z) + 2Ma(z))w({z}))

is invertible for all x € (a,b). If for z € C some function Y (z,-) is the unique solution of the

initial value problem

dy
=M+ 2B)Y +F, Y() =Y,

for c € (a,b),Y. € C". Then for each x € (a,b) the function z — Y (z,x) is analytic.

Proof.

We show that the construction of the solution from Theorem 3.6 yields analytic solutions. For
¢,a, B € (a,b) with @ < ¢ < 8 and for x € [¢, §) the functions z — Y,,(z,z) are polynomial in z
for n € Ny. Furthermore the sum > Y,,(z,-) can be estimated with

0o 00 1 T n
I3 Vot ol < e oS- ([ 100+ =)
n=0 n=0 " ¢

Ele,x

< sup ||Yo(t)||ele IMull+1=lliMa]ldo
t€le,x)

It follows that the sum converges locally uniformly in z. This proves that for = € [c,3) the
function z — Y'(z,x) is analytic.

For the left side of ¢ we fix R > 0. Then there are points xj as in the proof of Theorem 3.6,
such that

1
/ ||M1+ZM2Hdw<*, —NS]CSO,‘Z‘<R
(%K, Tk +1) 2

It is sufficient to prove the following implication: if z — Y'(z, z) is analytic = the function
z = Y(z,x) is analytic for x € [xg_1,2). With the notation of the proof of Theorem 3.6 it
follows that for each = € (xp_1, ) the function z — Z,(z,z) is analytic and bounded for z
with |z| < R. From the bound (3.9) follows that for € (x4_1,x)) the sum Y > Z,(z, )
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converges uniformly for z with |z| < R. Hence for those = the function z — Y (z,z) is analytic.
Furthermore from Theorem 3.6 we have the identity

Y(z,ap-1) = (I + (Mi(zp-1) + 2Ma(ap—1))w{zr-1}) 7 (Y (2, 25-1+) = Flep-1)w({zr-1}))

which is analytic in z since Y (z, xx_1+) is the limit of analytic and locally bounded functions.
O

Corollary 3.8. Assume the matriz (I + M (x)w({x})) is invertible for all x € (a,b). Then the
initial value problem for ¢ € (a,b),Y, € C", stated as

dy

has a unique solution. If M, F' and Y. are real, then the solution Y is real.

Proof.

Every solution Y of our differential equation is of the form
T
Y (x) :v+/ MY + Fdw
C

for some ¢ € (a,b), v € C". From Y (c+) = Y, follows that
v=(I+M(c)w({c}) " (Ye — Fc)w({c})).

Because of that, the initial value problem (3.10) stated in this Corollary can be written as an
initial value problem with initial value at ¢

dy _

S =MY +F Y(e) = (I+ M(ew({eh)) ™ (Ye = Fle)w({c})
which has a unique solution by Theorem 3.6.

O

Remark 3.9.
Starting from the initial value problem

ay

o= MY +F Y(0) = (I+ M(ew({eh)) ™ (Ye = Fle)w({c}) (3.11)

shows that (3.10) and the initial value problem (3.11) are equivalent.

Finally we will show, that we can extend every solution of the initial value problem to the
endpoints, in case that M and F' are integrable on the whole interval (a,b).

Theorem 3.10. Assume ||M(-)| and ||F(-)|| are integrable with respect to w over (a,c) for
some ¢ € (a,b) and Y is a solution of the initial value problem (3.1). Then the limit

Y(a) := xlgng Y(z)

exists and is finite. A similar result holds for the endpoint b.

Proof.
By assumption there is some ¢ € (a,b) such that

¢ 1
/ M dw < .
a+ 2
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Boundedness:

We first prove that ||Y|| is bounded near a. If it was not, there is a monotone sequence
(xn) € (a,c),xy Ny a, such that ||Y(z,)]] > [|[Y(2)|,x € [zn,c]. Since Y is a solution of
the integral equation, we get

IV ()| < IV ()] + / |MYY]| deo + / 1P dw
< IV + Y ()] / 1M dew + / | F deo

+

¢ 1
<Y (ol + /+ 1]l deo + S 1Y ()l

Hence [[Y (z,)] < 2|Y(¢)|| + 2fac+ |F'|| dw which is a contradiction to the assumption that
|Y (z,)] is unbounded. It follows that ||Y(-)|| is bounded near a by some constant K.

Cauchy-sequence:
Now it follows that

IV (@)~ Y] = \

/MY—i—Fde

y

gK/ HMHdw—F/ ||| dw
y y

for all z,y € (a,c),z <y, which shows that for all sequences z,, — a the set Y (x,,) is a Cauchy-
sequence.

O

Remark 3.11.

o Under the regularity assumptions of Theorem 3.10 one can show (with almost the same
proof as in Theorem 3.6) that there is always a unique solution to the initial value problem

dy
— =MY + F Y =Y,
dw ’ (a)

without additional assumptions.

If ||[M(-)]] and || F(-)|| are integrable near b, then furthermore one has to assume, that the
matrix (I + M(z)w({x})) is invertible for all z € (a,b) in order to get a unique solution
to the initial value problem

dY
—=MY+F Y=Y
70 + F, (b) =Yy,

in a similar way is in the proof of Theorem 3.6.

o Under the assumptions of Corollary 3.7 we see that Y (z, x+) is analytic for each x € (a, b).
Since Y (z,z) is locally uniformly bounded in x and z this follows from

Y(z,2+) = .’%{I}c’ Y(z,§) zeC.
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Furthermore the proof of Corollary 3.8 reveals that, if for each z € C the function Y'(z, -)
is the solution of the initial value problem

dy

o =My +2M2)Y +F, Y(ct+)=Y,,

then the function z — Y (z,x) as well as z — Y (z,z+) are analytic for each = € (a,b).

4 Sturm-Liouville equations with measure-valued coefficients

Let (a, b) be an arbitrary interval in R with interval endpoints —oo < a < b < 400 and let o, (, x
be locally finite complex Borel measures on (a,b). Furthermore we assume that supp(¢) = (a, b).
We want to look at a linear differential expression which is informally given as

1k (e )

To define the maximal domain for which 7 makes sense we fix some ¢ € (a,b) and get

D, = {f € ACoc((a,b);C) ’ (x — —Z‘Z( )+ / fdx> € ACic((a, b);g)}

We will see below, that the definition of 7f is independent of the chosen constant ¢ for D,.

Since the expression
d
f1:= <:1:|—>—djg( )+ / fdx> x € (a,b)

is an equivalence class of functions equal almost everywhere with respect to ¢, the notation
f1 € ACioc((a,b); 0) has to be understood in the sense, that there exists some representative
of f1, which lies in ACoc((a,b);0). From the assumption supp(¢) = (a,b) follows, that this
representative is unique. We then set 7f € Li ((a,b); ¢) to be the Radon-Nikodym derivative
of this function f; with respect to p. The definition of 7f is independent of the ¢ € (a,b) set in
D, since the corresponding functions f; only differ by an additive constant.

Definition 4.1. We denote the Radon—Nikodym derivative with respect to ¢ of some function
J € D by
daf

dg
The function f[U is called the first quasi-derivative of f.

f[l] € Lloc((a’ b) C)

4.1 Consistency with the classical Sturm-Liouville problem

We show that our differential expression is consistent with the classical Sturm-Liouville problem
stated by the expression

Toasie (@) = o (~(pl@)f @) + [@ha(@) . w € (@.D)
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with the assumptions %, q,r € Llloc((a, b); A) and p > 0, r > 0. The maximal domain of functions
for which this expression makes sense is

Delassic = {f € ACIOC((CL7 b); )‘) | pf/ € ACIOC((CL7 b); )\)}
We set the measures of 7 as

o(B) = [yrdX, ((B):=[yLd\, X(B):=[yqd\ B eB((a,b)).

We see that o, (, x < A and it is also true that A < p, (. Indeed if we take K C (a,b), compact
and look at B € B(K) for which {(B) = 0, we get

0= ¢(B) = /B p(lx) AN(x) > inf ;)\(B) > 0.

Hence A\(B) = 0 and the same argument works for p. Because of this we can write

Now we can write

df

hie) =~ @@+ [ fad=—flaple)+ [ o

¢

and we see that f1 € ACjoc((a,b);0) <= pf' € ACoc((a,b);N). From ¢ < A < ¢ follows
f € AC\e((a,0);¢) < f € ACoc((a,b);\). This means D, = Dgassic and for f € D, we

arrive at
vmmziQH—ﬁm(fMg<>
1

=5 (—(p(2)f'(2)) + f(2)q(x))

= Tclassic f (.CE) .

4.2 Generalized cases

Now we want to look at some generalized cases by modifying the classical case from above
through adding Dirac measures centered at a point ¢ € (a,b) denoted by d..

o We add a point mass « to ¢ from the classical case
o(B) := [grd\, ((B fB;d)\—i—oz&c, x(B) := [gqdX, B e B((a,b)).
For f € D, follows f € AC\yc((a,b);() and this means we can write

f<m>=f(c>+/ d";dc Fe /f”dAJra/ £ g5,

+/ f[lllljdAjL{af[l(c) v

0 z < c.

It follows, that we get the jump condition

flet) = fle) = aff(e).
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o Similarly we can add a point mass a to x
= [grd\, ((B):=[z1d\ x(B):= [zqd\+ad., BeB((a,b)).

In this case fi has the form

fi(z) = —ZJZ(:U) + /w fqd)\—l—a/xfdéc(x)

_ v af(c) = >c,
= dC(w)—i—/c fqd)\-l-{o r<e

Since we need f for which f; € ACioc((a,b); 0), there needs to be a continuous represen-
tative of fi, which leads to the jump condition

af(c) = fl(et) - (o).
4.3 Solutions of initial value problems

For the results for initial value problems of our Sturm-Liouville equation we can rewrite this
one-dimensional equation of second order into a two-dimensional differential equation of first
order and use Theorem 3.6 with w = |p| + |(|+|x|. First we define, what we consider a solution
of our Sturm-Liouville initial value problem similar to Section 1.

Definition 4.2. For g € LL ((a,b);0), ¢ € (a,b) and z,d;,dy € C some function f : (a,b) — C
is called a solution of the initial value problem

(r—2)f=g with f(c)=dy, f(c) =dy (4.1)

if f € D;, the differential equation is satisfied almost everywhere with respect to ¢ and the
given initial values at ¢ are satisfied.

Theorem 4.3. For every function g € Ll ((a,b); 0) there exists a unique solution f of the
wnitial value problem

(r—2)f=g with [(c)=dy, [W(c)=d
for each z € C, ¢ € (a,b) and dy,dy € C, if and only if

o(fz})C({z}) =0 and x({z})(({z}) #1 (4.2)

for all x € (a,b). If in addition all measures as well as g,d1,ds and z are real, then the solution
1s real.

Proof.
For a function f € D, which satisfies the initial values from (4.1), the following equivalence
holds

(T =2)f)(@) = g(z)
;@(t% — @) + /fdx>( ) = zf(x) + g(z)
— Wz +f[1 /fdx /Zf—l—g)dQ

f“(x)=d2+/ fdx—/ (=f +g)do
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Therefore some function f € D; is a solution of (4.1) if and only if for each = € (a,b)
fo) =di+ [
@) =ds+ [ fax= [ af +g)de

[

Now we set w := |g| + |C| + |x|- Hence g, (, x < w holds and we set mis := %,mgl = W
and fo := —%. Then the above equations can be written as
f(x) . d1 r 0 mi9 f v 0
—_——
=M

Applying Theorem 3.6 leads to a unique solution of (4.1), if and only if

I +w({z}) <m()21 ”32) (m):<x({w})—129({x}) C({f})>

is invertible for all € (a,b). From

det(I +w({z})M(x)) =1 = C({z})x({z}) + 2(({z})e({z}) # 0

for all z € C follow the conditions (4.2).
(]

Remark 4.4.
Note that if g € Li ((a,b); 0) and (4.2) holds for all z € (a,b), then there is also a unique
solution of the initial value problem

(r—2)f=g; with flet)=di, fl(ct) = do
for every z € C, ¢ € (a,b),dy,ds € C by Corollary 3.8.
In the following we will always assume that

({z}h)e({z}) = c({z})x({z}) =0 (4.3)

for all € (a,b). This is stronger than needed for Theorem 4.3, but will be neccessary for the
Lagrange identity below.

Remark 4.5.
From assumption (4.3) follows that for f € D, we have
B B
| e = [ noae, (44)
B B
| s = [ s, (45)

for a, B € (a,b), a < B.

To show this we define

S:={z e (a,p): o({z}) # 0}.
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f € D; implies f1 € AC)oc((a,b);0) and therefore f; can only have jumps in points x with
o{z}) # 0, ie. {z € (,B) : fi(z+) # fi(x)} € S. Now since g is a locally finite complex
Borel measure S can have at most countable infinitely many elements. From assumption (4.3)
follows that ¢(S) = 0, which means

0—/f1t+dC /f1 ) dc (1)

and (4.4) follows. A similar argument follows for (4.5) with f and y.
Definition 4.6. For f,g € D, we define the Wronski determinant

W (f,9)(z) = f(2)g"(z) — f(2)g(x)

for x € (a,b).

The Wronski determinant is well defined as it is absolutely continuous with respect to ¢ by the
next Remark 4.8.

Proposition 4.7. For each f,g € D; and o, € (a,b) the Lagrange identity

B
/ (9(z)7f(x) — fz)Tg(2)) do(x) = W(f,9)(B) — W([,g)(c) (4.6)
holds.
Proof.

Let f,g € D; and «, 8 € (a,b) be fixed. By definition of D, the function g is a distribution
function of gll¢. The function

fi(z) = —fm(ﬁ) + /zfdx, x € (a,b)

is a distribution function of (7f)p. Hence by applying the integration by parts formula (1.3)
setting F = g,dp = ¢d¢ and G = fi,dv = 7fdo, we get

B
/ o(t)7 1 (1) do(t) = [ (D)g( / Fr(t-0)gM (1) e (z).

We use (4.4) from the above remark to replace the fi(t+) with fi(¢) on the right hand side.
By performing integration by parts using formula (1.3) with F' = f; fdx,du = fdx and G =
g, dv = gl'ld¢ and then using (4.5) from the last Remark we get

/f1 Yol de ) //fdxg[” ) dc(t) /f” gl (1) dc (1)
:[()/tfdx]ja—/a g(t+)f(t) dx — /f” )gt(t) d¢(t)
/fdx / £) dx — /f” W (e) dct).
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Note that the last two integrals are symmetric with respect to f and g. By inserting the
identities from above it follows that

B8 B8 B8
/ g7 — frado = [fi(Og®)n — 1 () F B0 — 9(8) / Fx+ £(5) / gdx
t B
~ s+ | [ ravao)] - sl

- [/atgdxf@)r:a—g(ﬁ)/ffdwf(ﬁ)/jgdx

B
— g, + / Fxg(8) — [—gM () F(E)

B8 B8 B8
—/ gdxf(ﬁ)—g(ﬂ)/ fdx+f(ﬁ)/ gdx

Remark 4.8.

o As a consequence of the Lagrange identity we see, that for f,g € D, the function
W (f,g)(z) is absolutely continuous with respect to o, with

dW(f,g)

do grf —frg.

o Furthermore if uy, us € D, are two solutions of (7 — z)u = 0 the Lagrange identity shows,
that W (u1,usz) is constant for all x € (a,b). We have
W(ui,u2) #0 <= uy,uy are linearly independent.

If uy = cug the Wronskian W (uy, u2) vanishes obviously. Conversly W (u;,u2) = 0 means,

that the vectors
u(@) ) [ )
() uy ()

are linearly dependent for each = € (a,b). So we have some complex valued function h

with
(;@i%) = h(z) (lz?](é))) x € (a,b).

The functions ugh and ugh(c) both satisfy the initial value problem with initial values
dy = uy(c) and dy = u[lu (c) at c. Now since the initial value problem has a unique solution
h(z) = h(c) for all x € (a,b) follows. This means the solutions u; and uy are linearly

dependent if W (uy,ug) # 0.

Definition 4.9. For every z € C we call two linearly independent solutions of (7 — z)u =0 a
fundamental system of (1 — z)u = 0.
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From Theorem 4.3 follows, that there exist solutions for two linearly independent initial values.
Because the Wronskian is constant for all x € (a,b), a fundamental system always exists.

Proposition 4.10. Let z € C and uy,us be a fundamental system of (1 — z)u = 0. Fur-
thermore, let ¢ € (a,b), di,ds € C, g € Li. ((a,b); 0). Then there exist c1,co € C, such that the
solution f of

(t—2)f=g with f(c)=di, fm(c) =dy

s given by
f(x) _ clul(ac) n C2u2(x) n /:c (51 («T)Ui/v(t()u—l l;z()x)ul (t)g(t) dQ(t),
= M (2)u — @)
) = el o) + (o) [ 2= (0 g

for each x € (a,b). If uy,ug is the fundamental system with
_ £ N [1]
ui(c)=1,u; (¢) =0 and wuz(c)=0,uy'(c)=1
then ¢1 = dy and cs = ds.

Proof.
For ¢ € (a,b) we set

hi(z) := ui(x) /x uggdo, ha(x) := uz(x) /w urgdo, h(z):=hi(xz)— ha(x)

with € (a,b). We show that (7 — z)h = W (uy,u2)g by showing that the integrated equation
B B B
W(a) — Rl (p +/ hdx—z/ th:W(ul,ug)/ gdo

a

is satisfied with the help of integration by parts.

First integration by parts shows that

B x T
/ (u%”(x) / wsg do — vl () / ulgdg> ac =

= [ul(x) /Cz uzg do — uz () /Cf uig dQ] ﬂa - /j u(z)uz(w)g(x) — uz(x)ur (z)g(z) do

xr=

=0

= h(B) — h(e)

for all a, 8 € (a,b) with a < 3. This means h is a distribution function with (-density

(z) = u[ll] (:c)/ ugg do — u[;](a:)/ uigdo, x € (a,b). (4.7)

From (7 — z)u; = 0 follows the identity
U[ll} (x) - u[ll] (C) = / U1 ClX — Z/ w1 dg (4_8)

30



By first using integration by parts and then (4.8) twice, we calculate for h;

/fhldx—z/jhldgz
:/ful(x) /juwdgdx(x)—z/jul(uf) /juzgd@d@(w)
[ e e ]
-/ ’ ([ maxuaito) - = [ wdouswgta) ) dota)
(e e) o]
_/juxuldx_z/c u1d9>uQ do(x)

— (') - '@ | ””Wgr - / () — o)) () () do

B o 3
:u[ll](’g)/ qudQ—“[lu(Oé)/ Uzng—/ ugul'g do

for all a, 8 € (a,b) with a < 3. The same is true for hy with u; and us changing places. Hence
for h it follows with (4.7) that

3 3 3
/hdx—z/ hdg:hm(ﬁ)—hm(a)+W(u1,u2)/ gdo.

[0}

Hence h is a solution of (7 — z)h = W (uq,us2)g and therefore the function f, given in the claim,
is a solution of (7 — 2)f = g.

To show that we can find ¢;,co € C such that for some dj,dy € C the initial values f(c) = dy
and flU(c) = dy are satisfied, we set

_ dlu[;](c) — daus(c)

ui(c)dy — u[ll}(c)dl
W(ul, UQ) ’

d =
and c¢9 W (urua)

We calculate

f(e) = crui(e) + caua(c)

_ W [(drd €)= daua(e)) w1 (@) + (wr(e)da — ul! () ) wa()]

— Wdl ul ! (@yur(c) — ul(e)ua(e) | + W(7«L11>U2)d2 (u1(c)u2(c) - ug(c)ul(c))

=W (u1,u2)

=0
= d

and a similiar calculation holds for f!(¢) = ds.

The following Proposition will be needed later in Section 5.
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Proposition 4.11. For all functions f1, fo, f3, f41 € D; we have the Pliicker identity

W (f1, f2)W(f3, fa) + W(f1, f5)W (f2, f1) + W(f1, f)W (fa, f3) = 0.

Proof.
The left-hand side is equal to the determinant of the clearly not invertible matrix
fi o f3 fa
(1 L0 L] L]
i WA 2 3 4
2 A fo S5 fa
(1 L0 L0 L]
1 2 3 4

4.4 Regularity of 7

Definition 4.12. We say 7 is regular at a, if |g|((a,c]), |(|((a,c]) and |x|((a,c]) are finite for
one (and hence for all') ¢ € (a,b). Similarly one defines regularity at the endpoint b. Finally
we say that 7 is regular, if 7 is regular at both endpoints, i.e. if |g|, |¢| and |x| are finite.

Theorem 4.13. Let 7 be regular at a, 2 € C and g € L*((a,c); 0) for each ¢ € (a,b). Then for
every solution f of (T — z)f = g the limits

f(a):= lim f(z) and fMa):= lim fU(z)

r—a+ r—a+

exist and are finite. For each dy,ds € C there exists a unique solution of
(r—2)f =g with f(a)=d, fM(a)=d.

Furthermore, if all measures as well as g,dy,ds and z are real, then the solution is real. Similar
results hold for the right endpoint b.

Proof.

The first part of the proof is an immediate consequence of Theorem 3.10 applied to the two-
dimensional integral equation of the proof of Theorem 4.3. From Proposition 4.10 we infer, that
all solutions of (7 — z)f = g are given by

f(z) = cqqur(z) + coua(z) + fo(z), =z € (a,b),

where ¢1,c9 € C, uj,us are a fundamental system of (7 — z)u = 0 and fy is some solution
of (1 —2)f = g. Now since W(uy,uz) is constant and doesn’t vanish for = € (a,b) we get

W (ui,u2)(a) # 0. It follows that
() = (0)

since the measures are finite on all [c1, c2] with ¢1,c2 € (a,b)

1
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are linearly independent and there is exactly one choice for the coefficients ¢y, co, such that the
solution f satisfies the initial value at a.
If g,dy,ds and z are real then ui, us and fy can be chosen real and hence ¢; and co are real.

O

Remark 4.14.
Under the assumptions of Theorem 4.13 one can see that Proposition 4.10 remains valid even
in the case, when ¢ = a (respectively ¢ = b) with essentially the same proof.

Theorem 4.15. Let g € LL ((a,b);0), ¢ € (a,b), d1,d2 € C and for each z € C, let f(z,-) be
the unique solution of

(r—2)f=g, with f(c)=d, fm(c) = ds.

Then for each point x € (a,b) the functions z — f(z,x) and z — fU(z,x) are entire functions
of order at most % in z. Moreover, for each a, B € (a,b) with a < [ there are constants C, B € R
such that

1f(z, )|+ |fM(z,2)| < CePVIEL 2 ea, 8],z €C. (4.9)

Proof.
As done in the proof of Theorem 4.3, we can write the initial value problem as a two dimensional
integral equation with w := |p| + |(| + |x| of the form

() = (@) L (& %)+ (e D) () o [ aa) o

Since all the matrix coefficients are locally integrable with respect to w and (3.7) is satisfied by
the general assumption (4.3) we can apply Theorem 3.7. Therefore the functions z — f(z,x)
and z — fl(z,z) are analytic for all z € C.

By choosing W (u1,u2) = 1 we know from Proposition 4.10 that a solution f(z,-) of (1—2)f =g
is given by

f(z,2) =ui(z,2) <01 + /Cx u2(z,-)g dg) — ug(z, ) <02 + /Cx u1(z,-)g dg>

te€[e,x)

< Jua(z, )] <|61|+/ gl dlo| sup IuQ(zvt)l> +

-Hw@wﬂom+/ﬁMﬂdswm@ﬁ0-

t€le,x)

Because [ |g|d|o| is a constant in z, it is sufficient to look at solutions of the homogeneous
system for the asymptotics. Using the integration by parts formula (1.3) with F' = f(z,-),dpu =
f(z,)d¢ and the complex conjugate G = f(z,-)*, dv = fll(z,-)*d¢, we get

fea)f (o) = i e + [ (5 + /6016 do

As we assume g = 0, the differential equation implies
M) = 0+ [ a2 [ fede= e+ [ 1
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with k := x — zp. With this identity we get

7z, 2) £z, )" —( o+ [ 1 dn) <f“ o+ [ G )

:fm(z,c)fm(z,c)*+/ (f[”(z,c)+/ f(z,-)dm) f(z 1) di(t)+

/fzt(f[lzc /f d/@) dr(t)

17O [ P ) £ t) U et ()
Putting all the parts together we compute for |z| > 1 and w = |o| + [¢| + | x| as above
v(z,2) = [2||f (2, 2)] + | 1z, 2) 7
(216 el [ (F )+ £y 1, 0) ok
+ / UGG+ f ) Mz ) dy - 2 / TP f )+ f () 1 (2 ) d
o(z,0) + 7| / SRe(f(, )" f(2,-)) duw
With the fact (a — b)? > 0, a,b € R we get the estimate

2Re(f(z, ) fU(z,2))| < 211/ (z2) 2 + 1Mz 2) P v(z )

|| E

which gives us the upper bound for v(z, -)

v(z,x) < v(zc) +/ v(z, )V |z]dw x € [e,b).
Now an application of the Gronwall Lemma 3.5 leads to
v(z,2) < v(z,c)ele VIEds e [c, ).

For x € (a,c) we have
C
v(z,x) < v(zc) +/ v(z,-)V/| 2| dw
x+
and hence again by the Gronwall Lemma we get
v(z,z) < v(z,c)ef;r g e (a,¢0).

* >
Bl::{fc dv x>c¢

f;rdw rz<c

So with

we get for each x € (a,b)
v(z,2) < v(z,¢)eBVIEL = (2|1 2 + [do]2)eBVIL < ([dy]? + [do[2)eBrrDVIE

and we see, that the claim of the theorem is proven.
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The following Corollary extends the analytic properties of solutions of the initial value problem
for right-hand limits as well as interval endpoints (mind the included point @ in the second case
of initial values), if we assume regularity at the endpoints.

Corollary 4.16.  Let the assumptions of Theorem 4.15 be satisfied. Additionally let T be
reqular at a and g € L'((a,c); 0) for ¢ € (a,b). Let f(z,-) be the solution of the initial value
problem

(r=2)f=g
with tnitial values
f(Z,C):dl,fm(Z,C):dQ CE(CL,b)
or
f(Z,C+) :d17 f[l](z’c+) :dQ (S [avb)'

Then for each x € (a,b) the functions z — f(z,z), z — fl(2,2) and for each x € [a,b) the
functions z — f(z,x+), z— fl(z,24) are entire functions. They are of order at most % and
satisfy the asymptotics (4.9) where a can also be set as a.

Proof.
The right-hand limits of f(z,2) and fl(z,2) for # € (a,b) are entire functions as mentioned
in Remark 3.11. Since the upper bound of f(z,-) holds for all x € [«, 3), this upper bound
remains true for the right-hand limits, so the asymptotic behavior is the same. With the
regularity assumptions for 7 and g the proof of Theorem 4.15 can be extended for a = a and
we get the asymptotic behavior for [a,3) and therefore also the right-hand limits f(z,a) and
f(z,a) are analytic.

O

4.5 The Sturm-Liouville operator on L*((a,b); o)

Now we want to introduce linear operators in the Hilbert space L?((a,b); o) as realizations of
the differential expression 7. To this end we gather the assumptions on the measures we already
put into action and introduce some new ones, which will be needed for further results.

Definition 4.17. We say that some interval («, ) is a gap of supp(p) if («, 5) C (a, b)\ supp(o)
and «a, B € supp(g). We introduce the abbreviations

a, :=infsupp(o) and [, := supsupp(o).
Hypothesis 4.18. The following requirements for the measures shall be fulfilled for the rest of
the paper
(A1) The measure g is non-negative-valued.
(A2) The measure x is real-valued.

(A3) The measure  is real-valued and supported on the whole interval;
supp(¢) = (a,b).
(A4) The measure ¢ has no point mass in common with o or x;

({z})e({z}) =0 and (({z})x({z}) =0, =€ (a,b).
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(A5) The measures o,x,( have the following property: For each gap («, ) of supp(o) and
every function f € Dy with the outer limits f(a—) = f(B8+) = 0 it follows that f(x) =0,

x € (a, f).

(A6) The measure o is supported on more than one point.

The assumptions (A3) and (A4) have already been introduced above. We need the non-
negativity of o, in order to be able to get a positive definite inner product for L?((a,b); o) later.
The real-valuedness of the measures imply a real-valued differential expression, i.e. (7f)* = 7f*,
f € D;. Assumption (A5) is important for Proposition 4.22 and Proposition 4.23 to hold. As it
is a rather implicit requirement for the measures it is not immediately clear if this requirement is
satisfied for a usefull class of measures. But the following lemma will show that this assumption
is satisfied for a large class of measures. (A6) is needed as otherwise L!((a,b); 0) would only be
one-dimensional and hence the Proposition 4.22 does not hold in this case as all solutions are
linearly dependent. We refer to [1], Appendix C for the one dimensional case.

Lemma 4.19.  If for each gap (a, ) of supp(e) the measures (|(p) and x|q,p) are ei-
ther both non-negative valued or both non-positive valued, then (A5) is satisfied.

Proof.
Let (a, 8) be a gap of supp(p) and f € D; satisfy f(a—) = f(8+) = 0. Since f is left-continuous
we have

/aﬁf*deQ:O

and we calculate similarly to the first two calculations in the proof of Proposition 4.7 with

g=1r"

B+
fm%mmmmz/ 7 do

o IB+
— (A, — / Fufle de
=0 @

B+ B+
a/|ﬁw+/rﬁW%

«

The left-hand side vanishes, since either o({8}) = 0 or f is continuous at 3 by (A4). So if
the measures share the same sign on («, ), this means that f 1) = 0 ¢—a.e. and because of
the left-continuity of f!! and the condition (A3), this means flU(z) = 0, z € (o, 8). There-
fore f(d) — f(c) = fcdf[l] d¢ = 0 for ¢,d € (o, ), i.e. f is constant in (a, ). Now from
fB) + fAB)CHBY) = f(B+) = 0 follows, that f vanishes in (a, ).

O

Now we start constructing our linear operator on L?((a,b); 0). Thus we have to embed functions
f € D, into L?((a,b); o). Functions f € D, are left-continuous with at most countable-infinitely
many jumps (since D C AC)oc((a,b); (), see Section 1, Equation (1.1)), but the support of o
can be very small and because of that the equivalence classes of functions equal almost every-
where with respect to p, which we denote as [f],, can be very big. Thus an injective embedding
D, — L*((a,b); o) is hardly possible. Nonetheless below we will see that there is an embedding
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D, — L?*((a,b); 0) x L?*((a,b); 0) which is injective. To emphasize the difference between ele-
ments of the two sets D, and L?((a, b); 0), we will use the equivalence class notation for elements
of L?((a,b); 0) from now on.

We begin by defining a linear relation on L{ ((a,b); o) which we will restrict later in order to
get a linear relation on L?((a,b); ). This linear relation is given as

Tioe = {([f]es [7flo) | f € D7}

Note that this linear relation is in fact a subset of L ((a,b);0) x Li ((a,b);0) as f € Dy is
locally bounded (see Section 1, Subsection 1.2) and [7f], € L{..((a,b); 0) by the definition of
the Radon—Nikodym derivative of f; with respect to o.

We will show that the map D; — Tioc, f = ([flo, [Tf]o) is bijective and for that we need some
lemmas first.

Lemma 4.20. Let f : (a,b) — C satisfy f = 0 almost everywhere with respect to o, i.e.
f €1[0],. If f is left-continuous, then f(x) =0 for all? x € supp(0)°. If f € D, and (a,8) is a
gap of supp(o), then f(a—) = f(B+) =0.

Proof.

Let x € supp(p)® and assume f(x) # 0. Since f is left-continuous, there exists some d < x such
that f(y) # 0 for all y € (d,z]. As f(z) = 0 a.e. with respect to g, this interval can have no
mass with respect to g, i.e. o((d,z]) = 0. Thus (d,x) C supp(e)° which contradicts = € supp(p)°
as this means we can find some ¢ > 0 such that (z — e,z +¢) C supp(o)°.

If f € [0], and additionally f € D;, then f is left-continuous and f(a—) = f(«). Assume
f(a) # 0 then there exists some d < a such that f(y) # 0 for y € (d,a]. As above this means
(d,) C supp(p)¢ follows. Since (o, 3) is a gap we have o € supp(p) with (d,a) U (o, 8) C
supp(o)¢ and hence o({a}) # 0 which contradicts f € [0], because we assumed f(a) # 0.

Now assume f(8+) # 0, then there exists some d > 3, such that f(y) # 0, y € (,d), which
means (5,d) C supp(p)€, so ¢ has point mass at § and therefore f(8) =0 as f € [0],. Now by
(A4) we get that ¢ can have no point mass at 5. As f € D, implies f € ACc((a,b); () this
would mean f is continuous at 3, i.e. f(5+) = f(8) = 0 which is a contradiction.

U

In the following lemma we show which elements of D; lie in the equivalence class [0],, which
we will need to prove the injectivity of our bijection between D, and T)c.

Lemma 4.21. Let f € D;. Then f € [0],, if and only if there exist cq,c, € C such that

Calla(z) T € (a,a),
flx)y=<0 x € (ay, Byl (4.10)
aup(z)  x € (By,b),

for ug,up € Dy solutions of the initial value problem
Tu=0 with u.(a,—) =0, u([ll](ag—) =1

and up(Bo+) =0, ul[,”(ﬂg—i—) =1.

2supp(p)® is the biggest open set contained in supp(p).
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In this case the identity
[7fle = [Lgagrea = Ligopcale
holds.

Proof.

The property f € [0], means f = 0 a.e. with respect to . Obviously f(z) = 0 for all z with
point mass and with Lemma 4.20 we also have f(x) = 0 for z € supp(p)°. If (o, 8) is a gap of
supp(p), Lemma 4.20 yields f(a—) = f(8+) = 0 and therefore f(z) = 0 for all z € [«, 8] by
(A5).

It follows, that for all remaining boundary points of supp(p) with f(z) # 0, x € (ay, 8,), there
exists a monotonous sequence x, = with (z;) € supp(o). If z;; € supp(p)°, again with
Lemma 4.20, f(z,) = 0 follows. If z,, ¢ supp(p)°, there exists a gap of one side of x; and
hence either f(z,; —) = 0 or f(x,+) = 0. So for every n € N there is some t,, < x such that
|z, — to] < L and [f(t,)| < 1. With the triangle inequality follows that ¢, — x hence there
exists some monotonous subsequence (,, ) / = satisfying

fla=) = Jim f(tn,) =0.

A similar argument for (z;7) € supp(p), z;} N\, = yields f(z+) = 0. We arrive at f(z) = f(z+) =
0 for z € (o, By)-

Outside of [ay, B,] we have fcd Tfdo = fchdg =0 for ¢,d < a, or ¢,d > 3, and therefore f is
a solution of 7f = 0 outside [, B,]. And according to Proposition 4.10 f is of the form

_Jeaua(z) z € (a,0p),
7@ = {Cbub(l’) z € (B b),

for some ¢, cp € C, ug, up € D, solutions of 7u = 0. The initial values follow similar to Lemma,
4.20.

It remains to show, that f(a,) = f(B8,) = 0. For that assume f is not continuous in o, i.e.
¢({a,}) # 0. Then from (A4) it follows that f[!l is continuous at a,. Hence fl!l(a,) = 0. But
this yields

Qo+

flao=) = flagt) = [ 71d¢ = f(ogt) — [ag) carh) =0
¢ =0 =0

which means f(a,) = 0. Similarly one shows that f(8,) = 0 and we are finished with the first
part of the claim.

Now we want to compute 7f for f € D, with f = 0 a.e. with respect to p. From integrating
the differential expression, we get the identity

7f(ag)o({ag}) = fM(ag) = M (agt) + flag) x({ap})
% %

= f[l] ().

If o has mass in «,, we have

My ubap)en e
@) = ae) T ollod))  oliog))
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A similar argument leads to 7f(8,) = —ﬁﬁg}) and we arrive at

Tf = cal{a,y — lys,)

a.e. with respect to o.
O

Now we arrive at the main result which will allow us to construct an operator on L?((a,b); o)
later.

Proposition 4.22. The linear map
D'r — Tloc
e ([flo [m o)

1s bijective.

Proof.

The mapping is linear as 7 is linear and surjective by definition of Tigc.

To show injectivity, let f € D, be such, that f € [0], and [7 f], = [0],. By Lemma 4.21 we know,
that for every ¢ € (a,, 3,), we have f(c) = fl(c) = 0. Now since the initial value problem for
Tf = 0 a.e. with respect to g, with f(c) = i (¢) = 0 has a unique solution by Theorem 4.3, we

get f =0 as an element of D,.
O

By the above proposition, every element f € T, has the form ([f],, [T f],) for a uniquely defined
f € D; and we can identify f with f.

If ap = a we view the condition that o has no mass at o, from the next proposition trivially
satisfied, similarly for b.

Proposition 4.23. The multi-valued part of Tioc is given as

mul(Tioc) = span {[]l{%}]g, []l{ﬂg}]g} .
In particular
0, if o has neither mass in o, nor B,,
dimmul(Tie) = < 1, if o has either mass in oy or Sy,
2, if 0 has mass in o, and B,.

Hence T s an operator, if and only if o has neither mass in o, nor B,.

Proof.

Let [g], € mul(Tioc). This implies ([0],,[g]o) € Tioe by definition and from the above remark,
we know that there exists a unique representative f € D;, such that ([0],,[g],) = ([fle: [T f]o)-
From Lemma 4.21 we know, that the possible f € D;, which satisfy this, are of the form (4.10).
By the second result of Lemma 4.21, we get the inclusion

[Tf]Q C span {[ﬂ{ag}]w [ﬂ{ﬁg}]g} :

To show the opposite inclusion, consider the function
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with u, as in Lemma 4.21. We can write f as

fo = [ " () g (1) dC(8)

and it is easy to see, that f € D;. Therefore f € [0], and [7f], = [1{4,}]e by Lemma 4.21,
which means ([0], [1{a,1]o) € Tioc and therefore [11, 3], € mul(Tioc)-

Similarly one shows that [I(g,;], € mul(Ti). Note that if ¢ has no mass at a,, we have
[L{a,})e = (0], and the same for §,, which finishes the proof.
U

Definition 4.24. For §, g € Tioc with f = ([fp, [7f]0), 8 = ([9)e, [Tg]o) We define the Wronskian
Of Tioc as
W, 0)(z) := f(2)g" () — fU(2)g(2), = € (a.b).

Remark 4.25.

o The Lagrange identity (Proposition 4.7) of T}, then takes the form

W(f,9)(8) = W(,9)(a) = W(f,9)(B) = W(f,g)(a)
8
=/ (g7f — frg) do

by (4.6).

o By applying Theorem 4.3 to get to the last equality, we have

ra‘n(TbC - ) {[g] € Lloc(( ) Q) | El[h]g € Llloc(<a7 b)u Q)
oc((a,0);0) | 3f € Dr = (£, [(
—{ €L1oc( ,b);0) | 3f € Dr:[(7 = 2)flo = lglo}

; 0)

T—Z

for each z € C.

o We also have

dimker(Tioc —2) = dim {[f]o € Lioc((a,0); 0) | ([flg: [0]) € Tioc —2}
= dim{f € Dr | [(1 = 2)fl, = [0]o} = 2

for each z € C by Proposition 4.10.

Now we want to restrict the differential relation Tj,. in order to get a linear relation on the
Hilbert space L?((a,b); 0) with the scalar product

9) Z/abfg*dg.
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To this end we define the maximal linear relation Tpax on L2((a,b); o) by

Tmax = {([f]@? [Tf]g) € Tloc | [f]Q’ [Tf]g € L2((a7 b)a Q)} .

In general T,.x doesn’t have to be an operator because all elements of

mUI(Tloc) = Span{[]l{ag}]ga []l{ﬁg}]g}
are square-integrable and this means
mul(Tpax) = mul(Tie.).

If f € D, has compact support, then f is of bounded variation and therefore bounded (see
Section 1, Subsection 1.2) and [f], € L*((a,b); o) follows.

Now let Ty be the restriction of T, defined as

To == {([f]o, [T flo) € Tioc | f € D7, supp(f) is compact in (a,b)}
C L*((a,b); 0) x L*((a,b); 0).
We will prove later that Ty is an operator, i.e. mul(7p) = 0. Because the differential expres-
sion 7 satisfies (7f)* = 7f* by Hypothesis 4.18 the elements of the relations Ty and Tax

satisfy ([flo, [Tf]o)" := ([f15 [Tf]3) = ([f*]o, [T f*]p). This means that for every f € Tyax follows
f* € Tmax and for every § € Ty follows §* € Ty.

Definition 4.26. We say that some g-measureable function [f], lies in L?((a,b); 0) near a
if [f|(a,0)]e € L*((a,¢); o) for all ¢ € (a,b). We say some ([fl,, [7f],) lies in Tax near a if both
[f]o and [T f], lie in L?((a, b); o) near a. Similarly we define [f], lies in L*((a,b); o) near b and
([f1,.[7f],) lies in Tmax near b.

Before we look at the adjoints of the introduced operators, we collect similar results as for D;:
extension of the solutions to the endpoints with additional regularity requirements, Wronski-
determinant and Lagrange-identity.

Proposition 4.27. Let 7 be reqular at a and ([f]p, [Tf]o) lie in Tmax near a. Then both limits

f(a):=lim f(z) and fY(a):= lim fM(2)

Tr—a T—ra

erist and are finite. A similar result holds at b.

Proof.
If ([f]g [7f]o) lies in Trax near a, we have [7f|, 0] € L*((a,c);0). Since T is regular the
measure 9|, is a finite measure and therefore [7f|(¢]o € L'((a,c¢);0) for each ¢ € (a,b).
Hence we have [(1 — 2) f|(4,0)]e € L' ((a,¢); 0) and the limits exist by Theorem 4.13.

U

Definition 4.28. Let §, g € Tjo. For convinience we denote
W(i,9)(a) = lim W(f.g)(e) and W(j,g)(b) := lim W(f, g)(5)
and for ¢, d € [a,b] we denote
W5, 8) =W (i, 0)(d) — W(f,g)(c).
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Lemma 4.29. Let f = ([f],,[7f],),8 = ([9],.[79],) € Tioc both lie in Tax near a. Then the
limit W (§,8%)(a) exists and is finite. If additionally T is reqular at a we have

W(§,9%)(a) = f(a)g"(a)* = fM(a)g(a)".

A similar result holds at b. Furthermore if § = ([fl,,[7f],).8 = (l9],,[79],) € Tmax then we
have the identity

([7f1o: [9)e) = ([fles [dle) = W (5. 87)- (4.11)

Proof.
By Proposition 4.7 we have for all f = ([f],,[7f],),8 = ([9],,[79],) € Tioc and all «, 3 € (a,b)
the Lagrange identity

B8
WG, a%) = W(f,g")(8) — W(f.g")(a) = / g°rf — f(rg)* do. (4.12)

If §, g lie in Tyyax near a this means that the right-hand side of (4.11) is finite for all o <
in (a,b) and that the limit & — a on the right-hand side of (4.11) exists and is finite for all
B € (a,b). It follows that W(f,¢*)(a) exists and is finite. Combining the first result and
Proposition 4.27 leads to the second claim.
Similarly one can see that the limit 8 — b exists and is finite. Now taking the limits & — a and
B8 — b one after the other leads to the third claim.

O

In order to determine the adjoint of Ty defined as

T5 = {([fle l9le) € L*((a,b); 0) x L*((a,b); 0) | Y([ulg, [v],) € To = {f,v) = (g, u)}

we need the following basic lemma from linear algebra.

Lemma 4.30. Let V' be a vector space over C and Fy,...,F,, F € V*. Then

n
F € span{Fy,..., F,} — ﬂ ker F; C ker F.
i=1
Proof.
If =737, a;F; for some a; € C we clearly have (;_, ker F; C ker F.

Conversely we define F(z) := (Fi(2),...,Fy(z)) € C". We have ker F' = (I, ker F;. Therefore
from F'(x1) = F(x2) follows that F(z1) = F(z2). Hence the function

go:ran F — C

g0(F(x)) := F(x)

is well defined. We extend g linearly to a function g : C* — C which has the form g(y1,...,yn) =
Z?Zl a;y; for some a; € C. We arrive at

F(z) = go(F () = g(F(x)) = ) a;Fj(x)
j=1

forallz € V.
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Theorem 4.31. Ty is symmetric and the adjoint of Ty s Tax-

Proof.
First we show the inclusion Trax C 1. Let ([f],,[7f],) € Tmax. From Lemma 4.29 we get for
all ([g],,[rg],) € To that

{7 Fle:9lo) = {[flo: [7gle) = lim W([f],, [71,). ([9], [791,)") ()
= lim W(([f1,.[711,), (9], [79],)") (@)

= lim (£(8)9"™(8) ~ f(B)a(B)") -
— lim (f(@)g" (@) = fM(a)g(@))) -

a—a

The right-hand side of this equation is zero since f and g have compact support in (a,b). As
an immediate consequence we get ([f],,[7f],) € 1¢-

For the other inclusion 75 C Tiax let ([f]o, [f2]o) € T and f € D, be the solution of 7f =

fa. We know that ([f],,[f2]o) = ([fle, [Tfle) € Tioec by Proposition 4.22. Now we show that
([f]es [f2lo) € Tioc. For that we define the subspace

LZ((a,b):0) := {[f]o € L*((a,b); 0) | 3f € [f]o : supp(f) is compact in (a,b)}.
On this subspace of L?((a,b); 0) we define the following linear functionals
L+ Li((ab)io) = C
)= [~ 1ode
and for uj, ug solutions of 7u = 0 with W (uy,ug) =1
li: Li((a,b);0) = C
o) = [ “utgde, i=1.2

To apply Lemma 4.30 we want to show that kerl; Nkerly C kerl. For that take [g], € kerl; N
kerlo. Then there exists an interval [«, 5] C (a,b) such that

b
0=1(g) = / Ljo,gguido fori=1,2.

We define the function
b

u(z) == ui () /ax uzg do + U2($)/x u1gdo

T t
:ul(aj)/ Il[aﬁ]qudeLug(a:)/ Lio,pu19 do-.

From the definition of u we see that u is a solution of Tu = g by Proposition 4.10 and from the
second line and g € ker {1 Nkerly follows that u has compact support. Hence ([u,, [Tul,) € Tp.
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Applying the Lagrange identity for u with compact support and using the definition of the
adjoint we get

b b
[ u=irgde= [ (s~ Fyrude
:<Tu7f>_<7-uaf>
:<U,f2>—<u,7'f>:<U,f2>—<u,f2>:0,

It follows that g € kerl. Now applying Lemma 4.30 there are ¢y, co € C such that
b ~
/ (f = f+crur + couz)*gdo =0
a

for each function g € L?((a,b); o) which leads to [flo = [f +c1uy +cous),. From f+4ciui+coug €
D, and [r(f + crus + caus)], = [faly follows ([f + eru + ezual, [falg) = ([lpr Lf2lo) € T by
the definition of T)oe and ([f],, [f2]p) € Tmax follows . Hence T = Tyax and since Ty C Tax

by definition we see that Tp is symmetric.
O

Since Ty is symmetric by the last theorem we can define the closure of Tj as

Trin 1= TO = T(Sk* = Trtlax'
Since every adjoint linear relation is closed we know that Ty.x is closed and Ty C Tpax yields
Tmin = Thax © Tmax and T3, = Tik = Tmax S0 Tin is symmetric again. In order to deter-
mine T, we need the following lemma.

Lemma 4.32. Let ([fu]o, [Tfalo) lie in Tmax near a and ([fplo, [Tfolo) lie in Tmax near b.
Then there exists a function f € Dy with ([fly, [Tf]o) € Tmax such that f = f, near a and
f = fy nearb.

Proof.

To connect f, and f, we will fix an initial value problem close to a and vary g so that we get the
desired values of our solution close to b. To achieve that we will use Proposition 4.10 to show
that there are two linearly independent functionals dependent on g determining our solution.

Let u1,us be a fundamental system of 7u = 0 with W (uj,us) = 1. We define on L?((a,b); o)
the linear functionals

B
qu,ﬁ(g) :—/ ujgdo for j=1,2and a < §,a, € (a,b).

Assume there exists some ¢ € C such that for all @ < 3, o, 8 € (a,b) we have F* () = cF2(g)
for all g € L?((a,b); 0), i.e.

B8
/ (w1 — cus)gdo =0 for a < B,a, 8 € (a,b),g € L2((a,b): 0).

Therefore [u1], = [cuz], follows and hence ([u1],, [Tu1]y) = ([ui]o, [0]p) = ([cuz],, [0],) =
([cug)p, [Tcua],). As the representation in D, is unique this means ui(xz) = cug(z) for all
x € (a,b). This is a contradiction to W (u1,us) = 1.
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It follows that there exists ag < By, v, Bo € (a,b) such that Fy := Ff‘o’ﬁo and F := F;‘O’ﬂo are
linearly independent, i.e. there exist g1, g2 € L?((a,b); 0) such that Fi(g1) = 1, Fa(g1) = 0 and
Fi(g2) =0, Fa(g2) = 1. Now we want to show that there exists some u € D, which satisfies

u(ag) = falao), ulll(ao) = fI(ao), u(Bo) = fo(Bo), ull(Bo) = £ (Bo).

1
loc

From Proposition 4.10 we know that for every g € L?((a,b);0) C Li ((a,b); 0) there exists a

solution u € D; of Tu = g with the initial values u(ag) = fq(0), um(ag) _ fc[LH (ap) of the form
u(e) = erun () + equa() +wn (@) F5 O () — ua() 7 (g)

() = e (@) + e @) + w57 (9) - o)) 7 0)

with ¢1, s € C and up,us as stated in Proposition 4.10. In order for u, ul!! to satisfy the values
of By we need a solution (Fy(g), F1(g)) of the linear equation system

u1(Bo)  —u2(Bo) (Fg(g)) _ [ Jo(Bo) = crua(Bo) — caua(fo)
uM(ge) —u(B0) ) \Filg) 1 80) = erul (8o) — cxull(Bo).

Now since uq,ug satisfy W (uj,ug) = 1 the matrix on the left-hand side is invertible and since
Fy and F; are linearly independent it is possible to find a function g € L?((a,b); ¢) such that
(F2(g), Fi(g)) is a solution of the linear equation system. Hence u € D, with the desired
properties exists. Now the function f defined by

fa(z) € (a, 0],
f(z) =1 u(z) =€ (x,pol,
fo(x) 2 € (Bo,b),

has the claimed properties.

Theorem 4.33. The minimal relation Ty, s given by
Tiin = {f € Tmax | V9 € Tiax : W(Jf,9)(a) = W(f, 9)(b) = 0}.
Furthermore, Tiin s an operator, i.e.

dim mul(Tyin) = 0.

Proof.
We define M := {f € Thax | Vg € Tmax : W(f,9)(a) = W(f,9)(b) = 0} and show Ty,in C M first.

Let ([flg:[Tf]o) € Timin- AS Timin = T7iax We have the identity

([7flo l9le) = ([Flos [T9)e)

for all ([9]p, [79]p) € Tmax- AS Tmin = T € Thmax the Lagrange identity (4.11) holds for

(Ifle: [T f]o) and all ([g]e; [7]o) € Timax. We get

0= (7o l9le) = ([flo: [Tgle) = W (S, 97)(b) = W(f,97)(a)
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for all ([g]e,[79le) € Tmax. Now we want to apply Lemma 4.32 to some ([go, [79]p) € Tmax
by setting f, := g* and fp := 0 as elements of D,.. As for these f, and f; the corresponding
elements in Tjo lie in Trax, we have some ([g],, [79]e) € Tmax which satisfies §* = g near a and
g = 0 near b. Therefore we get

=W (([f]o: [7f10), ([9]e: [T9]0)) (@) = =W (f, 9)(a)
=W(£,0)(b) — W(f,9)(a)
=W(f,3")(b) —W(f,5")(a)
=0.

Similarly one sees that W (([flo, [Tfle), ([9le, [T9]e))(b) = 0 for all ([g],, [T9le) € Tmax and we
arrive at Thin € M.

Conversely if ([f]p, [Tflo) € M C Thax the Lagrange-identity yields for each ([g],, [7g]o) € Tmax

([T fles[9le) = ([flos [m9le) = W (S, 97)(b) = W(f,97)(a) =0

and hence ([f],, [7f]o) € Tiax = Tmin and we arrive at Tpyax = M.

max

To show that T, is an operator let f € D, such that f € [0], and ([f],, [T f]p) € Tmax. From
Lemma 4.21 we know that f is of the form

Caua(x) T e (aaaQ]’
f(l‘) =<0 x € (a,g;ﬂ,g]v
aup(r) x € (Bgvb)'

If ap = a or if o({a,}) = 0 we have ([f],, [Tf]o) = ([0]p, [0]p) left of 5, and therefore f(z) =0
left of B,. So let a, > a and o({e,}) # 0. Since ([flp, [Tflo) € Tmax wWe know from the first
part of the proof that for all fundamental systems {u;,u2} of Tu = 0 we have W (f,u;)(a) = 0.
Since W (u, @) is constant for all solutions of 7u = 0 we have

W(f,uj)(z) = W(cquq, uj)(x) = const.
for all z € (a, op). Thus we get

0=lim W(f,u)@) = lim W(fu)(z) = lim fl)u (@) = fMau(e) = —cou;(ap).
r—a CE‘}O{g* x%agf
Since this can only be true for all fundamental systems of 7u = 0 if ¢, = 0 we get f(x) =0 for
all € (a, ). Similarly one proves that f(z) = 0 for all x € (53,,b) and therefore f(z) = 0 for
all z € (a,b). So we arrive at mul(Tin) = {0}.
O

Lemma 4.34. If 7 is reqular at a and c1,co € C then there exists some ([flp, [Tflo) € Tmax
such that f(a) = ¢1 and f(a) = ¢y. A similar result holds at b.

Proof.

If 7 is regular at ¢ and z € C, we can find some solution f € D, of the initial value problem
of (1 — 2)f = 0 with f(a) = ¢; and fl(a) = ¢y. Since 0l(a,c) 18 a finite measure and fis
locally bounded on [a, ¢) as it is of bounded variation (see Preliminaries) it follows that f lies in
L?((a,b); 0) near a. Since 7f = zf we have ([f],, [7f],) € Tmax near a. Now applying Lemma
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4.32 by setting f, = f and f, = 0 yields some ([flo> [T flo) € Timax such that f(a) = ¢; and

fm(a) = cy.
O

Corollary 4.35. If 7 is reqular at a and ([f],, [7f],) € Tmax then we have

fla) = fMa) =0 < Y((glo, [79)o) € Tumax : W(f,9)(a) = 0.
A similar result holds for b.

Proof.
If 7 is regular at a we have

W (f,9)(a) = f(a)g" (a) - fM(a)g(a)

so the implication = follows immediately.

Conversely let ¢j,co € C. As 7 is regular we can find some ([g],,[79],) € Tmax such that
g(a) = ¢; and gl(a) = ¢y by Lemma 4.34. Tt follows that

0=W(f.9)(a) = f(a)ez — fM(a)er.

As ¢y, ¢y € C was arbitrary this means means f(a) = f(a) = 0. Similarly one shows the result
for b.
O

Corollary 4.36. If ap, > a and ([fl,, [T f]p) € Tmax then we have

flog—) = fm(agf) =0 <= V([glo: [79lo) € Tmax : W(f,9)(a) =0
In this case f(z) = fl(z) = 0 for all x € (a,a,). A similar result holds for b.

Proof.
If ap > a and two elements ([f],, [T f]o), ([9]e: [T9]o) lie in Tax near a, we have for all z € (a, a,)

b

b
We(f,g) = / (97f — frg)do= / (g7f — frg)do=W(f.9).

xT

Therefore W (f, g)(x) is constant for all z € (a, ) and we have

W(f,9)(a) = lim f(z)g"(z) - fM(z)g()

T—r0p—

and the implication = follows immediately.

For the other implication note that the assumption «, > a means, that for every solution u of
Tu = 0 the elment ([ul,, [Tu],) lies in Tphax near a. A similar argument as in Corollary 4.35, now
with initial values at z € (a,a,), leads to f(z) = fl(z) = 0 for each z € (a,,) and therefore

also for the left-hand side limit at «,.
O

By the last Corollary we can characterize the minimal Operator Ty, by restricting Tiax to
those elements which are zero at the boundary points if 7 is regular.
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Corollary 4.37. If T is reqular or if oy, > a and B, < b then we have

Tain = {([flos [7]0) € Tmax | f(a) = f(a) = £(b) = (b)) = 0}.

Proof.

The characterization follows immediately from Theorem 4.33 in combination with 4.35 and 4.36.
O

Remark 4.538.

o Note that all functions f € D, with ([f]p, [7f],) € Tmin vanish outside of (ay, 3,) by
Corollary 4.36.

o dom(Tpy) is dense in L?((a, b); o) if and only if o({a,}) = 0({B,}) = 0. This is true since
we have

dom(Tmin)J‘ = mul(Tmin") = mul(T,«) = mul(Tmax) = span{[Lia,1)e, (18,10}

max

o dom(Tyay) is dense in L?((a,b); ). This follows from

dom(Thax)t = mul(T7,..) = mul(Tpi,) = {0}.

The next theorem shows that Ty, always has self-adjoint extensions.

Theorem 4.39. The deficiency indices of the minimal relation Ty are equal and at most
two, 1i.e.
n(Tin) := dimran(T iy —z')l = dim ran(T iy —1—2')l < 2.

Proof.
We have the inclusion
ran (T min £i)* = ker(Tmax Fi) C ker(Tioe T4)

and from Remark 4.25 we know that dim ker(T)o. Fi) = 2. To show the equality we remember
that we have

([flos [7fo) € Tmax = ([f"]os [Tf"]o) = ([flo: [7f0)" € Trmax

as already noted. Hence if ([f],,[0],) € Tmin £i it follows that ([f*],,[0],) = ([fle: [0]0)* €
Tmin Fi. Therefore the mapping

* : ker(Tmin +7) — ker(Tpmin —i)
[fle = [f"]e

is a conjugate-linear isometry and hence the deficiency indices are equal.
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4.6 Weyl’s alternative and the deficiency index of T,

In this section we want to categorize the different cases of endpoint regularity of solutions of
(1 —2)u = 0 for z € C. We will see that if 7 is regular at one endpoint the solutions of
(1 — z)u = 0 lie in L?((a, b); o) near this endpoint for all z € C.

By the following theorem we see that it is sufficient to look at one zg € C to know the regularity
of solutions of (7 — z)u =0 for all z € C.

Theorem 4.40. If there exists some zy € C such that all solutions of (T — zo)u = 0 lie in
L?((a,b); 0) near a then for all z € C all solutions of (T — z)u = 0 lie in L?((a,b); o) near a. A
stmilar result holds at the endpoint b.

Proof.

If {u1,u2} is a fundamental system of (7 — zp)u = 0 with W (uy,u2) = 1, then u; and ug lie in
L?((a,b); o) near a by assumption. Thus for each z € C there is some ¢ € (a,b) such that the
function v := |u1| + |uz| satisfies

|z—zo|/ v dQ< (4.13)

Now let z € C and u be a solution of (7 — z)u = 0. Then we get (7 — 29)u = (z — 2zp)u with
(z — 20)u € L _((a,b); 0). By Proposition 4.10 with g set as g = (= — 29)u we get for each
€ (a,b)

u(x) = cquy(x) + coua(z) + (2 — 20) /I(U]_(.’E)ug(t) — ug(x)u (t))u(t) do(t)

for some c¢1,c2 € C and ¢ € (a,b) such that (4.13) holds. It follows that

u(z)] < max{lei], |eal} v(@) +[2 = 20| /C(IU1($)U2(75)| + Jua(z)ur (t)])Ju(t)|do(?)

T/
< Ko(e) + [z = 2ol [ (un(@)ua(0)] + Jun ()| + s (0] + a6 )] dete)
< Ko@) + |2 = 2oole) [ o0)lu(o)] de(t)

for € (a,c). Furthermore with the fact that (a + b)? < 2a® + 2b% for a,b € R and the
Cauchy-Schwarz inequality we get

o) < 2K+ 20 ool [ o(oluto)] det >)2
< 2Kv(z)? + 2|z — 20\21)(33)2 ( v dQ) ( |u]2 dg>

for z € (a,c). Now an integration yields for each s € (a,c

/|uy2 g<2K2/a o2 do+ 2|z — 2|2 [ 2(/ 02d9> (/ yu\QdQ)] (2)
§2K2/a v2dg+2|z—z0|2 [ 2 </ . dg> </ ]u|2d9>] do(x)
§2K2/(1002d9+2|z—z0|2 (/ v2dg>2</:|u|2dg>.
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Now we use the estimate (4.13) and get

C C 1 C
/ lu|? do < 2K2/ v? do + 2/ lu|? do.
S a S
Rearranging this leads to

C C C
/|u|2dg§4K2/ v2dg§4K2/ v? do < +o0
S

S a

Since s € (a,c) was arbitrary the claim follows.
O

The last theorem suggests to distinguish between two possible cases of regularity with respect
to all z € C.

Definition 4.41. We say 7 is in the limit-circle (l.c.) case at a, if for each z € C all so-
lutions of (7 — z) = 0 lie in L?((a,b); o) near a. Furthermore we say 7 is in the limit-point
(I.p.) case at a, if for each z € C there is some solution of (7 — z)u = 0 which does not lie in
L?*((a,b); o) near a.

The motivation for the terms “limit-point” and “limit-circle” stem from the original proof from
H. Weyl for the Weyl alternative (see [2] section 13.3 or Lemma 5.9 of this thesis). He showed
that near an endpoint all solution parameters of a self-adjoint realization lie on a circle which
either stays a circle or shrinks to a point as the endpoint is approached.

As an immediate consequence of Theorem 4.40 we get

Corollary 4.42. (Weyl’s alternative) Each boundary point T is either in the l.c. case or in
the l.p. case.

Notice that the case in which a specific 7 is at an endpoint is dependent on the properties of
the measures o,(, x. We will now develop some possibilities to check in what case 7 is at an
endpoint and further examine the l.p. case.

Proposition 4.43. If 7 is reqular at a or if o has no weight near a, i.e. o, > a then T
is in the l.c. case at a. A similar result holds at b.

Proof.

If 7 is regular at a each solution f € D, can be continuously extended to the endpoint a by
Theorem 4.13. Since g(4,) is a finite measure and f is locally bounded (as it is locally of
bounded variation) it follows that f lies in L?((a,b); 0) near a. If a, > a for each ¢ € (a,b) and
some d € (a,a,) we get

c d c
/ uf? do = / ful? do+ / 2 dg < o([d,d]) sup Ju(t)] < oo.
a a d te(d,c]
=0

This means that u lies in L?((a, b); o) near a.
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Remember (see Section 2) that the set r(Ty,,) of points of regular type of Ty, consists of
all z € C such that (T —2)"" @ ran(Twm —2) — L%((a,b); 0) is a bounded operator with
ran(Tmin —2) € L?((a,b); 0) not neccessarily defined on the whole space L?((a,b);0). Since
Tomin is symmetric we have C\R C 1(Tpin). Recall from Section 2, that dimran(Tp, —2)* is
constant on every connected component of r(Tp,;,) and thus

dim ker(Tpax —2*) = dim ran(Thin —z)L = n(Thin)
for every z € r(Tmin)-

Lemma 4.44. For each z € r(Tmin) there is a non-trivial solution of the equation (T —z)u =0
which lies in L?((a,b); o) near a. A similar result holds at b.

Proof.

Let z € r(Tin). First we prove the case in which we assume that 7 is reqular at b: Assume that
7 has no non-trivial solution of (7 — z)u = 0 which lies in L?((a, b); 0) near the other endpoint
a. Thus there is certainly no non-trivial solution f for which ([f],, [7f],) € Tmax. And we get

0 = dimker(Tyax —2) = dimran(Tyin —z*)J‘ = n(Thin)-
Hence Ty, is self-adjoint by Corollary 2.11, i.e.
Tmin - T;ﬁn - Tmax .

Now we can use Lemma 4.34 with ¢; = 1 and ¢ = 0 and we get some ([f],, [Tf],) € Tmax which
satisfies f(b) = 1 and fI(b) = 0. As ([f],, [7flo) € Tmin Theorem 4.33 yields

W(([fles [7£lo), ([9le: [7910))(0) = 0 ¥([gle, [79le) € Trmax -

But by characterization of Tpax of Corollary 4.35 it follows that f(b) = fl(b) = 0 which is
a contradiction to our specific f. Therefore there always exists some non-trivial solution of
(1t — 2)f = 0 for which ([f],, [7f],) lies in Tyax near a if 7 is regular at b.

Now the general case: We take some ¢ € (a,b) and consider the minimal relation T, in
L?((a,¢); 0) induced by 7| and show that z € r(Tpin) implies z € r(T.). Since 7 is
regular at ¢, each ([fclo, [Tfe]o) € T. satisfies f.(c) = fc[l] (¢c) = 0. Because of that we can ex-
tend each f. € D, with ([fc]p, [Tfclo) € T continuously with zero to some function f € D,
ie. [fc]p € domT, implies [f], € dom Tyin. We will use the operator notation for Tpin and
T. (which is possible as they have trivial multi-valued part by Theorem 4.33) and denote the
Hilbert space norm on L%((a,c); 0) as || - |lc. As 2 € 1(Thmin) we get

I(Te = 2)[felolle = 1(Tmin =2)[floll < K[f]oll = KI[[felolle

for some constant K > 0. Now since the solutions of the equations (7|4 — 2z)u =0 for z € C
are exactly the solutions of (7 — z)u = 0 restricted to (a,c) (remember the construction of
solutions from the proof of Theorem 3.6) the claim follows from the first part.

U

Corollary 4.45. If z € r(Twin) and 7 is in the l.p. case at a, then there is a unique non-trivial
solution of (T — z)u = 0 (up to scalar multiple), which lies in L*((a,b); o) near a. A similar
result holds at b.
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Proof.
If there were two linearly independent solutions in L%((a, b); o) near a, then 7 would already be
in the l.c. case at a.

O
Lemma 4.46. 7 is in the l.p. case at a if and only if

W(f,9)(a) =0 Vf,8 € Tmax-

T is in the l.c. case at a if and only if there exists f, g € Tax such that

W (§,§")(a) = 0 and W (f,g)(a) # 0.

A similar result holds at b.

Proof.

Let 7 be in the l.c. case at @ and {u1, u2} be a fundamental system of 7u = 0 with W (u1,ug) = 1.
As all variables are real-valued the fundamental system is real-valued. Then both ([u1],, [Tu1],)
and ([ug),, [Tuzl,) lie in Trax near a. Applying Lemma 4.32 yields ([f]o, [7f]0), ([9]e, [T9l0) €
Tax such that f = uy near a, f = 0 near b and g = ug near a, g = 0 near b. Thus we have

W(f, g)(a) = W(u,uz) =1

and since uj is real
W(f, f)(a) = W(ur,ui)(a) = W(u1,u1) = 0.

We have shown the right-hand implication of the l.c. case and the left-hand implication of the
L.p. case.

Now assume 7 is in the L.p. case at a and regular at b. By Corollary 4.45 we have dim ker(T i, —i) =
1 and by the first von Neumann formula (Theorem 2.10)

Tax = Trtqin = Tmin @N-‘r (Tmiﬂ) ® N_ (Tmin)-

Hence Tpax is a two-dimensional extension of Tyiy. By Lemma 4.34 we can find ([f],, [Tf],) €
Tmax with f(b) = ¢; and fl1(b) = ¢;. Now with Lemma 4.32 we can find ([f],, [Tf],) € Tmax
with f = 0 near a and f = f near b. This way we can find ([v],, [Tv],), ([w],, [Tw],) € Tmax
such that v = w = 0 near a and v(b) = 1, v!(b) = 0 and w(b) = 0, w!™(b) = 1. By Corollary
4.37 v and w are linearly independent modulo T,,;;, and do not lie in Ty,;,. Hence we can write

Tmax = Tmin + span{v, w}.

Now that means for each ([f],, [7fl,) ([9]o: [T9]o) € Tmax we have some ([foo, [7.fo]o), ([90]e: [T90],) €
Toin such that

f=f0+c1v+62w and g = go+ div + dow.

Hence f = fp near a and g = gy near a and therefore

W(f,9)(a) = W(fo,90)(a) = 0.

Now if 7 is not regular at b we take some ¢ € (a,b). Then for each ([f],, [7f],) € Tmax the
function f|(, ) lies in the maximal relation induced by 7|, ). Since 7|, is regular at ¢ we
can apply the first part of the proof. This proves the right-hand implication of the 1.p. case and
the left-hand implication of the l.c. case.

O
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Lemma 4.47. Let 7 be in the l.p. case at both endpoints and z € C\R. Then there is no
non-trivial solution w of (T — z)u = 0 such that ([u]y, [Tu]p) € Tmax-

Proof.

If [u], € L*((a,b); o) such that u is a solution of (7—2)u = 0 then u* is a solution of (7—2*)u =0
and both ([u],, [Tu],) and ([u*],, [Tu*],) lie in Tax. Now the Lagrange identity yields for each
o, B € (ab),a<p

B

W (u,u*)(B) = W(u,u")(a) = / (u*Tu — uru®) do
B

= / (zuu® — uz*u™) do

B
:22'Im(z)/ lu|? do.

As o — a and 8 — b the left-hand side converges to zero by Lemma 4.46 and the right-hand

side converges to 2i Im(z)]|ul|?, hence |lu| = 0.
U

Now we can collect the results for the different endpoint scenarios of 7 by looking at the defi-
ciency index of our minimal relation Tpiy.

Theorem 4.48. The deficiency index of the minimal relation is given by

0 if T is in the l.c. case at no boundary point,
n(Tmin) =< 1 if 7 is in the l.c. case at ezactly one boundary point,

2 if 7 is in the l.c. case at both boundary points.

Proof.

If 7 is in the L.c. case at both endpoints for all solutions u of (7—i)u = 0 the elements ([u],, [Tul,)
lie in Tax by definition of the l.c. cases and the fact that all solutions are locally integrable. It
follows that n(Tyin) = dimker(Tyax —17) = 2.

If 7 is in the l.c. case at exactly one endpoint there is exactly one non-trivial solution u of
(1 —i)u = 0 for which ([u],, [Tu]p) € Tmax by Corollary 4.45.

If 7 is in the Lp. case at both endpoints, we have ker(Tpax —i) = {0} by Lemma 4.47 and hence
n(Tmin) = 0.
O

4.7 Self-adjoint realizations of 7

As we have seen in Proposition 4.22 we can always identify an element f € T}, with some ele-
ment f € D;. As it is now mostly clear from the context what element we mean we will no longer
differentiate the two elements in notation and write f € T, for some element ([f],, [T f]o) € Tioc
for convenience and simplicity. We use the same simplified notation for all the restricted linear
relations of T,..
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Theorem 4.49. Let S C Tpax be a linear relation. Then S is self-adjoint if and only if
it is of the form
S ={f € Trax | Vg € S : W.(f.g*) = 0}.

Proof.
We define S := {f € Tumax | Vg € S : W2(f,g*) = 0} and first assume that S is self-adjoint:
Take f € S then we have

(tf,9) =(f,79), VgeSs.
Since S C Tyax the Lagrange identity (4.11) holds and therefore

0= <Tfag> - (fng> = W(f(f?.g*)

for all g € S. It follows that f € Sy, so S C Sy. If f € Sy the definition of Sy and the Lagrange
identity (Sp C Tax) yields

OZWS(fag*) = <7-fag> - <fa7-g>

for all g € S. By the definition of the adjoint this means f € S* and as S is self-adjoint by
assumption we have f € S and arrive at S = 5.

Conversely, we assume that S = Sy. Again from the Lagrange identity follows that for f € S
we have

(tfg)=(f.79)

for all g € S, hence S is symmetric. From Tp C Sy = S follows S* C Tj = Thax so for f € S*
we get
0=(rf.g) — (f.79) = W2}, g")
for all g € S, hence f € Sy = S and we arrive at S* = S.
O

From now on we look at the specific case in which 7 is regular at a and in the l.p. case at b.
The restriction of 7 to be in the 1.p. case at b grants more convenient boundary conditions for
the self-adjoint realizations and is better suited to understand the concept. We refer to [1],
Section 6f for the case where 7 is in the l.c. case at b, which works very similarly but with more
parameters for the boundary conditions.

Theorem 4.50. Let 7 be reqular at a and in the l.p. case at b and let S be a linear rela-
tion with S C Tax. Then S is self-adjoint if and only if

S ={f € Tmax | f(a) cosp — f'(a) sinp = 0}
for some ¢ € [0, 7).
For proof we refer to [1], Proposition 7.1 and Theorem 7.3.

4.8 The Weyl m-function

General assumption: From now on let T be regular at a and in the l.p. case at b. Further-
more we denote S as the self-adjoint realization of T with Dirichlet boundary conditions, i.e.

SZ:{fETmax|f(a):O}
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For z € C we denote 6(z,-) and ¢(z,-) as the solutions of (7 — z)u = 0 with the initial values
0(z,a) =1, 00 (z,0) =0 and ¢(z,a) =0, olV(z,a) = 1.

For all z € C the functions {0(z,-), ¢(z,-)} are a fundamental system of (7 — z)u = 0 satisfying
W(0(z,-),p(z,-)) =1 and ¢(z,-) satisfies the boundary condition of the self-adjoint realization
S of 7, i.e. ¢(z,-) lies in S near a. Note that for A\ € R the solutions A(\,-) and ¢(A,-) are
real-valued by Theorem 4.3 as all parameters are real.

Definition 4.51. The function m(z) : p(S) — C is defined such that the solutions
U(z,2) = 0(z,x) + m(2)¢(z,2), 2z €p(S), x € (a,b)

lie in L2((a,b); 0) and is called Weyl m-function. For z € p(S) we call 1(z,-) the Weyl solutions
of S.

Remark 4.52.

o From Theorem 4.48 follows, that m(z) and thus 1(z, ) are well defined, as for our specific
7 there is always a solution in Tyax and therefore in L?((a,b); o). As mentioned ¢(z,)
satisfies the boundary conditions at a, i.e. lies in S near a and now the Weyl solution
Y(z,-) satisfies L?((a,b); o) near b, i.e. 9(z,-) lies in S near b.

o The solutions ¥(z,-) and ¢(z,-) are linearly independent: Assume they are not, then
Y(z,a) = h(z)é(z,a) = 0 for some function h : p(S) — C and ¢(z,-) would be an
eigenfunction for z € p(S) which is a contradiction to the definition of p(S5).

o W(é(z,+),1¥(z,-)) # 0 as the two functions are linear independent solutions of (7—z)u = 0.

o As our initial values for 6 and ¢ are real-valued and the equation (7 — z)0(z,z) = 0
implies (7 — 2*)0(z,x)* = 0 we have 0(z,z)* = 0(z*,z) and similarly ¢(z,x)* = ¢(2*, z)

and (2, 2)" = P(2", x).

o If ¢ € (0,7) and a self-adjoint realization of 7 is given as the linear relation
Sy = {f € Tmax | f(a)cosp — fl(a)sinp} (see Theorem 4.50) then we can define the
Weyl m-function of S,with the solutions of (7 — z)u = 0 satisfying

0(z,a) = cosp, 01 (z,a) = —sinp and  ¢(z,a) = singp, ¢l(z,a) = cos ¢
for z € C.

o For z € C\R the solution ¢(z,-) does not vanish for x > a.

To show this suppose there exists some z € C\R and =z > 0 such that ¢(z,z) = 0. We
look at the restricted differential expression T’[a’x] which is regular at both endpoints.
There exists a self-adjoint realization S|, ;) of 7 with Dirichlet boundary conditions (see
[1], Theorem 7.6), i.e. Siq 4] = {f € Thaxaz] | f(a) =0, f(x) = 0}. Since ¢(z,-) satisfies
both boundary conditions of S|, ;] we have ¢(z,-)|ja,2] € Sja,z)- The function ¢(z,-) is a
solution of (7(4 — 2)u = 0 which means it is an eigenfunction to the eigenvalue z. As
z € C\R this is a contradiction to the self-adjointness of S, -
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Theorem 4.53. The Weyl m-function m : p(S) — C is a Nevanlinna function on C* satisfying
m(z") =m(z2)*, =z € p(9).

Proof.
For the proof of analyticity we refer to [1], Theorem 9.2.

The property m(z*) = m(z)* for z € p(S): With the last Remark we have

(" w) = d(z,2)" = (0(z,2) + m(2)d(z,2))" = 0(z", 2) + m(2)"¢(2", ).

Since the Weyl solution and m are uniquely defined, m(2z)* = m(2z*) must hold true.

To show that m is a Nevanlinna function, we show that

Im(m(z))

Tm() = ||¥(z,)||* >0 for z € C\R.

First we compute for z, 21, z0 € C\R

U(z,a) =0(z,a) + m(z)p(z,a) =1,
1[)[1](2, a) = 0[1](2, a) + m(z)qu(z, a) =m(z).

and therefore
W ((z1,-),¥(22,"))(a) = m(z2) — m(z1).
Since 1(z, -) lies in Tyyax near b, Lemma 4.46 yields

W (4(z1,-),9(22,-))(b) = 0.

With the Lagrange identity (see equation (4.11)) we get for z1, 2z € C\R that

b b
<a—@{/wwhmm@»dwaf¢v%ww@hu—wmfvw@nm=
= W (a1, )22, ) = W (W1, ), (22, ) (@) = mlz1) — m(z2).

Now using the above identity by setting z; = z and zo = z* and the properties ¥(z, -)* = ¥(z*, )
and m(z)* = m(z*) as already proven, we get

m(z) —m(z*) _ Im(m(2))

z—z* ~ Im(2)

b
wv»wa/waww»@:

Im(m(z))

() > O

Since 9(z, -) is a non-trivial solution of (7 — z)u = 0 for all z € C\R we arrive at
hence the function m is a Nevanlinna function.
U
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5 Asymptotics of the Weyl m-function

In this section we examine the behavior of the Weyl m-function for Im(z) — +oc. This can be
helpful in order to get information about the measure x by only looking at the Weyl m-function
of S. We will start with describing the asymptotics in terms of the fundamental system {6, ¢}.
Then develop further estimates for the asymptotic behavior with help of integral equations for
{0, ¢} and the Weyl circles.

5.1 The Weyl m-function for S

Before we focus on further results for the Weyl m-function we need some tools that we will
quote from [1].

Definition 5.1. With the same notation as above we call the function

s g e 4 OB YV(22) Yy <,
G {¢(Z:33)¢(Zay) y>x,

for z,y € (a,b) and z € p(S) the Green function of S.

From the definition we see that for x,y € (a,b) the function z — G(z,x,y) is analytic in p(.5)
and that G(z,z,-) € dom S. The Green function is of general interest as it is the core function
of the resolvent R,. For z € p(S) we have the identity

b
R.g(x) = / Gz 2. 0)g() doly), = € (a,b), g € L((asb): 0).

For proof see [1], Theorem 8.3.

We give a quick summary of the Fourier transform associated with the self-adjoint realization
S of 7. For the basic concept we refer to [4], Section 9.3. and a detailed discussion in regard of
our measure-valued differential expression 7 can be found in [1], Section 10.

As the Weyl m-function is a Nevanlinna function by Theorem 4.53 there exists a unique positive
Borel measure i on R so that the Weyl m-function has the representation

1 A
m(Z):Cl+ZCQ+/R<)\_Z—1_'_)\2> dM(A)

for some cj,co € R with ¢co > 0. From a variation of the Stieltjes-inversion formula (see [1],
Lemma 10.1) follows that this positive Borel measure p can be extracted from the Weyl m-
function via

1 Ao+48
A1, A2]) = lim lim — I t+ie)) dA(t
(2 = i = [ CmGme + i) a0

with A1, A2 € R, A\ < Ag. Denoting D := dom S (from Section 2 we know that S N (D x D) is
an operator) and ¢(J, ) as above we can construct an isometric linear operator F by

F:D — L*(R; p)

B
Ff(A) = lim lim/ (N, x) f(x) do(z).

a—a B—b
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This Fourier transformation F (in the simple case 7 = % with (a,b) = (0,+00) we get the
classical one-dimensional Fourier transformation) with respect to S satisfies

P\, )

FG(z,z,-)(A) = S

€ L*(R; ) (5.1)

and as F is an isometry we have the equality

Gz, )| = H (A - ?)

2

(5.2)

L2(R;p)

for z € (a,b), z € C\R.

With the help of these tools we can now calculate the first estimate for the asymptotic behavior
of the Weyl m-function as an expression of the fundamental system {6, ¢}. The proof is done in a

similar manner as the proof in the paper [6], Lemma A.1. which covers distributional potentials.

Theorem 5.2. With the notation from above the Weyl m-function satisfies the asymptotic

behavior
m(z) = =gy o <¢(;x)2> , z€(ab)

as Im(z) — +o00.

Proof.
We first show that z — G(z,z, ) is a Nevanlinna function (see Theorem 1.15) with ca = 0.

Let z € C\R and u be a solution of 7u = zu then u* is a solution of Tu = z*u and the Lagrange
identity (see equation (4.11)) yields

Py Im(z)/ (uf2 do = W (u, u*). (5.3)
Note that for u € S we have W(u,u*)(a) = W(u,u*)(b) = 0 by Lemma 4.46. With help of
equation (5.3) we calculate for z € C\R,z € (a,b) (with abbreviating ¢(z) = ¢(z,2) and
P(x) = 1h(z,2))
b
) [ 1660 doty) =
= )P ne) [ 1o o) + 10, e:) [ 10t dot)

~ 6o (~ Wi, ) + oG (~ 3 W)

= % [—wx)*w(x) (¢(x)¢[1J ()" — ¢! (x)qﬁ(m)*) + o(x)*o(2) <¢(x)1/1[1]*(x) — M (x)w(x)*)}
= o[- o + G (a0 )+
+G(z,2,)0(@) Y (@) — Gz m,2) o)l ()]
= o |GG ) W ) @) -Gz w0 (qzs,w)(w)]
— T G(z, 2, ). - -
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This result together with the equation (5.1) for the second identity yields
)2 <Z>
Im(G(z,z,x) |G z,x,y)|* do(y) = Im(z
I *
/¢> 2m ;)d Im/qﬁ)\xdu()

~tm [ ¢<A,x>2 (A - 1) OV,

As the left and right-hand side are imaginary parts of analytic functions in z which coincide,
the functions can only differ by an additive term ¢;(z) € R independent of z, i.e.

A
G(z,z,z) =ci(z /QS (A, z) <>\_ - 1—1-)\2) du(N).

Hence for = € (a,b) the map z — G(z,z,x) is a Nevanlinna function with representation (1.4)

with ¢g = 0 and Proposition 1.16 yields lim;_, 4 Glites) _ o — 0,and formulated with the

it
little-o notation this means

w(zax)¢(zvx) = G(Z,.%',l’) = O(Z) (54)
as Im(z) — +o0. Solving the expression of 1(z, x) for m(z) and inserting (5.4) leads to

0(z,x) w(z,x)qﬁ(z,x)__H(z,x) o z
oen) | b ema) (¢<z,w>2)

m(z) = —

as Im(z) — +oo0.

5.2 The one-dimensional Schrodinger operator with measure-valued poten-
tial

General assumption: Let 7 be the differential expression on (0,400) and let T be regular at
0 and in the l.p. case at 400 and let p = ¢ = A.

In this subsection we look at the even more specific case of our differential expression 7 on the
interval (0, +o00) with the measures p and ( set as the Lebesgue measure A. The motivation to
set the left endpoint to zero is merely to simplify the notation, the following results stay true
for 7 with arbitrary regular left endpoint a € R. As our left endpoint 0 is regular we know
from Theorem 4.13, that we can extend the interval to [0, +00). This leads to the differential
expression with the usual derivatives

1= (e fra) (e 1)

and choosing some ¢ € [0,400) the maximum domain of functions for which this differential
expression makes sense is given as

D, = {1 € 4Cu(0 4000 | (2 ~1'@)+ [ ax) € ACuull0, 4000 }.

Hence our solutions are continuous and as deduced in the example of generalized cases in Sec-
tion 4, the first derivative can have jumps if the measure y has point mass. As we assume the
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differential expression 7 to be regular at the endpoint 0 the measure |x| satisfies |x|([0,d]) < +o0
for all d € (0, +00).

We can interpret the equation (7 — z)u = 0 physically: In this case the measure y represents
a physical potential. By describing the potential through the mathematical class of measures
we are able to describe a very broad range of physical potentials. The equation (7 — z)u = 0
then represents the one-dimensional time-independent Schrodinger equation well known with
the notation of quantum mechanics as Hy = Ev.

In the following we are going to improve the accuracy for estimating the asymptotic behavior
of the Weyl m-function for the self-adjoint realization S of 7 on [0, +00) with the goal to get

r 1
() =~V = [ e ) 4o (1)
0 —Z
as Im(z) — +oo0.
The asymptotic behavior of the Weyl m-function is important for inverse spectral theory (see [4]
Section 9.4 for an introduction) since it holds all the spectral information of the corresponding
self-adjoint realization S. Knowing the behavior of the Weyl m-function for large values can

give us information about the corresponding potential represented as the measure x (see [4],
Theorem 9.22 for the basic idea).

Remark 5.3.

If we look at the example xy = 0 the equation (7 — z)u = 0 is simply given as —u"(x) = zu(x).
The fundamental system {6, ¢} (as defined in the last section with the canonical initial values
at a) is then given as 0(z,z) = cosh(v/—zz) and ¢(z,z) = \/%7 sinh(y/—zx) for z € C\R taking

the standard branch of the square root with (—oo, 0] cut out.

In order to determine the asymptotic behavior of a fundamental system for (7 — z)u = 0
we rewrite the solutions as integral equations. We choose the notation ¢(z,x) := 0(z,z) and
s(z,x) := ¢(z,z) in the next lemma motivated by the cosine and sine solution of the basic case
stated in the last remark.

In the following we use /- as the square root of the standard branch with (—oo, 0] cut out and
abbreviate k := /=2 for z € C\R. Note that for every z € C\R we always have Re(k) > 0. If
we fix the real part of z and look at the limit Im(z) — 400 we have Re(k) — 400 as well as
Im(k) — —o0.

Lemma 5.4. The solutions ¢(z,x) and s(z,z) of the equation (1 — z)u = 0 for z € C\R
with the initial values

c(z,0)=1,(2,0)=0 and s(2,0)=0, s (z,0) =

are given as the solutions of the integral equations

¢(z,z) = cosh(v—zx) \/7 smh V—=z(x —y))e(z,y) dx(y),

sinh(v/—zz) +

s(z,x) = sinh(v—z(z — y))s(z,y) dx(y)-

s L [
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The derivatives are given as the the solutions of the integral equations

T

d(z,x) = /—zsinh(v/—zz) +/0 cosh(v/—z(z — y))e(z,y) dx(y),

s'(z,z) = cosh(v/—zz) + / cosh(v—z(x — y))s(z,y) dx(y).

0

Proof.
We only prove the statement for ¢(z, z) as the calculations for s(z, x) are done in a similar way.
Since ¢(z,x) is a solution of (7 — z)u = 0 we can integrate this equation for ¢ and get

/ch:c’(z,a:)—&—z/ cd. (5.5)
0 0

We start on the right-hand side of the integral equation and show that this side can be trans-
formed into the left-hand side ¢(z, z). We first use the integration by parts formula (1.3), setting
F(y) = sinh(k(z —y)), du = —k cosh(k(z —y))dX and G(y) = [ cdx, dv = c(y) dx, then insert
(5.5) and then another integration by parts:

cosh(kz) + % /0 ’ sinh(k(z —y))e(z,y) dx(y) =

cosh(kz) + % ( [/y cdy sinh(k(z — y))} t

=0
0 JO

cosh(kz) + /0 ' (c’(z, y) — k2 /O ! ch) cosh(k(z —y)) dA\(y) =

cosh(kx) + [c(z,y) cosh(k(x — y))]zzo — /Ow c(z,y)sinh(k(x — y))(—k) d\(y)—

2 {W /chdA]:zo—/or Wd%y) d\(y) | =

=0
= c(z,x).
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For ¢/(z,z) the same method leads to

ksinh(kz) + /Ow cosh(k(z —y))e(z,y) dx(y) =

ksinh(kz) + ([/y cdx cosh(k(z — y))]:o — /Ox /Oy cdxsinh(k(z — y))(—k) dA(y)) =

0
ksinh(kz) + /Ox cdy + k/ox <c’(z, y) — k2 /chd)\> sinh(k(z — y)) dA(y) =

ksinh(k:n)—i—/ cdx+
0

+k ([C(Z, y) sinh(k(z — y))Jy— — /Om c(z,y) cosh(k(z —y))(=k) dA(y) [ —

=—sinh(kz)

43 ([cosh(kfz - ¥)) /chd)\] z:O ~ /Ol’ cosh(k_(i - y))c(z,y) d/\(y)> _

T T
/ chJrkz/ cd\=d(z,2).
0 0

O

With the help of the integral equations we can extract an estimate of the asymptotic behavior
for our fundamental system {c, s} as Im(z) — +o00. We remember (see Definition 1.13) that for
some function f satisfying f(z) = O(g(2)) as Imz — +o0, we can write f(z) = g(z)D(z) with
some function D(z) for which there exists some C' > 0 such that |D(z)| < C for large enough
Im(z).

Now we consider that the function f is also dependent on another variable z. We say the function
f(z,x) satisfies f(z,z) = O(g(z,x)) locally uniformly in x if f(z,x) = g(z,2)D(z, ) with some
error function D(z,z) for which there exists C'(xg) > 0 such that sup,c(o 4, [D(2,2)| < C(20)
for large enough Im(z).

To simplify notation we denote

Lemma 5.5. The function c(z,x) and its derivative ¢ (z,x) can be written as

c(z,x) = cosh(v/—zx) + 2\/1_72 sinh(v/—zx)x(x)+

—ZT T T —ZT
¢ —2v/=zy _/ —2v/=z(z~y) _¢ D
([ aw- [ i) - Difsa),

d(z,2) = v/—zsinh(v/—zz) + %cosh(@x)x(a:)—l—

VvV —ZX x x —ZX
€ —2v—zy / —2v—z(z—y) € D
LS (e aw s [ i ) + S Datea)
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with error functions D;(z,x) satisfying D;(z,x) = O(1) as Im(z) — 400 locally uniform in x
fori=1,2.

The function s(z,x) and its derivative s'(z,x) can be written as

1 1
= inh(v/—22) — — cosh(v/—
s(z,x) \/jzsm (V—zx) 5, €O (V—zz)x(z)+
VvV —RT x x —ZT
€ —2v—zy —2v/—z(z—y) €
2 ([ a + [T a ) s Cne ),

sinh(v/—zx)x(z)—

s'(z,x) = cosh(v/—zz) +

1
2vV/—z

/ e V" dy(y) — / e W) dy(y)
0 0

e\/TZQC
( Da(z, ),

4=z

with error functions D;(z,x) satisfying D;(z,z) = O(1) as Im(z) — +oo locally uniform in x
fori=3,4.

>_6szx

Proof.
Let xy > 0. First we define é(z,x) := e~
such that

kZc(z,x) and show that there exists some Co(zg) > 0

|é(z, )| < Co(zp), 2z € C\[0,+00),z € [0,z

For that we use the integral equation for ¢ from the last lemma (Lemma 5.4) to write

kx

é(z,x) = e ez, 1)

= e " cosh(kz) + llc/om e ¥ sinh(k(z — y))e(z,y) dx(y)

1+ e—Qk;v T _ e—?k(ac—y)
0

5 5% ¢(z,y) dx(y)- (5.6)

We show that the solution of this integral equation is bounded for all z € C\[0, +00), z € [0, x¢).
We define inductively

T _ eka(zfy)
and  ¢p41(2,2) =/ Tson(z,y) dx(y)
0

" z n
|90n(2,$)| < H (/0 d|X|> , n>0.

For n = 0 this is true and with the estimate

_ —2kx T
‘16 = / 6_2kt dt‘ <z
2k )

1+ e 2k

and claim
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as well as the substitution rule from Lemma 3.4 (similarly as in (3.6)) we inductively have
1 — e 2k(z—y)

etz < [ ([ )
< [[e-nZ ([ and) dniw
<2 ([ ) aniw)

:Un—l—l T n+1
< d .
< () )
It follows that

N N n x n =
D len(z2) <) % (/0 d|x|> < e 5 dixl < 20 J° dXl —. () (5.7)
n=0 n ’

=0

for all N € N and therefore the series ¢(z,z) 1= > 7 ¢n(z,x) converges uniformly for z €
C\[0, +00) ,z € [0, z¢]. Going back to the definition of ¢,, we have

N N
1 4 e~ 2k T _ o—2k(z—y)
gwn(z,w) =+ Z/O 5 en-1(2) dx(v)

n=1

1+ e 2kz T _ 672k(x7y) N-1
Ry
0

5 ok on(2,y) dx ().

n=0

Taking the limit N — 400 which commutes with the integral due to the uniform convergence
leads to

1+ e 2kz T _ p—2k(z—y)
o R 1o
0

5 ok o(z,y) dx(y)-

Since the solution of this integral equation is unique by the Gronwall lemma (Lemma 3.5) we
have é(z,x) = ¢(z,x) and we see that the function é(z, x) satisfies

|é(z,z)| < Cy(xg), =z € C\[0,400), x € [0, z0].

Next we show that the function c¢(z, z) has the asymptotic behavior stated in the lemma.

To this end we first write

c(z,x) = (2, x)

ekz rr 1 _ e—2k(x—y) ~
= cosh(kx) + k:/ —(%,y) dx(y) -
0

D(z,x):=

The function D(z,z) satisfies

sup |D(z,z)| = sup
z€[0,z0] z€[0,z0]

z o ~
< e [ dly| = O (5.8)
0

T _ 6—2k(ac—y) ~
/ —5 = y)dx(y)
0
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for all z € C\[0,+00). Reinserting this into our integral equation for ¢(z,x) leads to

T eky ~
¢(z,x) = cosh(kz) + % /0 sinh(k(x —y)) <cosh(k:y) + ?D(z, y)> dx(y)

kx T
= cosh(kx) + Zk/ (1 — e 2K@=V)) (1 4 72k dy (y)+
0
ekr  rz 1 _ o—2k(z—y) _
+ k2/0 #D(%y) dx(y)
Di(z,z):=

kx rx kx
= cosh(kx) + 6419/ (1 —e 2k 4 o7 2y _ o= 2k(==0)) gy (y) + ek—QDl(z, x)
0

1
= cosh(kx) + % sinh(kx)x(x)+

ek;t T ok T ek;r
- —2ky _ —2k(z—y) -
+ " </0 e dx(y) /0 e dx(y)> + 2 Di(z, ).

The function Di(z,x) satisfies

sup |Di(z,2)| = sup
z€[0,z0] z€[0,z0]

< C(y) /0 " dy] = Cu(ao)

T _ o—2k(z—y) _
| 5D aw)

for all z € C\[0, +00) and we arrive at the desired asymptotic for ¢(z, z). The other asymptotics
are calculated similarly.
(]

Remark 5.6.
Note that the integral terms of last lemma

Li(z,x) ::/ e M dy(y) and Iy(z,x) ::/ e 2R@=Y) gy (y)
0 0

both are uniformly bounded in z € C\[0,+00). Applying the dominated convergence theorem
to I1(z,x) for x € (0,400) leads to

= e_% = 0 .
I(z,2) = /{0}1dx(y)+ /m,x) Ydx(y) = x({0}) +o(1) (5.9)

as Im(z) = +oo as well as

h(e.a) = [ () = o)

as Im(z) = 4o0.

We will calculate better estimates for the error functions of Lemma 5.5 with the help of the
dominated convergence theorem.
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Lemma 5.7. For x € (0,400) the error functions of Lemma 5.5 can be further estimated

D) =5 [ () 1 (OD) dx) +o(), =12
D) = g [ () = x({OD) dx) +o(1), =34

as Im(z) — +o0.

Proof.
Let x > 0 be fixed. We continue with the notation introduced in the proof of Lemma 5.5 and
calculate the estimate for the error function D;(z,x) of the solution ¢(z, z).

First note that we have o
1 I s
iz, 2) = % + - D(z,)
where D(z, z) satisfies SUPze[0,20] |D(z,2)| < C(x0) as Im(z) — +oo for 2 € (0,+00) by (5.8).

Reinserting this into the definition of the function D(z, z) leads to

~ z ]_ — e—?k(x—y)
D(z,z) = /0 —5 = y)dx(y)

x k(e B 1 z b =
f(zy):=

F(z,x):=

Now as the function f(z,y) is locally uniformly bounded and since f(z,y) — 1+ 1y1(y) as
Im(z) — +o0 we can apply the dominated convergence theorem and get

Ble,z) = { é(x(fv) +x({0})) + 5 F (=) " 8

where the integral F'(z, x) satisfies F'(z,z) = O(1) locally uniformly in = as Im(z) — +o0. From
the proof of Lemma 5.5 we know that the error function Di(z,x) is defined as

1

Die) = & /O "1 = e ) Dz, ) dx ().

If we now insert the calculation for ﬁ(z, x) from above and apply the dominated convergence
theorem again we get

Dien) = [ (1) (G0 < X(OD) + P )
=5 [, () +x((0n) dxto) + ()

as Im(z) — +oo0.
The estimates for the error functions of (2, z), s(z,z) and §'(z,z) are calculated in a similar

manner.

O
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We introduce circles discovered by Weyl which he used for the original proof of the Weyl alter-
native. Given a self-adjoint realization S of the differential expression 7, we know the solutions
of the equation (7 — z)u = 0, which lie in the domain of S, satisfy certain boundary conditions
(see Theorem 4.50). This solutions can be parameterized on circles called Weyl circles.

Definition 5.8. For x € (0, +00) we denote

W)@ 1
1D = @een@ O T WeE @I

This functions are called Weyl-center and Weyl-radius respectively.

We denote the open disk centered at ¢ € C with radius r > 0 as U,(¢) :={2 € C ||z —q| < r}.
The next Lemma is based on the original proof of the Weyl alternative, which can be found for
example in [2] after Theorem 13.18.

Lemma 5.9. The Weyl-function satisfies m(z) € Uy(;4)(q(z,2)) for all x € (0,+00). For
2 € Ct and z € (0,+00) some m € C satisfies the equivalences

me Ur(z,x)(q(zvx)) — CEZ7:U§ + ms(z,a:) eC*
c d(z,x)+ms'(z,x) _
m e (Ur(z,x)(Q(z7$))) — C(Z,ZL‘) + ms(z,x) cC.
Proof.
For fixed z € C* we define )
{f,9}(@) = — WI(f", 9)(x).

If w is a solution of (7 — z)u = 0 the Lagrange identity (see equation (4.11)) yields {u,u}(x) —
{u,u}(c) = [’ |u|*dX\. Hence the function z — {u,u}(x) is increasing. Since {c,c}(0) =
{s,s}(0) = 0, the functions = — {c,c}(z) and = — {s,s}(z) are positive and increasing for
x € (0,+00). For an arbitrary solution u of (7 — z)u = 0 we have the identity

m(u*u u(z)[? v (z
{u,u}(az):ﬂl(W(u*,u)(z):I () _ Ju()] Im( ( )>. (5.10)

m(z*) Im(z*)  Im(z*)

For m € C we have

{c+ms,c+ms}(z) = {c,c}x) + m*{s,c}(z) + m{c, s} (z) + |m|*{s, s}(z) =

i (1 e sh@) £ mles)@) | s @)
= Lo )(' "+ (55} @) BTET

z)|?

_{ecd@)s, sh@) — {e. cH(@){s. s}(x)
{s, s}(2)?

=:h(z,z)
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After some computing with help of the Pliicker identity from Proposition 4.11 (for details see
[2], after Theorem 13.18.) we see that h(z,z) coincides with the squared Weyl-radius as defined
above, i.e. h(z,x) = r7(z,7)? and we get the equation

{c+ms,c+ms} = {s,s}(x)(Jm — q(z,2)> = r(z,2)%). (5.11)

So for a fixed x > 0 the m € C for which {c + ms,c + ms} = 0 is satisfied lie on a circle® with
radius 7(z, z) centered at ¢(z,x). From this and with the identity (5.10) follows the equivalence

m € U,z 2)(q(z,7)) <= {c+ms,c+ms}(z) <0

le(z) + ms(z)|? d(x) +ms'(x)
() < (@) + ms(a) ) <0
<0
d(x) +ms'(x)
= Im ( c(x) + ms(x) > >0
d(x) + ms'(x)

clx)Tms\T) _ ~+
— c(z) + ms(x) €t

And similarly it follows that

—\€ d(x) +ms'(x) _
m € (Ur(z,w)(Q(va))> e W e C .
Now we show that m(z) € Uy, )(q(2,7)). As m(z) is a Nevanlinna function m(z) € C* and
we have Im(m(2))
m(m(z
{v,¥}(0) = “Tm(e")
by definition of the Weyl solution v of the self-adjoint realization S. Now as ¢ and ¥* lie in S
near b, Lemma 4.46 yields

<0

lim {9, 9}(x) = mxlggo W, ¢*)(z) = 0.
We know from above that for solutions of (7 — z)u = 0 the function = — {u,u}(x) is increasing
so this is true for z — {¢,¢}(z) and as {¢,9}(x) is negative-valued at 0 and increasing to 0
for infinity, we have 0 > {¢,¢¥}(z) = {¢ + ms,c+ ms}(x) for x € [0,+00). With the first part
of the proof this is equivalent to m(z) € Uy(;4)(q(2, 7)) for x € [0, +00).
U

The following lemma is based on the idea of Lemma 1 in [3].

Lemma 5.10. Let x € (0,+00) and v(z,x) be the solution of the initial value problem
(1 — 2)u = 0 with v(z,z) = 1, V' (2,2) = —/—z. Then the asymptotic behavior of the Weyl
m-function is given as

v'(z,0)

m(z) = 2(2,0) + o(e” 2V y) (5.12)

as Im(z) — +oo.

31t can be shown that all the Weyl circles are nested for £ — +oco and that the Weyl function is the only
element in the intersection of all Weyl circles, hence the name limit point case at +oo.
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Proof.

Let z € (0,+00) be fixed. From the last lemma we know that m(z) € Uy(;4)(q(2, 7)) and now
'(2,0)
W=0)

through the Weyl radius at z. As the Wronskian is constant for two solutions

we show that we also have
v'(2,0)
v(z,0)
of (1 — z)u =0 we get

€ Uy (2,2)(q(z, 7)) which lets us estimate the distance between

m(z) and

— d(z)v(x) _ —c(x)k — d(x)
(v,8)(z)  wv(x)s'(x) —v'(x)s(x) s'(z) + ks(z)

(5.13)

Now an easy computation shows that if we use the above identity for 1::((5’8)) we get

¢ (@) + 5/ () 41
c(x) + s(x) 1;/((8))

=—keCt

and by the last lemma (Lemma 5.9) this is equivalent to v/(z’(?)) € Up(z,2)(q(z,7)). It follows that

v(z,
we have
v'(2,0)

’m(z) " 0(z,0)

Now we will use Lemma 5.5 to calculate the asymptotic behavior for r(z,z). We abbreviate

‘ < 2r(z,z). (5.14)

Li(z,z) ::/ e M dy(y) and Iy(z,x) ::/ e k@) gy (y)
0 0

and note that the integrals I;(z,x) and I3(z,z) are uniformly bounded in z € C\[0, +o00). We
have

kr g 1 1 1
s(za) = S | 50— ) b (14 e (@) — 1 (T(z7) — Bz 2) +O( )
Bi(z,z):=
kx
= %Bl (Za x)
with a function Bi(z,2) — % as Im(z) — +oo. Similarly for s'(z,z) we have
Sza) = [ Lar e L ey @) - L (ni(ea) — Lz ) + O(5)
’ 2 2% 4 2 k2

Ba(z,x):=
= e By (2, )"

with a function Bs(z,z) — % as Im(z) — 4oo. Inserting this into the definition of the Weyl

radius leads to
1 1 1
W (s, s*)(x) - 2| Im(s(z)s'(x)*)] - 2\Im(%ekmBl(z,:r)ek*ng(z,x)*)\
‘k‘|2€_2Re(k)x e—2Re(k)x|k|2
2| Im(k*By(z,2)Ba(z,2)*)|  2|Im(k*By(z,x)Ba(z,2)*)|

r(z,x) =
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Looking at the limit Im(z) — +o0o we know Im(k) — —oo and since Bi(z,z)Ba(z,2)* — 1
we also know that Im(B1(z,x)Ba(z,x)*) — 0. It follows that |Im(k*Bi(z,x)Ba(z,x)*)| — +o0

and we arrive at
e—2 Re(lc):c|k;|2
"~ 2|Im(k*Bi(z,2)Ba(z, 2))|

r(z,x) = o(esze(k)xz)

as Im(z) — 4+00. Now by (5.14) this means we are finished.
(]

We arrive at the final theorem of this thesis, which combines the asymptotic behavior of the
fundamental system for {s(z,x),c(z,z)} from Lemma 5.5 with the asymptotic behavior for the

Weyl m-function from Lemma 5.10.

Theorem 5.11. For every x € (0,+00) the Weyl m-function has the asymptotic behavior

m(z) = —v/ 7 — /Ox 2V gy (y) + 0 < > (5.15)

1
V—=z
as Im(z) — +o00.

Proof.
Let 2 € (0, +00) be fixed. Combining the asymptotic behavior of the Weyl function m(z) from
(5.12) with the equation (5.13) leads to

v'(2,0) —2k —ke(z) — d(2) —2k
= 22) = @ 1
m(2) v(z,0) (e ) s'(x) + ks(x) ole ?) (5.16)
as Im(z) — +o0o. Now we can use Lemma 5.5 to calculate the asymptotics of % with
an error term of the order o (%) To do this we prepare some calculations first.
We simplify the numerator and denominator of the fraction % separately:
For the numerator we get
1 ek:;t ek:c eka:
—ke(x) — ¢ (x) = —k cosh(kz) — 3 sinh(kz)x(z) — Tll(z,x) + Tlg(z,a:) - ?Dl(z,x)—
. 1 ek;t e/m ekac
— ksinh(kx) — 3 cosh(kz)x(z) — Th(z,x) - TIQ(Z,@') - TDg(z,x)
kx 1 kx 1 kx ekx
= —ke™ — ox(@)e™ — 5 Ni(z,2) = —~(Di(z,2) + D2(2,2))
. 1 1
= —ke” (1 + ﬁ(x(x) + Ii(z,2)) + ﬁ(Dl(z,x) + Doz, x))) . (5.17)
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For the denominator we calculate in a similar way

kx kx kx

' _ 1 _ e e €
s'(z) + ks(z) = cosh(kx) + 5% sinh(kx)x(z) 1 Li(z,z) + P Ir(z,z) + 12 Ds3(z,x)+
b sinh(ke) + & cosh(kr)x(2) — o Ty (2,) — S (s, ) + S Da(z,)
sinh(kz) + - cosh(kz)x(« L TR 7 Dalz, @
. ekx ek’x ekx
=" 4+ ﬁx(az) — %Il(z,:c) + F(Dg(z,x) + Dy(z,x))
. 1 1
=e 1+ﬁ(><(l‘)—h(z,l‘))+E(D3(z7$)+l)4(z,$))
M(z,x):=
= M1+ M(z,2)). (5.18)

As I(z,z) as well as D;(z,x), i = 3,4 are bounded as Im(z) — +o00, the term |M(z,x)| gets
arbitrary small for large enough Im(z). Hence we can use the identity 1—%1: = > u>o(—x)" for
|z| < 1 for the term M (z,x) which leads to

1 1
T Mo =1— M(z,2)+ M(z,z)* +o <1€2>
— 1 g (o) = 1) — 5D+ D)+ M0+ ()
=1- i (x(x) — L) — %(Dg + Dy) + ﬁ(){(l‘f + I —2x(z)I1) + o (;2)

(5.19)

as Im(z) — 4o0.

By Lemma 5.7 we have

Di(z,z) + Dao(z,2)—D3(z,z) — Dy(z,x) =

=1 G Exion)ax) — [ () = x((0D) driw) + o)

1
= gx(Oon [ ixw) ot

1

— SX({O) (x(@) = x({0})) +o(1) (520)

as Im(z) — +oo.

—kc(z)—c (z)

We will now use the above calculations to determine the asymptotic behavior of S ths(@)

with accuracy of order o (1) as Im(z) — +oc.

For the first equal sign in the next calculation we insert the identities (5.17) and (5.18) and see

that the exponential factors cancel each other. For the second identity we use (5.19) and then
sort the terms by order of k. For the third equal sign we use the equation (5.20) as well as the
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equation (5.9) from Remark 5.6:

—ke(z) —d(z) s . 1 1
s'(x) + ks(x) k<1+2k(X( J+h)+ kz(D1+D2)> <1+M(z,x))

1 1 1
=—k—Ii——(Di+Dy—D3—Dy)+ — (x(2)1 — I7) +o | -
k 2k k

=~k 1~ 5 (0D () = X((OD) = x(Ix(0D) + X)) + 0 1)

o (XHODX(@) — X({0))? ~ x(2)x({0}) + x(10})%) +o (;)

1
= -k — _[1 +o <k>
v 1
=—k— / e 2K dx(y) + o <k>
0

= k-1 —

as Im(z) — +oo0.

Finally we can plug this into the equation (5.16) and get the desired result

_ —ke(x) — d(x)
m(z) = s'(x) + ks(x)

=—k— /Ox e M dy(y) + o <]1€>

+ o(e k)

as Im(z) — +oo0.
O

We will now look at an easy example to check the result of Theorem 5.11. We extend the domain
of the differential expression 7 to the inverval (—oo, +00) and look at the measure x = ady with
some constant « € C. This leads to the differential expression 7 for a function f € D(7) given
as

wHw) = (1 -0 +a [ t fd60>/ @), zeR

Applying Theorem 5.11 immediately yields a Weyl function estimate given as

m(z) = —v—z — a+ o )

1
=z
as Im(z) — +o00. We will check this result by calculating the Weyl solution #(z,z) which has
to satisfy the conditions (see Definition 4.51)

° 9(z,-) € D(7),
o 1(z,-) is solution of the differential equation (7 — z)u = 0, with
o ¥(2,0) =1 and ¥(z,-) € L*((c,+0);\), c € R

for z € C\R.

From the first condition 1(z,-) € D(7) follows that both the function x — 1(z,x) as well as
the function z — ¢1(z,2) := —¢/(z,2) + o [ (2, -) d6y have to be continuous on R for every
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z € C\R. This means the function = — 1’(z, x) has to be continuous for x € (—o00,0) U (0, +00)
and at the point x = 0 has to satisfy the jump condition ¢'(z,0+) — ¢'(z,0—) = a1)(z,0) for
z € C\R.

Now in this example the differential equation (7 — 2)¥(z,:) = 0 takes the form ¢”(z,-) =
—2z1)(z, ) which leads to a solution of the form

cre kT 4 coef  for x>0
Y(z,x) =XK1 x=0
die k4 dyek*  for x < 0

with constants c1, co, dy, do € C. Because of the conditions 1(z,0) = 1 and 1(z, -) € L?((c, +00); \)
with ¢ € R follows that ¢; =1 and ¢ = 0.
Since 1(z, -) has to be continuous it follows that d; + do = 1. The jump condition leads to

W(Za 0+) - @Z),(Z, 0_) = Oﬂﬁ(za 0)
—k - (—k‘dl + k‘dg) =«
—k‘—|—k(1—d2)—kzd2:a

(0]
dy = ——
2 2%

and it follows that d; = 1 — d2 = 1 + 5. Inserting this constants leads to the Weyl solution

given as
—kzx
>0
Y(za) =40 ) -
1+ gp)e ™™ — ge™ <0,

Now from Definition 4.51 follows that
m(z) =v¢'(2,0) = -k —a=—V/—2—«

which shows that the estimate of Theorem 5.11 is valid.
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