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Abstract

In this thesis we develop direct and inverse scattering theory for Jacobi operators
which are short range perturbations of quasi-periodic finite-gap operators. We show
existence of transformation operators, investigate their properties, derive the cor-
responding Gel’fand-Levitan-Marchenko equation, and find minimal scattering data
which determine the perturbed operator uniquely. Then we apply this knowledge
to solve the associated initial value problem of the Toda hierarchy via the inverse
scattering transform.
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Preface

For a square summable complex valued sequence f(n),ecz the Jacobi operator H is
defined by

Hf(n) =a(n)f(n+1)+b(n)f(n) +aln—1)f(n—1),
where a(n), b(n) are real valued and bounded. Classical scattering theory is con-
cerned with the reconstruction of a given Jacobi operator H, which is a short range
perturbation of the free Jacobi operator Hy associated with the coefficients a(n) = %,
b(n) = 0.

We are interested in generalizing this concept by replacing the free Jacobi operator
with a quasi-periodic one. Quasi-periodic Jacobi operators arise in the setting of
reflectionless Jacobi operators with finitely many spectral gaps. Its coefficients aq(n),
by(n) are expressible in terms of the Riemann theta function, hence they are quasi-
periodic. A special case of quasi-periodic Jacobi operators are periodic ones, i.e.

a(n+ N)=a(n), bn+N)=0bn), ¥vneZ, NecN.
Let H, be a given quasi-periodic Jacobi operator and H a perturbation of H, satis-
fying the short range assumption
> Il (la(m) = ag(n)| + [b(n) = by (w)]) < ox.
neZ

With this assumption we prove the existence of Jost solutions, i.e. solutions of
a(n)r(w,n+ 1) + b(n)vL(w,n) + a(n — D)oL (w,n — 1) = 24 (w, n),

where z and w(z) denote the spectral parameter and the quasi-momentum map, re-
spectively. The Jost solutions 14 (w,n) asymptotically look like the quasi-periodic
solutions, that is,

Yi(w,n) =Yg +(w,n) asn— Foo,

where 14 +(w,.) denote the Baker-Akhiezer functions. The Jost solutions are used to
define the scattering data

S+(H) = {Rx(w), |w| =1;(pj,7+,5),1 <j < q}

for the pair (H, H,) via the scattering relations

T(w)wi(w>n) = w:F(wvn) + R:F(w)wzF(wa n)’ |’LU| =1,

and
1

REN)

= Z |7[):t(pj7n)|2'

ne”Z
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The functions T'(w) and Ry (w) are known as transmission and reflection coefficients.
We find minimal scattering data which determine the perturbed operator uniquely.
In the inverse scattering step we reconstruct H from its scattering data Si and H,.

In addition to being of interest of its own, scattering theory can also be used to
solve the initial value problem of the Toda equation. The Toda lattice is a simple
model for a nonlinear one-dimensional crystal,

d2
m@x(n, t)=V'(z(n+1,t) —z(n,t)) — V'(z(n,t) — z(n — 1,t)), (1)

where the interaction potential is exponential, V(r) = e~"+r—1. Here x(n,t) denotes
the deviation of the n-th particle (with mass m) from its equilibrium position. The
important property of the Toda equation is the existence of soliton solutions, that
is, pulslike waves which spread in time without changing their size and shape. The
existence of such solutions is usually related to complete integrability of the system.

The key to methods of solving the Toda equations based on spectral and inverse
spectral theory for the Jacobi operator is its reformulation as a Lax pair. We solve the
initial value problem of the Toda equations with asymptotically quasi-periodic initial
conditions using a procedure known as inverse scattering transform. This method
consists of three steps, namely to find the scattering data of the initial conditions, to
find the time evolution of the scattering data, and finally, to reconstruct the potential
from the (time dependent) scattering data.

Scattering theory with constant background was first developed on an informal
level by Case [8] — [13] in 1973. Guseinov [27] gave necessary and sufficient conditions
for the scattering data to determine H uniquely under the assumption

S~ Inl(ja(m) — 51 +16(m)]) < ox.

nez

Further extensions are due to Guseinov [28], [29], and Teschl [47]. The inverse scatter-
ing transform was first derived by Gardner et al. [23] in 1967 to solve the Korteweg-de
Vries equation. This method has been generalized to the Toda equation by Flaschka
[21], who also worked out the inverse procedure in the reflectionless case, with further
contributions by Boutet de Monvel et al. [4]. Additional results and an extension of
the method to the entire Toda hierarchy are due to Teschl [46], [47].

The investigation of scattering theory with periodic background has only recently
been started by Boutet de Monvel and Egorova [6], by Bazargan and Egorova [2],
and by Volberg and Yuditskii [54], who treat the case where H has a homogeneous
spectrum and is of Szegd class. Applications to the Toda lattice have been given by
Boutet de Monvel and Egorova [5].

Jacobi operators can be viewed as the discrete analogue of Sturm-Liouville opera-
tors and their investigation has many similarities with Sturm-Liouville theory. First
results in the case of periodic Sturm-Liouville operators have been obtained by Firsova
[19]. For further results including potentials with different spatial asymptotics see
Gesztesy et al. [25].

Spectral theory for quasi-periodic Jacobi operators and a complete algebro-geo-
metric treatment of the Toda and Kac-van Moerbeke hierarchies can be found in Bulla
et al. [7] and Teschl [48]. The reader is recommended to have a look at the monograph
[48] by Teschl as this is the main reference for the basic methods and concepts of this
thesis.
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Our approach uses heavily the fact that the Baker-Akhiezer function is a mero-
morphic function on the Riemann surface associated with the problem. This strategy
gives a more streamlined treatment and more elegant proofs even in the special cases
which were previously known. In this respect it is important to emphasize that, in
contradistinction to the constant background case, the upper sheet of our Riemann
surface is not simply connected and in particular not isomorphic to the unit ball.

Contents

After a brief introduction to Jacobi operators, Chapter 1| collects some well-known
facts from Riemann surfaces and introduces the Baker-Akhiezer function, following
Bulla et al. [7] and Teschl [48]. A complete characterization of the solutions of the
Jacobi equation with quasi-periodic coefficients is given by Egorova, Michor, and
Teschl [I6]. In particular, the second solution at the band edges is derived using the
expression of the Baker-Akhiezer function in terms of the Riemann theta function. We
investigate the quasi-momentum map, which maps the spectrum of the unperturbed
operator on the unit circle. In the periodic case, where the integrals can be explicitly
computed, this was first done by Percolab [39]. The properties of the Baker-Akhiezer
function as a meromorphic function on the Riemann surface are presented.

In Chapter [2| we prove existence of the Jost solutions and use them to completely
determine the spectrum of the perturbed operator. In the periodic case, existence
of Jost solutions was first shown by Geronimo and Van Assche [26] and Teschl [44].
Existence of the transformation operators as well as the crucial decay estimate on
their coefficients is established in [I6]. For periodic operators, this was first done by
Boutet de Monvel and Egorova [6] in the special case where all spectral gaps are open.
We derive relations between the coefficients and the kernels of the transformation
operators which are vital for the inverse scattering step. We describe the properties
of the scattering matrix. In [I6] it is shown that the transmission coefficient can be
reconstructed from the reflection coeflicient, which was not previously known even in
the periodic case. We develop the analog of the Gel’fand-Levitan-Marchenko theory
for perturbations of periodic and quasi-periodic operators, a procedure which allows
the reconstruction of the perturbed operator from its scattering data. By taking the
Fourier transform of the scattering relations we derive a discrete integral equation for
the kernels of the transformation operator, the Gel’fand-Levitan-Marchenko equation.
We show that the Gel'fand-Levitan-Marchenko equation has a unique solution and
prove positivity of the associated operator. A decay estimate on the kernel of the
Gel’fand-Levitan-Marchenko operator is derived. In addition, we formulate necessary
conditions for the scattering data to uniquely determine the Jacobi operator.

In Chapter [3| we show that our necessary conditions for the scattering data are
also sufficient and we present the inverse scattering procedure.

To illustrate our results we study in Chapter [ the periodic Jacobi operator asso-
clated with a(n) =1, b(2n) = —1, b(2n+ 1) = 1, n € Z, as an example. We perturb
this operator at n = —1 and explicitly compute the main functions for this case.

Chapter [f] introduces to the Toda hierarchy. We verify that two arbitrary bounded
solutions of the Toda system whose initial conditions satisfy the short range assump-
tion satisfy it for all ¢ € R. Then we use the scattering theory to solve the initial
value problem of the Toda equation with asymptotically quasi-periodic initial condi-
tions via the inverse scattering transform. In particular, we derive the time evolution
of the scattering data.

In Chapter [f] trace formulas are applied to scattering theory with quasi-periodic



background. In the periodic case, this was first done by Teschl [45]. Finally, we
investigate the connection between the transmission coefficient and Krein’s spectral
shift theory [30].

The Appendix compiles some facts for periodic Jacobi operators and is included
for easy reference. We present a different approach to the transformation operator.
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Chapter 1

Jacobi operators with
quasi-periodic coefficients

1.1 Jacobi operators

In this section we establish notation and recall some of the basic facts on Jacobi
operators needed in the sequel. Detailed accounts of this material can be found, for
instance, in [4§].

We denote by ¢P (M), where 1 < p < oo and M = N, Ny = NU{0}, Z, etc. the space
of p-summable respectively bounded complex valued sequences f = {f(n)}nenm and
by ¢P(M,R) the corresponding restrictions to real valued sequences. We abbreviate
by ¢4.(Z) the set of sequences in ¢(Z) which are £ near +oo, i.e. sequences whose
restriction to ¢(+N) belongs to ¢?(£N). The scalar product and norm in the Hilbert
space /2(M) will be denoted by

(f.9)=">_fgn),  Ifl=V{£F.  fgelPM).

neM
Let a, b € ¢(Z,R) be two sequences satisfying
a(n) € R\{0}, b(n) eR.
We introduce the second order, symmetric difference equation

T UZ) — Z)
fn) = a)f(n+1)+b(n)f(n) +aln=1)f(n - 1), (L.1)

and the corresponding eigenvalue problem which is referred to as Jacob: difference
equation
Tu=z2u, u€cl(Z), zeC. (1.2)

Definition 1.1. Associated with a, b € £*°(Z,R), a(n) # 0, is the Jacobi operator H
H: *(z) — 32
f = Tf.
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The Wronskian of two sequences f, g € €(Z) is defined by

Wa(f,9) = a(n)(f(n)g(n +1) — f(n+1)g(n)).
Green’s formula ([48], eq. (1.20))

> (F09) = 7N9)G) = Walfi9) = Wana(fo0), frge @), (13)

j=m
shows that the Jacobi operator H associated with 7 is self-adjoint, that is,

(f.Hg)=(Hf,g9),  f.g€Z),

since lim,, 400 Wy(f,g9) = 0 for f,g € ¢*(Z). Evaluating in the special case
where f and g both solve the Jacobi difference equation 7u = zu yields that the
Wronskian is constant (i.e. does not depend on n) in this case.

Let o(H) denote the spectrum and p(H) = C\o(H) the resolvent set of H. The
matrix elements of the resolvent (H — z)™1, 2z € p(H), are called Green function

G(z,n,m) = (6, (H — Z)_15m>7 z € p(H),

where
1, m=n

§n(m):{ 0, m#n
is the standart basis of £(Z). The solution uy(z,n) of (1.2 which is square summable
near oo exists for z € C\oess(H). Here o.s5(.) denotes the essential spectrum. This
solutions allow a more explicit representation of the Green function

G(z,n,m) = z € p(H).

1 { us(z,n)u_(z,m) form<n
W(u_(2),uy(2)) | us(z,m)u_(z,n) forn <m,

1.2 Quasi-periodic Jacobi operators and Riemann
surfaces

We give a short survey of the theory and results following the presentation in [4§].
Let g € Ny and

Ey<Ei<Ey<--- < Eygp (1.4)
be given real numbers. Define the function
2g+1
Ragi2(2) = [] (= - E)).
j=0

We choose R;ﬁ_Q(z) as the fixed branch

2g+1

Ry, =~ T[] v=— B,
j=0

where the square root is defined as

Vz = |\/§|eiarg(z)/2, arg(z) € (—m, 7, z € C.
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The surface M associated with R%éi2(z) is a compact Riemann surface (i.e. a one-
complex-dimensional, compact, second countable, connected Hausdorff space together
with a holomorphic structure), hyperelliptic, and of genus g, that is, it can be described
as a two sheeted covering of the Riemann sphere (= CU{oco}) branched at 2g+2 points.
A point on M is denoted by p = (z, :I:Rég/iz(z)) = (z,%), z € C, or p = 004, and the
projection onto C U {oo} by 7(p) = z. The points {(£},0),0 < j <29+ 1} C M are

called branch points and the sets
1/2 .
M = { (2. £R3)35(2)) | 2 € O\ By, Bajualf € M
§=0

are called upper, lower sheet, respectively.

Let {a;, bj}gzl be loops on the surface M representing the canonical generators
of m1(M). We require a; to surround the points Es;_1, Eo; (thereby changing sheets
twice) and b; to surround Ep, Es;_1 counter-clock wise on the upper sheet, with
pairwise intersection indices given by

aioaj:biObj:O, aiobjzéij, 1§i,j§g.

The corresponding canonical basis {(; ?:1 for the space of holomorphic differentials
can be constructed by

g i—1
AT
=S @
where the constants ¢(.) are given by

Jj—1 Eog j—1
¢j(k) = O cjk:/mzz/ =4z g
ak

jk >’ 1/2 1/2
2{;+2 Eak-1 R22+2(Z)
The differentials fulfill
/ Ce = 0jk, / Ch = Tjks Tjk = Thyj; 1<jk<gy. (1.6)
a; b

Having these preparations out of the way we define the following set of real num-
bers, the Dirichlet eigenvalues.

Hypothesis H.1.2. Let

(ﬂj(no))?:l = (Hj(no),aj(no))?zl
be a list of pairs satisfying

/Jj(’ﬂo) S (Egjfl, Egj) and Jj(no) € {:tl}OT’
uj(no) € {Egj_l, Egj} and O'j(no) =0.
Note that in particular, p1(ng) # Eo and pg(ng) # Eagta-

For each given list (f1;(n0))7_; we can recursively define a list (j1;(n))7_, for all
n € Z again fulfilling Hypothesis [1.2] ([48], Theorem 8.13), if we follow the procedure
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described in [48], Section 8.3. In addition, we get two real and bounded sequences
aq(n), by(n) defined by

1 g (n)?

Z B} — Zuj(n)2 -
Z (1.7)

>0,

S

=]
—
S
N

()
Il
DN =

l\) kv

M‘e
h

o
Q
—

3
SN~—
I
DN =
.
Il
=)

i(n)= lim (z—pu;i(n H29+1 Ei R:(n) = o;(n)Ri(n
Ry = lim (z— ()t s Bl =R, (1)

Without loss of generality we choose aq(n) > 0 for all n € Z. The Jacobi operator H,
associated with ay, b, is called quasi-periodic

H,: (*(z) — (*7)
fn) = ag(n)f(n+1)+by(n)f(n) +aq(n —1)f(n—1).

Next, we introduce the polynomials

<.
=

g
Gy(z,n0) = H (z — pi(no))
9

Hyir(z,m0) = Y Ri(no) [[(z = (o)) + (2 = by(no))Gy(z,mo)

=1 k]

= G,z no)(z—b no +Z(n°)> (1.9)

BN

Using this notation we define two meromorphic functions on the Riemann surface M,

Hyi1(pon) + Rsp3o(p)  2a,(n)Gylpin + 1)

o(p,n) = = (1.10)
204(MGo(P:1)  Hypa(pon) = Ryl(p)
and the Baker-Akhiezer function
nl [Tj=s, ¢(p.5)  forn>mno
Yalpnino) = [[* op.d) = 1 for n = ng (1.11)
i=no [T, (6(p,5) ™" for n < mo.

We denote by ¢4 (z,n), ¥q,+(2,n,n0) the chart expressions (branches) of ¢(p,n),
Yq(p,m, no) in the charts (ITx, 7), that is,

Hyi1(z,n) £ Ry, (2)
2a4(n)Gy(z,n)

! (z—b +§:2R7 n) 2ng1\/7>.(1.12)

2aq(n) ](n ? 1(z = pj(n))

o+ (z,n)
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The two branches 14 1 (z,n,n0) of the Baker-Akhiezer function are solutions of the
Jacobi difference equation T,u = zu, z € C, where 7, is the difference expression
associated with H,,

aq(n)g,+(2,n + 1,n0) + by(n)hg +(2,1,m0) + ag(n — 1)g 1+ (2,n — 1,n0)
= 2tq +(2,m, ng).

Moreover, ¢4 +(2z,n,ng) are square summable near oo by [48], Theorem 8.17. Equa-

tion ([1.10) immediately implies

Ggy(z,n) I 2 — uj(n)
Vg,+(2,1,10) g, (2,m,n0) = Gy = 11 T ()’ (1.13)
) ]:1

The branch 9, ,,(2,n,n0) has a first order pole at p;(no) if p15(no) is away from the
band edges

| Ry
im0, () = W, ) 1)

(use (L.12) and g4 (2z,m,m0) = Vg 1(2,1m,1)¢+(z,n0)) and both branches have a
square root singularity if 1, (ng) coincides with a band edge E;

i'T1 |Er — B
lim /2 — 5 (n0) s (2,n,m0) = £ = g+ (Er,m,1).
#=4(no) 2a4(n0) Hk;éj Ey — pr(no)

The Wronskian is independent of n for any solutions of the Jacobi equation with
the same parameter z, therefore

Wn:no("/}q#(zvn’no)quﬁ('zvnvno)) = aq(no)(¢ (Z nO)_¢+(zvn()))
[ o= 5

B ?:1( — p15(n0))” (1.14)

The Green function of H, reads

Vg, +(2,m,n0)10g,—(2,m,m0) Hf 1(z = pj(n))

G =
o) = N gm0 ) T o

z € C\o(Hy).
The spectrum of H, is purely absolutely continuous and consists of g 4+ 1 bands,

g

U Eoj, Foji1] = 04c(Hy),  0se(Hy) =0 =0,(H,), (1.15)

where 04¢(.), 0sc(.), 0p(.) denote the absolutely continuous, singularly continuous, and

point spectrum (set of eigenvalues). If u;(n) # p1;(no), then ¥ 5 () (15(n),n,n0) =0

if 0;(n)? =1 and ¥y, — (5 (n),n,n0) = Vg4 (1j(n),n,ng) = 0 if oj(n) = 0. The case

where Ey; = E9j41, that is, H, has eigenvalues, is studied in [48], Section 8.3.
Associated with M is the Riemann theta function

0: C9 — C
11(2’1,...,29) — ZeXPQﬂ-j<<rrn7z>+2>7

mezZI
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where (z,2') = >°;_, Ziz] denotes the scalar product in C? and 7 = (7jk)1<j,k<g
the matrix of b-periods of the differentials (1.6). The Riemann theta function is
holomorphic and has the fundamental properties ([I7], VI, [48], A.5)

0(7§) = 9(5), z € Cg7
Oz+m+71n) = exp(—27mi(n,z)—7i{n,1n))b(z), n,me 729,

that is, 6(z) is quasi-periodic. The Baker-Akhiezer function ¢, and the function ¢ are
expressible in terms of the Riemann theta function ([48], Theorem 9.2)

Z_ Bsa(z(p,nﬂ)) exp </ppwm+oo) (1.16)
)

Qb(p? n) = HEEE

)0(z(n) O(z(p,n0) (‘” o) / °AJ°°*’°°> ’

where weo, co_ is a normalized meromorphic differential with simple poles at oo and
corresponding residua +1 (an abelian differential of the third kind, [48], (A.20)),

I (m =)

¢q(p» n, TL())

w = ===l
004,00 — 1/2

R25/1+2

The hat indicates that we require the path of integration to lie in M (the fundamental

polygon associated with M). The base point py has been chosen to be (Ep,0). The

constants A; are determined by the normalization

Es; gi 2 — N\
/ Wooy 0o =2 wdz =0, (1.17)
a; Eaj_1 R29+2

which shows A; € (E2j_1, Ea;). We also introduced the abbreviation

é(]% n) = Apo (p) - on (Dﬂ(n)) - Epo € (Cga é(n) = g(oo+7 n)u

where A, (a,,,) is Abel’s map (for divisors) (cf. [48], A.4)
A : M — J(M)

= [ o)

a, : Div(M) — J(M)
D — Y Dp)A, D).

peM

A divisor D on M is a map D : M — Z with D(p) # 0 for only finitely many p € M.
The set of all divisors on M is denoted by Div(M). The Jacobian variety of M,

J(M) =Co/{m+1n|m,n € 2%},

is a compact, commutative, g-dimensional, complex Lie group. Abel’s map A, is
injective and holomorphic and thus an embedding of M into J(M) ([I7], II1.6.4).

=

Finally, £, denotes the vector of Riemann constants,

=~ =~ -~ =~
=, = = ;
—Po,J

1-— Zg: Tj,k
=po — (;Po,h e ’;Po,y)7 = #a po = (Eo,0).
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By (a special case of) Riemann’s vanishing theorem 6(z(p,n)) has zeros precisely
at fij(n), 1<j<gy,

0(z(p,n)) =0 & pe{a;(n)}i_,. (1.18)
In addition, [48], (9.27), (9.28), show
0(z(p,m))0(z(p,n)) >0,  C1 <|0(z(n))] < Cq
for m(p) € (—o0, Ep) U (E2g+1,00) U{oc}, m, n € Z, and positive constants C < Cs.

The sequences a4(n), by(n) can also be expressed in terms of the theta function
(e.g. 48], Theorem 9.4)

a (n)Q — ZH(Z(TL + 1))9(2’(?’1 — 1))
! 0(z(n))? ’
by(n) = b+ z_; cj(g)a(z)j In (0((191)(1—111-—:(2(2)1))> ‘ﬂ=07 (1.19)

and hence are quasi-periodic with g periods. The constants a, b depend only on the
Riemann surface

M=)

dz) >0
2 b
Eo R;{H_Q(z)

I 1

a = 1m — €
A—oo A *p
2g+2

g
b = % Z Ej— Z)\j. (1.20)
J=0 Jj=1

The following criterion for a4, b4 to be periodic, that is,
aq(n+ N) = aq(n), by(n+ N) = by(n), Vn€Z, N €N,
is given in [3I], Chapter 2 ([48], Theorem 9.6).

Theorem 1.3. A necessary and sufficient condition for a,(n), by(n) to be periodic is
that Reg12(2) is of the form

L Raper(5)Q(2)? = A2 — 1,

4A2
where Q(z) (cf. ) is a polynomial with leading coefficient one. The period N is
given by
N =deg(Q) + g+ 1.

In the periodic case,

1/N N
a= |Ap|1/N = (Haq(j)) ) b= qu(j)a

and
1 2A,A'dr

1
T TN R N@-nT

(1.21)
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where A denotes the Hill discriminant (A.4). By Floquet’s theory (cf. Theorem [A.2)
the solutions of the periodic Jacobi equation satisfy

Ggx(z,n 4+ Nyng) = m*™(2)dgx(2,n,m0),  A2)* #1,

where m*(z) are the two branches of the Floquet multiplier m(p) (cf. (A.5))

m(p) = (o, N) = (~1)" sgn(4,) exp (N / %,w) )

For further information on quasi-periodic Jacobi operators and proofs of the results
discussed here we refer the reader to [48], Section 9.

1.3 The Baker-Akhiezer solutions and the quasi-
momentum map

Before we collect some basic properties of ¢4 (p,n,no), let us introduce the following
fundamental solutions c, s € £(Z) of the Jacobi equation

Te¢(2,.,n0) = zc(z, ., ng), T¢8(2,.,m0) = 28(2,.,ng)
satisfying the initial conditions
e(z,n0,n0) = s(z,n0 + 1,n0) = 1, e(z,n0 + 1,n0) = s(2z,n9,n9) = 0.

In what follows, we set ng = 0 for simplicity and omit it, i.e. ¥4(p,n) := ¥q(p,n,0)
and ;== p;(0). According to (1.11)), 14,4+ (2,0,0) =1, and [48], (2.18), implies

Yex(z,m) = c(z,n) Fag(0)mi(2)s(z,n)
= c(z,n) + ¢+(2)s(z,n), (1.23)

where m 4 are the following pair of Weyl m-functions (J48], (2.12))

Ygx(z,n+1)
ag(n)ihg,+(z,n)’

Recall that O'(Hq) = U?ZO[EQJ', E2j+1].

m:ﬁ:(zvn> =+ 7fhzl:(z) - m:ﬁ:(za 0) (124)

Lemma 1.4. The Baker-Akhiezer solutions 4 1 (z,n) have the following properties.

(1). Yq(p,n) is real for 7(p) = z € R\o(H,).

(ii). For z € R,
[¢g,+(2,n)| < Mlw(z)[*", M >0,

where

w(z) = exp (/: @OO+,OO> L p=(2£RY2,(2). (1.25)

0
and |w(z)| =1 for z € o(Hy), |w(z)| <1 for z € R\o(Hy). The function |w(z)]
has minima precisely at the points A\j, 1 < j < g, and |w(z)| — 0 for |z| — oo.
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(iii). For p € 4,

a
[thg +(2,n)| < M‘Z , M >0,

where & depends only on the Riemann surface, that is, on {E; }29+1.
Proof. For (i) and (ii) see [48], Lemma 9.3.

(iii). Since 6(z(p,n)) is quasi-periodic and hence bounded with respect to n € Z
we can estimate this terms by a constant. The path of integration may intersect
b-cycles since all a-periods are zero (arguing via homology theory). Suppose p € T,
then ([48], (9.42))

exp (/pw ) = exp ( P o= A) )
Po e Eo :FHQg—H Z— E]
a\ ! b ¢ 1 \*!
= (9 (i mrog)
where @ and b are defined in (1.20)). O

Our next aim is to find linearly independent solutions of T,u = zu for all z € C.
The Wronskian (1.14) shows that ¢4 +(z,n) are linearly dependent at the band edges
B, 0<j<2+1.

Lemma 1.5. ([I6]). The solutions of T,u = zu can be characterized as follows.

(1). If Rogya(2) # 0, there exist two solutions satisfying

(z,+)
bps(zm) = 05 (2w ()™, w(z) = exp ( / am,oo_),
Po

with 04 (z,n) quasi-periodic.

(ii). If Rogt2(2) =0, z = Ej, there are two solutions satisfying

VYg(Ej,n) = g+ (Ej,n) =g, (Ej,n), 7& (Ej,n) = qg(E; )( i(n) +n),
(1.26)

where 9j (n) is quasi-periodic.

Proof. ( By -, Pg,+( = 1, _(E;,n). We construct a second linearly
mdependent solution at z = E El using

= lim a Y1 (2,0) =Yg, (2,1)
s(E,n)—ZLE q(0) W (g (2), g1 (2)

which we obtain by (1.23),

Va4 (2,m) = Vg, (2,n) = =g (0) (1721 (2) + M (2))5(2,n),

and W (v, +(2),%q.—(2)) = a4(0)*(1m4(2) + m_(z)). Without loss of generality we
assume that E; does not coincide with one of the Dirichlet eigenvalues p; (otherwise
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shift the base point ng). To derive an expression for ¢, +(z) at z = E + €2 we start
with

2g+1

R;_ﬁ_g H\/EIT —GH\/E1+€2 et El + O(e ))
J#l
Moreover,
1/2 -~
R2_c/7+2( ) _ R(Ey)

W (g, (2), ¥q,1(2)) = e(1+0(e*)).

G(z,0)  G(E +¢,0)

For p = (B + &, £Ry)%,(E + €)),

/P . /E / H B4z =) )d
Wooy ,00_ = Woo 00 X
Po ! Po - \fR E-i—.’l?)

E _ E
= / Woo 00— iMe—FO(GB’) ::/ & £ Be + O(€).
Po

R(E) Po
By (L5),
— ’ — & 4 —= = z(E,n c(j - 7(E—|—x)j_1d7r T
- AEMiZ?m§Z5H4M%=z4&Miw+0@>
and

69( (E,n))ye+O(*) =: 6(n) £ 60'(n) e + O(?).

O(xlp.m)) = O((E,m)) + 5

We obtain for the Baker-Akhiezer functions

boslen) = C0GEET exp (o [ o, )

0'(n) 0'(0)
0(n)  6(0)

Je+0(e)) exp(EnB + O(e*))

Il

<

=)

H_

=

S

= &
_ T 5

H

—~

2(0(n) + nB)e + O(?)

s(E,n) R(E)e

aq(0)G(E,0)tg,+(F,n) leiﬁ)l

 2a,(0)G(E,0) T
- T hm Yg(E,n)(0(n) +np), (1.27)

thus a second linearly independent solution is given by

bq(E,n) = g(E,n)(0(n) +n),
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where

6(n) = g; > Ele( )aiklno( 2(E,n) + w;). (1.28)
_ -

1=s(B,1) = 2" (E,1)(0(1) + f).

O

Remark 1.6. (i). Since 14(z,n) has a singularity if z = p;, the solutions in Lemma
are not well-defined for those z. However, one can either remove the singularities
of ¥q(2z,m) or choose a different normalization point ng # 0 to see that solutions of
the above type exist for every z.

(ii). In the periodic case Flogquet theory tells you that there are two possible cases
at a band edge: FEither two (linearly independent) periodic solutions or one periodic
and one linearly growing solution. The above lemma shows that the first case happens
if the corresponding gap is closed and the second if the gap is open.

To understand the properties of the Baker-Akhiezer solutions we have to investi-
gate the quasi-momentum map

w(z) = exp (/: azmm) L p=(24). (1.29)

Since A\; € (F2j—1, Eaj), the integrand is a Herglotz function, that is, a holomorphic
function F: CT — C*, and admits the following representation (cf. [48], App. B)

w/m 1 di(\)
Ry%4(2) o A2

with the probability measure

9 (A=)
di(N) = e, (NN
TiRyg 5(A)

Hence

g(2,00)

[ = [ o
/_o; In (AA__ZO) di(\).

In particular, note that —Re(g(z,00)) is the Green’s function of the upper sheet I1;
with a pole at ooy and fi is the equilibrium measure of the spectrum (see [52], Theorem
I11.37). We will abbreviate g(z) = g(z, 00).

The asymptotic expansion of exp(g(z)) is given by ([48], (9.42))

/,,A _ (b o + (1.30)
eXp o w00+,007 - P P Z2 3 z 007 .

with @, b defined in (1.20)).
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Theorem 1.7. The map g is a bijection from the upper (resp. lower) half plane
C*t={z€C|£Im(z) >0} to

§% = {z € C| £Re(2) < 0,0 < Im(z) < 7]\ |90\, 9(Enj1)]
j=1

such that o(Hy) = {z | Re(z) = 0}.

Proof. Consider the Jacobian matrix of g(z)

( Re(@ Im(y)
d@‘(—hn(a) Re(g) )

Due to the Herglotz property, Im(g) > 0, and ig(z) has positive diagonal entries.
Thus it satisfies the conditions of [38], Theorem 1(b) in Chapter VI, which shows
that ig(z) is one-to-one.

To prove that g(z) is surjective, we first show that the boundary of C* is mapped
to the boundary of ST. Note that g(\) is negative for A < Ey and purely imaginary
for A € [Ey, E1]. At Ej, the real part starts to decrease from zero until it hits its
minimum at A; and increases again until it becomes 0 at Eo (since all a-periods are
zero, cf. ), while the imaginary part remains constant. Proceeding like this we
move along the boundary of S as A moves along the real line. For A\ > Fa,11, g(\)
is again negative.

Since dg # 0, g(z) is a local diffeomorphism and hence an open map. Suppose
w € ST lies not in the image of g(.). Then w is either a boundary point of g(C*)

or there exists an open set w € U,, C ST with d(U,,) C 9(g(C*)). W.Lo.g. let w be
the boundary point, that is, there exists (z,,), € g(C*) with x, — w. Since g~! is
continuous, g~ *(x,) — g~ !(w). The point g~ !(w) € CT, because d(C*) is mapped
to d(ST). Since g(.) is a local diffeomorphism, the open sets Ug-1(,, ), Ug-1(y) must

be mapped to open sets in g(CT), which is a contradiction to w ¢ g(C™"). O

Remark 1.8. In the special case where Hg is periodic the quasi-momentum is given
by w(z) = exp(iN~arccos A(z)), where A(z) is the Flogquet discriminant, and our
result is due to [39).

Therefore the map
g
w: C* — WH={weC|w <1,£mw) >0} | Jwh;), w(Esj)]
j=1

z > exp(g(2))

is bijective. Denote W = W+ U W~ U (—1,1)\{0}. If we identify the correspond-
ing points on the slits [w(\;), w(E2;41)] we obtain a Riemann surface W which is
isomorphic to the upper sheet I .

Remark 1.9. In [59], the largest band edge Esq411 is chosen for the base point py
instead of Eq and w will map C* — WT in this case. Moreover, in the periodic case
the slits [w(\;), w(E2j41)] appear at equal angles 27 /N, where N is the period.

Since z +— exp(g(z)) is a bijection, we consider the Baker-Akhiezer functions 1, +
as functions of the new parameter w whenever convenient (for notational simplicity
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we set g+ (AMw),n) = 4,4 (w,n) and similarly for other quantities). They inherit
the following properties: 1, 4 (w,n) € €3 (Z) for |w| < 1, 4,4+ (w,n) are real on the
slits [w(A;), w(E2;41)], and have equal values in the (with respect to the real axis)
symmetric points of the slits. The functions 1¥g 4+ (w,n) are meromorphic in W and
continuous up to the boundary with the only possible singularities at the images of
the Dirichlet eigenvalues w(p;) and at 0. More precisely, denote by My the sets of
singularities of the Weyl m-functions m (), i.e. My UM_ = {p;}7_; (see and
[48], Section 2.1). Note that p; € My N M_ if and only if u; = Ej, in this case both
m+(A) have a square root singularity at p;. Then

(B1) ¢hgx(w,n) € 4(Z), [w] <1, w ¢ {w(p;)}.

(B2) 1bg,+(w,n) are holomorphic in W\ ({w(x;)}7—; U {0}) and continuous on the
boundary W\ {w(u;)}9_;-

(B3) %44 (w,n) have a simple pole at w(y;) if p; € ML \{E;}, no pole if u; & My,
and if i = El,
i'C(n)

w — wy

Ygx(w,n) ==+ +0(1), (1.31)

where C(n) is bounded and real, w; := w(E}).

(B4) '(/)q,i(wa 'fl) = 1/)q7¢(w,n) = wq,i(wan) for |w| =1
Define for w € Ct N [w(\;), w(Eaj41)]

%(wi, ) = lli% wq(weﬁe, ')7 "/’q(wia ) = lg% wq(@eiie7 ~>7

then v, + (wk,n) = ¢, + (W, n) € R.

Abbreviate m4 () = limjo Mt (X +i€,0), A € R. Then (B4) is equivalent to
Im(my (N)) = Im(m_ (X)), that is, the quasi-periodic Jacobi operator is reflectionless
(e.g. [48], Lemma 8.1).

In order to find an orthonormal basis for the Hilbert space L?(c(H,),C?,d\) we
consider the eigenfunction expansion for H,. We choose

wo = (e ) =vo (6)

as a new basis for the space of solutions, where

_ (1 —ag(0)my(N)
VN = ( 1 a,(0)i_ (M) )

Since the spectrum of H, is purely absolutely continuous, this choice of basis diago-
nalizes the matrix measure dp,. given in [48], (2.150),

dpac(\) = (V7HN)) dpacNV I (V) = 4aq(0)27r11n(m+(>\)) < é (1) )dA'

We have a corresponding Hilbert space L?(R, C?,dp,.) with scalar product given by

(F.Gya= 3 / FNGC () ([dac(N)iy = / FOVCNdpac(V).

i,j=0
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The vector valued functions U (A, n) are orthogonal with respect to dpge

WO Uz = e [ TOmUO ) ot s (] ) ad= b
(1.32)

Now we can read off the normalization. Set

= \/4aq(0)2w11n(m+(A))V(A)’ UGvm) = Vw( S(Av”; )

Transforming the matrix measure to this normalized basis

a7 = ()
yields that U (), .) are orthogonal with respect to the Lebesgue measure dA

<mxw@umm=Aww@mww@m+%4xm%4xmw=%w
(1.33)

Lemma 1.10. The vector valued functions

0“m:<%ﬂ23>:¢M@%$w4m($f&3)

form an orthonormal basis for the Hilbert space L*(o(H,),C?,d)\).

We even obtain a unitary transformation U : £2(R) — L?(R,C?,d\) defined by

@THN) = DTN n),

nez

/meﬂmw,

T 'F)(n)

which maps the operator H, to the multiplication operator by A (compare with [48],
Section 7.5)

UH,U '=H, where HE\) =AE(\), FE(\) € L2(R,C2d\).

Using our map w(z) = exp(fp(:’ﬂ Woo, 00 ) We can transform the orthonormal
basis of Lemma into an orthonormal basis on the unit circle. By (1.12)), (1.11)),

we have ¥, + (A, n) = g (A, n) for A € o(H,) and thus ¢, +(w,n) = g +(w,n) for
|w| = 1. Denote
P
exp (/ (:)OO_‘_,OO_) = exp(if) = w,
Po

g g
dg 1 I[_i(z=X) dw _ == A) (1.34)

e AV o CHE | A

then
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andbecomes
- L UL (10
= 40«1(0)271—/]1%(](/\’ W) e o) ( 0 1 )dA
: BorOum) — dA
- o / o e O O0m) 4 D8 - ) s
— e [ (B O )

1 29+1\/7
fn+(6i9)) Hg CEPY)

O, .- N, 1))
(1.35)

Lemma 1.11. Both functions g +(w,n) and 4, —(w,n) form orthonormal bases in
the Hilbert space L*(S?, %dw), where

B T Mw) — pj dw
w)_gx(w)—x w

Remark 1.12. Fquivalently, both functions

V5 A s ),

SLd\

form orthonormal bases in the Hilbert space L*(S", 5=dX).

Proof. Abbreviate

. 1225 (A (w) — E)1? i
%’*(“””):(‘2aq<0>21m<m+<x<w>>> 5_1<A<w>—Aj>> Va0

then is equal to

S = 5= / (ot ()10 () 1) By~ NE), )y~ (N(E), )
= o [ T ) )
- lwl_1W¢q,+<w,n>ﬁ”.

Since the Weyl m-functions differ from ¢+ (z,n) only by a constant (cf. (1.24])), (1.12))

implies

R () B S N R0 TN VA
M (e) = aq(0) a 2a4(0)? ( o)+ ; — My f (2= py) )
Therefore -
0z~ E;
Im(my(2)) = iz z € o(Hy), (1.37)

120002 TT9Z, (2 — )
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Im(m4(2)) =0 for z € R\o(H,), and

iq,:t(wv Tl) =

O

Observe that dw is meromorphic on W with a simple pole at w = 0. In particular,
there are no poles at w(A\;).
In the periodic case,

w=ew( [ yg oy e ([ a0w). s

Lemma 1.13. Let A € o(H,) and let 1, 1 () be the Floquet solutions, then

N

1 W F = D [p. (A, m)|? = 2a,(0)* NIm( () Im(5()), (1.39)

n=1

where g is defined by .
Proof. The first resolvent identity ([48], (2.4))

(s (=) = Tn(2) (60, (Hyp —2) " (Hyp — 2)7'80)
= Im(2)| (s — =) 60
- Im(Z)Z\w (9P (1.40)
= ap(O)Q = q,+\%2, ] .

holds for arbitrary Jacobi operators. Since we are interested in Floquet solutions,
Yy (2,n) = py(2,n)e"?Z) by Theorem and

Z|¢p,+(z’j)|2 _ Z’er z,j)e ez eiNkq(2)
= = k=0
— W DI
For A € O'(Hq),
. 2 Atie
€1Nq(>\+1€) exp QNRG (C)dC
Eo
)\ Atie
— exp <2NR€ ¢)d¢ + 2NRe/ g(CMC)
Eo A
= exp (0 + 2NR€ ()‘ + IC)ldC)

= exp (—QNIm/O g(A+i<)dC>
1 — 2NTIm(§(\))e + O(€?),

Q
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and yields
(i, (V) = 2%%1;7\,(12 |(|§V(A)), e o(H). (1.41)
O
Corollary 1.14. ([6]). In the periodic case, we infer for the norm
N—
lvp. £ (VIR = (1.42)

The normalized Floquet solutions

i JF
Vp,t(w,n) =Yy 4 (W, n) T———
: : [¥p,+ (w)ll v
form orthonormal bases in the Hilbert space L*(S?, 5o Ld\).

Proof. Insert (1.37) and

1 A'(N) LSO )
m@WNmQNuwnm>lm%Hﬁﬂ@

into ([1.39) to obtain the norm. For the second assertion proceed as in (1.35]) and
Lemma [[.T1] O

Lemma 1.15. The functions g +(w,n) have the following asymptotic behavior as

w— 0
n—1

I1j=0 @)\ *
%ﬂwm=PW(j;f>wﬁ+WW“%
with a € R as in . In the periodic case, a = |HjV:1 ap(j)|1/N.

Proof. The functions ¢4 have the following expansions near +oo ([48], Theorem 9.4)

d+(z,n) = (@)il (1iw+0(i)), z — oo,

z 22

and therefore

g+ (2,n) = Hmzy (1.43)

" z z

_ <W>il<1im+ 1

Equation (|1.30) implies

L= Yatow), w0, (1.44)
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hence
n—1 w +n
(i) = [T ag*! (= 201+ 0(w)))
§=0
n—1 S\ 1
T oa
<—1>"(W) w1+ 0W)),  w—0
In the periodic case, (A.4]) and (A.6) imply that
1 N —N
A(z) = EZN +0(zN "1 = %, w — 0, (1.45)
and thus z = A,l,/Nw’l + O(1). Inserting this in
Zn
by (2m) = m_ ()5, (2,m) + ep(2m) = =2+ O(="7Y), 2o,
Hj:O ap(J)

yields the desired result. The formula for ¢, 4 (w,n) follows then from (1.13) which
shows 1, 4 (2,n)Y, —(2,m) = 1 4+ O(27'). The result in the periodic case was first
given in [6].

O
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Chapter 2

Direct scattering theory for
quasi-periodic Jacobi
operators

2.1 Existence of Jost solutions

Suppose that a4(n), by(n) are given quasi-periodic sequences with corresponding Ja-
cobi operator H, as discussed in Chapter [I] In this section we want to study short-
range perturbations H of H, associated with sequences a, b satistying a(n) — aq4(n)
and b(n) — by(n) as |n| — co. More precisely, we will make the following assumption
throughout this work.

Hypothesis H.2.1. Let H be a perturbation such that
> Il (la(n) = ag(n)| + [b(n) = by (w)]) < ox. (2.1)
nez

We first establish existence of Jost solutions, that is, solutions of the perturbed
system which asymptotically look like the Baker-Akhiezer solutions. For the proof we
will need the Volterra sum equation.

Lemma 2.2. ([48], Lemma 7.8). Consider the Volterra sum equation
f)=gn)+ Y K(n,m)f(m).
m=n+1
If there is a sequence K (n,m) such that
[K(n,m)| < K(n,m),  K(n+1,m) < K(n,m),  K(n,.)€'(0,00),
then, for given g € £°(0,00), there is an unique solution f € £°°(0,00) fulfilling

1 < (sup lg(m] ) ex ( 3 ff(n,m>> .

m>n m=n+1
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If g(n) and K(n,m) depend continuously (resp. holomorphically) on a parameter and
if K does not, then f(n) also depends continuously (resp. holomorphically) on that
parameter.

Lemma 2.3. Assume (H[2.1]). Then there exist solutions 1+ (z,.), z € C, of T¢) = z1)
satisfying
lim w(z) T ($x(z,n) — dg.x(z.m)| =0, (2:2)

n—=4oo

where Vg +(2,.) are the Baker-Akhiezer functions and w(z) = exp(f;: Woo 00 ) (cf.
). Moreover, 11(z,.) are continuous respectively holomorphic with respect to z
whenever ¥, +(2,.) are and they inherit the properties (B1)-(B3) where

- ilCi(n)
Yy(z,n) = 7@ +0(1) (2.3)

if pi; coincides with a band edge Ej.

Proof. We only prove the claim for 14 (z,.). If ¢ satisfies the inhomogeneous Jacobi
equation
(g =2 =y (2.4)

with g = (1, — 7)%, then 79 = z1). By the general theory (e.g. [48], Chapter 1),
the solution of (2.4]) can be completely reduced to the solution of the corresponding
homogeneous Jacobi equation (7, — 2)14 = 0. Define

54(z,m,m
K,(z,n,m) = M,
aq(m)
where s4(z,.,m) is the fundamental solution of 7,5 = zs with initial conditions

sq(z,m,m) =0, sq(z,m+ 1,m) = 1. Suppose that 1, (z,.) satisfies

Yi(z,n) = ¢q,+(27n) - Z Kq(z’nvm)((Tq — 1)+ (2))(m), (2.5)

m=n+1

then v (z,.) fulfills (2.4) and (2.2) as can be computed directly. Green’s formula
(1.3) implies for 7 — 174 =: 7

Z KQ(Z7nﬂm)(7~—¢+(Z))(m) = WOO(Kq(Z7n)a¢+(z))_Wn(Kq(Z7n)7w+(z))

m=n-+1

+ Z (%Kq(zvna ))(m)er(zam)a

m=n+1
where Wao (K, 10y) = 0 and W, (K,, ¥4) = (a(n) — ay(n))a,(n) =", (z,n). We set

Vi (z,m) o= w(z) " (z,m)

to get a sequence which is bounded near 400 and obtain

W) )= dys(en) + 3w " Ry(enm)ba(zm),  (26)

aq(n) M1
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where
Ryznm) = ((r = m)Ky(zm..))(m)
_ W@(m) ~ ag(m)) + W(b(m) — by (m))
2B o 1) = ayfm 1), (27

If we can apply the Volterra sum equation (Lemma to , the proof will be
finished. To do so, we need an estimate for w(z)™ " K,(z,n,m) or, equivalently, for
sq(2,m,.). The Wronskian implies that ¢, 4+ (z,n,m), ¥4, (z,n,m) are linearly
independent for z # E;. In this case,

sq(z,mym) = a1y +(z,n, m) + @ty —(z,n,m), z # Ej,
for some constants o 3. By Lemma g+ (2,m,m)| < M|w(z)|F™=™) thus
(=) Ry (2, m,m)| < e(m)M' (1+ [w()2™) = K (2,n,m),

where ¢(m) = |a(m) — ag(m)| + |b(m) — by(m)| + |la(m — 1) — ag(m — 1)| and M’
depends on inf{a,(m)} and |w(z)|. By H2.1} ¢(.) € ¢}(Z,R) and Lemma shows
that |w(z)] <1 for z € R and |w(z)|™ = O(|z|]™™) for p € II; with m(p) = z. Hence
K(z,n,.) € £1(N) as desired. Since w(z) is continuous with respect to z, K(z,n,m)
can be chosen independent of z as long as z varies in compacts. The claim about
continuity (resp. holomorphy) of ¥4 (z,.) follows then from Lemma

For z = E, (1.27)) implies
2aq(m)G(E,m)

R(E) Vg(E,n,m)(0(n,m) + (n —m)p)

sq(E,n,m) =

and
lw(B)™" K, (E,n,m)| < Cc(m)|é(n,m) + (n—m)B| € "(N,R)

finishes the proof. U

Remark 2.4. Note that a(n) # 0 for n € Z, since

_ W (4 (A), ¥4+ (A)) .
¢+()‘7 n)¢+()\, n+ 1) - "/}+()‘7 n+ 1)"/}+()‘7 TL)

Moreover, [i1(n) # (Eo,0) forn € Z by H thus implies

0(&(}70, n))
Next, we want to establish the connection between the spectra of H and H,. The

difference expression 7 is called oscillatory if one (hence any) solution of 7« = 0 has
an infinite number of nodes. A point n € Z is called a node of u if either ([44])

a(n)

Yqe(po,n) = C(n,0) #0 VneZ. (2.8)

u(n)=0 or a(n)u(n)u(n+1)>0.

In the special case a(n) < 0, n € Z, a node is precisely a sign flip of w.
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Theorem 2.5. Assume (H[2.1)).
(i). Oess(H) = o(Hy).

(ii). The point spectrum of H is finite and confined to the spectral gaps of Hy, i.e.
op(H) C R\o(H,).

(iii). The essential spectrum of H is purely absolutely continuous, oess(H) = 0qc(H).

Proof. We essentially follow the proof of [48], Theorem 7.11.

(i). The essential spectrum only depends on the asymptotic behavior of the se-
quences a(n), b(n) ([48], Lemma 3.9), therefore oess(H) = 0ess(Hy).

(ii). We consider the solutions ¥+ (A,.) of T¢p = Ay for A € o(H,) found in
Lemma Since ¥4 (A,.), A € o(H,), are bounded and do not vanish near oo,
there are no eigenvalues in the essential spectrum of H. Furthermore,

nll)finoo [w(2)¥" (Y (Eo, n) — ¥q,+(Eo,n))| =0
implies that H — Ej is non-oscillatory since by and (1.26)), |¢g +(Eo,n)| > € >0,
n € Z. By [48], Corollary 4.11 (Remark 4.12), there are only finitely many eigenvalues
below Ey (above Ea4.1) if H — Ej is non-oscillatory. Applying [48], Corollary 4.20,
in each spectral gap (Eaj_1, Ea;), 1 < j < g, shows that the number of eigenvalues in
the gaps is finite as well.

(iii) follows from (i) since o(H,) is purely absolutely continuous (cf. ) O

2.2 The transformation operator

We define the kernel of the transformation operator as the Fourier coefficients of the
Jost solutions ¢4 (w, n) with respect to the orthonormal system given in Lemma [L.11]

{tq,+(w,n) }nez,

1
Ki(n7m) = 277” ol

P (w, n)tg = (w, m)dw(w). (2.9)
Since 94 (w,.) have the same value on the (with respect to the real axis) symmetric
points of the slits [w(\;), w(E2j41)], the functions ¢4 (w,n)g +(w, m) have equal
values on the slit sides Sy + and

g
% ( Vi (w,n) g, (w, m)dw(w) +
k=1 N7 Sk+

Y (w, )£ (w, m)dw(w)) =0.

(2.10)
The functions ¢+ (w,n), ¥q+(w,m) are holomorphic in W and continuous up to
OW\{w(p;}. By the Cauchy theorem, Ky (n,m) equals the residue at w =0,

Sh._

Kyi(n,m) = ReSQ%Q/Ji (w,n)g,+(w, m).

In particular, since ¥4 (w, n)g +(w,m) = O(w*™=™)) | we conclude

Ki(n,m)=0, +(m—n) <0. (2.11)
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Lemma 2.6. ([16]). Assume H][2.1l The Jost solutions ¢+ (w,n) can be represented

as
+oo

Yy(w,n) = Z Ky (n,m)g+(w,m), |w] =1, (2.12)

m=n

where the kernels Ky (n,.) satisfy Ky (n,m) =0 for +m < +n and

+oo
Kenm)|<C 3 (lal) — (i)l + BG) b)), £m>+n. (213)

_7:[ m;»n ]:tl

The constant C' depends only on Hy and the value of the sum in ,

Proof. We prove the estimate for K (n,m) and omit ”+” and ”z” whenever possible.
Define ¢(n) = ¥(n)K(n,n)~t, then ¢ fulfills
a(n)? .
2p(n) = 2 Ty (0 + 1) T hm)e(n) + ag(n = Le(n —1) =: (He)(n).
q

We abbreviate

and proceed for (H, — z)p = (H, — H)y as in the proof of Lemma

oln) = ()~ ilf«qm,m)((m—mw(m)
= o+ 3 SR ametn 1)+ b))
= wm+ mi T m)p(m).
where
J(z,m,m) = a(m — 1)‘9(12’(’;;7f 1)” b(m) S’IZ’(’;;T )

therefore

Zf-@nqu ZJnqu Z ZJnm (m, 1) (1).

m=n-+1 m=n+1l=m-+1
(2.14)

Multiplying both sides of (2.14) by v, — (k) and integrating over the unit circle yields

oo

k(n, k) = Z T'(n,m,m, k) Z Z (n,m,l, k)k(m,1), (2.15)

m=n+1 m=n+1Il=n+1
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where 1
Dl k) = 5 [ m) w0, (0, K)dw),
|w|=1

2mi

Using [48], (1.50),

5q(n,m) . ¢q,+(m)¢q,—(n) - wq,+(n)¢q,—(m)

a(m) W (g, ++%q,-) ’
we obtain
T(n,m, 1, k) = b(m)Ty(n,m, 1, k) + a(m)Cy(n,m — 1,1, k)
with
Ly(n,m,l,k) = To(m,n,l,k)—To(n,m,l, k),
1 7/}(1,+(wan)¢q7—(w7m)wq7+(wvl)w(17—(w7k)
L) = — d
FO(n7m7 ) ) i () W(wq,Jrqu,f) W(U))
_ / Vg1 (2,1) g — (2, m)Yg 1 (2, )y, — (2, k) H(Z*:“j)dz
W (g4, 1q,~) R%?%Z( )
_ wq-ﬁ- ;N 1/),1_(2’ m)wq, (z,l)¢q,_(z,k)
- 2m/ W (s o, )? . @19

Here v is a path on the upper sheet encircling the spectrum. The integrand of Iy
is meromorphic on the Riemann surface M with poles of order one at E; and poles
of order O(z*(=m+!=F)=2) near oo (there are no poles at the Dirichlet eigenvalues
;). We apply the residue theorem twice, first on the side of v including oo, then
on the other side including the spectrum (and thus co_)

Lo(n,m,l,k) = —Rese, wq,+(n)1$,(w(ﬂ1)1/$,+()lgwq, o
q,T7 vq,—
2g+1
B Vg, + (M) Yg,— (M)hg,+ (D)g,— (k)
= (Resoof + jgo ResE].) ( 4 W;(¢q,+,%/;1q,—)2 4 ) .

The order of the poles at co4 implies

2g+1

Vgt (Mg — (M)g.1 (Dtbg,— (k) _ B
Lo(n,m, k) = ;0 Resg, W (Bt g ) n—m+1l—k<0
0 n—m+1l—k>0,

which shows that T'g(n,m, [, k) is real and bounded since ¢, 4 (E,.) = 94 _(E,.) are
(if u; = Ey, use (B3)). Together with (2.16) this yields

FO(na m, l7 k) = —Fo(m, n, k7 Z) = —Fo(m, n, ka l) = —Fo(n, m, klv l)
Moreover,

Ly(n,m,l, k) =0, l—k>|m—n|
Fq(namvl7k) = 7Fq(m7nakal) = F(I(nvm7kal)7
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which then implies

2g+1
: _ Y1 (M)Yq.— (M)g.4 (Dhg. - (k) _ _
T, (n,m,l, k) = sign(n m>g;)ReS W (Wa s %, )2 1=kl < |m —nl
0 |l — k| > |m —n]
(2.17)
and I'(n,m, 1, k) = 0 for [l — k| > m—n if m > n. Note that the residue at E; is given
by
21T} — u)?
Hll;éjl(Ej El) ¢q (Ejv n)i/}q (Ej7 m)l/iq (Ej’ l)l/)q (Ej7 k) (2'18)
Now we obtain for x(n, k)
k(n, k) = Z I'(n,m,m, k) + Z Z (n,m,l, k)k(m,1) (2.19)
m=n+1 m=n+1l=m+1
(%) o m+k—nm—1
= Z L'(n,m,m,k) Z Z L(n,m,l, k)k(m,l),
m:[nTJrk]Jrl m=n+1l=n+k—m+1

since I'(n,m, m, k) # 0 only if |m — k| < m — n implying m > 2% In the third sum
of (2.19) we need that |m + & — k| < m —n for § > 1 which yields § < k —n and
0 > n+k—2m. Two remarks might be in order: m+k—n—1>n+k—m+1 since
m—n > n—m-+2, and the starting point [ = n+k —m+ 1 of the third sum actually
has a lower limit, namely m < "74'12 since we require [ > m + 1 for x(m,l) # 0, 1.
Note that

Z F(n7m7m7k) < D Z ‘E(m) +d(m)| = d(nT—HC)?
m=["FE] 41 m=["FE] 41
m+k—m—1
Z ID(n,m,1,k)|| < D(m—n—1)b(m)+a(m)| =:&m) € ((Z,R),
l=n+k—m+1

where D is the estimate provided by (2.17)), (2.18)). We set up the following iteration
procedure

o0

ko(n, k) = > T(n,m,m,k),
m:["TJf’“]Jrl

[e%) m+k—m—1

Ri(nk) = ) > Tmm, L k)kj_1(m,1)

m=n+1l=n+k—m-+1

and claim

ki (n, k)| < G(2EE)
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This follows from

%) m+k—m—1 00 . j
ik < Y > (nm, L k)lg (;l)w
m=n+1l=n+k—m+1 .
< 5> é(”*’;“)( > é(z‘)) &(m)
" m=n+1 i=m-+1
(n+k) e’} [e%) o j+1 00 » i1
< Gr .Z (Z ) (X )
G+ &= \\& A
s
(j+1)' m= n+1
where we have used ¢(n + 1) < ¢(n) and

(S + s)7*! — §iH1 = gitl ((1 + %)M - 1) — 557 :O (1 + %)l > (j + 1)sS

with s = é(m) >0, S =372 .| &) > 0. Hence the iteration converges and implies
the estimate

oo

Z kj(n, k)

Jj=0

|K(n, k)| = < (") exp < > @(m)>~ (2.20)

Associated with K (n,m) is the operator

(K+f)(n ZKinm m),  felX(z),

which acts as a transformation operator for the pair 7, 7,.

Theorem 2.7. Let 7, and T be the quasi-periodic and perturbated Jacobi difference
expression, respectively. Then

Kef =Ksref, [ elZ(Z).

Proof. It suffices to show that HKy = K1 H,. Indeed,

HKi(n,m) = 2% | ‘_1Hwi(wm)%;(w,m)dw(m
1
= 2 S Aw) s (w, n)hg, 5 (w, m)dw(w)
1
= 5= Iw‘ZI%Di(w,n)ququF(w,m)dw(w). (2.21)

O
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Corollary 2.8. Forn € Z we have

aln)  Ki(n+1ln+1) K_(n,n)
aq(n) N KJ,.(TL,TI) B K-(ﬂ—l—Ln—{—l)’ (222)
_ K (nan+1) K (n—l,n)
o) =blo) = ) = ey~ VR =T
_ _pE-@n-1) o K (n+ln)
= g(n—1) K_(n,n) al )K_(n+1,n+1)7
and .
T 2" koK (n,n) (2.23)

m=ce (M)

Proof. Consider the equation of the transformation operator HKy = K4+ H,, which
is equivalent to (cf. (2.21))

a(n —1)Ki(n—1,m) +b(n)Ki(n,m) + a(n)Ki(n+1,m) =

ag(m — 1)Ky (n,m —1) + b,(m)Ki(n,m) + ag(m)Ky(n,m+1).
Evaluating at m = n we obtain the first equation and at m = n F 1 the second.
Equations (2.22) then imply
aq(j) ba
EALEAS K_(n,n)=
a(j) ) = 11

j=—o0

aq(j)
()’ (2.24)

K+(n7n) = H

and
K+ (n’ TL)

K+(nan+1): a (’I’L)

D7 (bg() = b()),
j=n+1

D7 (bg(5) — b())-

j=—00

K_(n,n)

K _(n,n—1)= a(n=1)

O

Remark 2.9. As absolute convergent sums of g +(2,.) the Jost solutions ¥4 (z,.)
have the following behavior as z — oo (use (1.43))

el N %1 "
o) 10)<IL=0 0)) <1+(Bim)iE:bU——ﬂ)i+(X;20,(22@

= n
Ai z =

where

A = TT22 Bam= Y 646) - 00)),

j=n aq(j)’ j=n+1
n—1 a() n—1
Aw = II 255 B-= 3 (tali) = b0))

In terms of w,

n—1 . +1
Yi(w,n) = (-1)" (M) wi"( ! +O(w)), w — 0. (2.26)
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In the notation introduced above,

Ki(n,nt1)=

2.3 The scattering matrix

Let H, be a given quasi-periodic Jacobi operator and H a perturbation of H, satisfy-
ing Hypothesis H To set up scattering theory for the pair (H, H,) we proceed in
the same manner as for the free Jacobi operator associated with constant sequences
a(n) = 1/2, b(n) = 0 (cf. [48], Chapter 10). In the case of periodic background, the
scattering matrix has been set up in [45], see also [15].

The first step is to show linear independence of the Jost solutions 4 (), ¥ ()
for A in the interior of o(H,). The Wronskian of ¢4 () can be evaluated as n — £oo

W@+ (A),¥£(A) = We(g+(A),vq,5())
= ag(0)(¥g,x (A, 0)0q,1(A, 1) = Pg,£ (A, 1)1hg,£(A, 0))

Ry (M)
= F=pF, A€ o(H,). (2.27)
]9‘:1()‘ — 1) !
It coincides with the Wronskian of the Floquet solutions in the periodic case
W(Wp,£(N),p s (N) = ap(0)(ms(X) = mx(N)) (cp(X, 1)sp(A, 0) = ¢p(X, 0)sp(A, 1))
__20,(0)(AN? -~ 1)12
sp(A, N)
2N -1
A= E;
= iHJ_O L. Aeo(H,).

5 = )

Hence 11 (N), ¥+ (A) are linearly independent for A in the interior of o(H,) and we
consider the scattering relations

Ve (AN n) = aN): (N, n) + BN\, n), A€ a(H,), (2.28)
where
W(p£(A), v£(N) I (N = ny)
a(d) = = W (h_(N), YL (\), 2.29
N W) | w229
W(w:F(A% P1(N)) ?:1()‘ - Mj)
A) = = 7L W (W= (N, YL (V).
Be(N) W(bs (V). 0 0)) T Rééiz(k) (Wx(A), ¥+ (V)

While a(A) is only defined for A € o(H,), the right hand side of (2.29) may be used
as a definition for A € C\{E;}. Therefore a(w) can be continued as a holomorphic
function on W and it is continuous up to the boundary except possibly at the band
edges.

Remark 2.10. Note that a()\) does not depend on the normalization of 11 () at the
base point ng = 0 whereas B+ = B+ o does. Using

wi(za n, nO) = '(/)%i(zv ”0)_17/&(27 n)
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and
W4 (A ) =TT 522w (0 O mo), (o)
we see B b= (o)
B+o(A) = TN )ﬂi no(A)-

A direct calculation shows

a(w) = a(w), B+ (W) = Bx(w) = —fx(w), |lw| =1, (2.30)
and the Pliicker identity (cf. [48], (2.169)) implies
a(w)|? =1+ |Be(w)]?,  |w|=1. (2.31)

The point spectrum op(H) of H is finite and confined to the spectral gaps of H,
by Theorem [2.5] We will denote the eigenvalues of H by

op(H) = {Pj}?:r

They coincide with the zeros of the Wronskian,

op(H) = {z | W(y-(2), 9+ (2) = O0\{E; 725"

By - a(w) has simple zeros at p; and possible singularities at Ej.
Our next aim is to study the behavior of a()\) at the elgenvalues pj, therefore
we modify the Jost solutions ¢4 (A, n) according to their poles at p; and define the

following eigenfunctions ¢+ (X, .)

dr(N) = I =m0,
pEMy

by = I =m0 (2.32)
meM_\{E;}

Define z/}q,i()\,.) accordingly. Moreover, z/?i(pj,n) = ch/}jF(pj, n) with 07 c; =1
The norming constants v+ ; are defined by

I Z |¢i pj, ). (2.33)

Vg nez
We discuss the derivative of a(\) next.
Lemma 2.11. For A € C\o.ss(H),

d -1
aa()\) =

Wq('@[]q,f()\%wqﬁr()‘)) j% (d)-ﬁ-(/\’.])d)— ()‘7]) - Q(A)¢q,+()\7j)¢q,—(>\aj))

= —a(N) Z (G()\ﬂ% n) — Gq()\,n,n)),

neZ

where G(X, .,.), Gq(A, .,.) are the Green functions of H, H,.
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Proof. We claim that

n w(A) TPy £ (A, n), n — +o0,
w(AF 1/&()\771) = { a()\)w()\)q:!:an,:t()\yn)7 n — Foo, = (C\Uess(H)-
(2.34)
The first equation follows from . To obtain the asymptotic behavior of 14 (n) as
n — —oo (the case for n — oo follows similarly) we recall

oy = L=t A8 0 05w o).
R25/1+2()\)
By (2:27),
Wy (- (Nt (V) = W (A), 5 (). (2.35)

For n — —o0,
lim W, vy) = lim (W, 4)

= (ag(n) — a(n))(¥—(n)+(n+ 1) —¢_(n+ 1)¢+(n))>
= lim Wq(¢-ﬂ/’+)a

n——oo

since the Wronskians are bounded and independent of n (if A = p;, use L/Aji instead

of ¢y ). Therefore is equal to
lim W (¢q,—(A), a(M)tg,4(A) — ¥4 (A,n)) = 0.

Asymptotically,
wqﬁ ()‘7 n)¢+()\7 n) = Cwq,*()‘v n)¢q,+(>\a n) (1 + O(l))7 n— —oo,
and
T Wy (1 (), @AWy 1 (V) — g (A,m)) = 0
shows C = a()\), that is,
wX) " (A1) = aMNwN) Mg (A ) (1+0(1)),  n— —oo.

Green’s formula implies ([48], eq. (2.29))
W@ (A 02 (0) = Wona (81 (), 02 (N) = D0 e A=A g), - (2:36)

hence the derivative of the Wronskian can be written as

W (0, () = Wa (6 (), 0 (X)) + W (- (0,6 () (237

= WL () s (N) + Wm0 04 () = D o (A )v-(A4).
j=m+1
We use to evaluate the limits for m — —oo, n — oo as before
Wm (1/1/_ (>‘)7 1/’+(/\)) = O‘()‘)Wm(qz[};,— (A)7 wq,+(/\))a m — —00,
Wa(W—(A), (V) = aN)Wa(e,—(N), g +(N), 1 — o0,
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and transform W, again using
Win (0~ (V) 0,4 (V) = Wi ()~ (N g s V) + D g e (A58~ (A, )
j=m+1

Collecting the terms together we obtain

WG, 0r () = =3 (B4 (A g) = alW)yt (), (1,9))
JEZ

FaN Wy (g, (N)thg,+(V)-

With obvious notation,

d d W 1/ 1,
e = 5G) =G W
w! 1
— _ q W N B - _ W/
w2 Wq( J% (V40 = @yt ) +aW)
1
= _Wq : <¢+¢f —Oﬂﬁq,ﬂﬁqﬁ)-
JEZ
O
Corollary 2.12. The derivative of a(X\) at the eigenvalues p; is given by
d -1
—a(\)| = ) (2.38)
dA i cEye iRy (p))
Proof. Use (2.27) and a(p;) = 0, that is,
g -
ia)\ :_M Y_(p;, )y (pj,n). 2.39
d\ 1/2 J J
pi Royio(pi)  nez
Now apply (2.33). O
Remark 2.13. (i). Note that
LW 00| == 3 0oy ks (. F) = (2.40
d\ — ) ¥+ py = —\Fg» +\Fj3> C;-t’yi’j. .

(ii). Equation gives a connection between the left and right norming constants

-1
(e (p;))? Rag+2(p;)
As a last preparation, we study the behavior of a(w) as w — 0. By ([2.26),

WW— (w>7 1/J+(w)) = a(O) (w— (wa O>w+(wa 1) - (wv 1>¢+(wa 0))

1
Zdw_l +0(1)

V+.iV—i = (2.41)
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where we abbreviated A = A_(0)A(0). Moreover,

Ry (\(w))
7 (Aw) — X))

Jj=1

therefore a~!(w) is bounded at 0 with

a(0) = % - 1I aa(J), (2.42)

We now define the scattering matrix

_( Tw) R_() _
sw=( m T ) =t

where T(w) = a~}(w) and Ri(w) = a~1(w)B+(w) are called transmission and re-

flection coefficients. Equations (2.30) and (2.31)) imply

Lemma 2.14. The scattering matriz S(w) is unitary. The coefficients T (w), Ry (w)
are bounded for |w| = 1, continuous for |w| =1 except at possibly w; = w(E)), fulfill

T+ [Re(w) = 1, Ju|=1, (2.43)
T(w)Ry(w) + T(W)R-(w) = 0, |lw| =1, (2.44)

and T(w) = T(w), R+(w) = Ry (W) for |w| = 1.
Moreover, Ré_{fm (w)T(w)~1 is continuous (in particular, T(w) can only vanish at
wy) and

Belo)fl — 0, wy # w(py)

. 1/2
lim RQ_(/H_Q(w) )

w—w;
. 1/2 w)— : (2.45)
Jim By (w) B =0, w = w(py)

The transmission coefficient T'(w) has a meromorphic continuation to W with
simple poles at w(p;),

2
(Resp, T(A)™ = 74,57-.5 Rag+2(p5)- (2.46)

Moreover, T(z) € R as z € R\o(H,) and

- 1 _ 17 .2U)
o) = K,(n,n)K_(n,n) H )’

where K4 (n,n) are the kernels of the transformation operators.

Proof. To show ([2.45) we use definition ([2.29)),

LW = (o) + A ) RS 0)

= JIO =) (W (-, 04 () F W (w5 (A), (V).
j=1

There are two cases to distinguish: If p; # Ej, then ¢4 are continuous and real
at A = E; and the two Wronskians cancel. Otherwise, if pu; = Ej, ¥4 are purely
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imaginary (by property (B3) of the Jost functions) and the two terms are equal in
the limit

lim ] J(A = pg)W (- (A), ¥+ (N) = (= D'a(n)(C-(n)Cy(n+1) = C_(n+1)Cy (n))

)\_’Hj

They add up to

2 lim H A= ) )W (W_(A), 04 (N) =2 lim M
Ty AT T T
O
The sets
Si(H) = {Re(w),|w| =1; (pj,y+;),1 <j < q} (2.47)

are called left /right scattemng data for H.

We have already seen that we can compute S_(H) from S (H) and vice versa
with formulas (2.43), (2.44), and if the transmission coefficient T'(w) is known.
Thus our next aim is to show that the transmission coefficient can be reconstructed
from either left or right scattering data.

Let g(w,wp) be the Green function associated with W and let

e'de, wo = €', (2.48)

—g(w, rel?)
r=1-

or
be the corresponding harmonic measure on the boundary (see, e.g., [52]). Since Wy is
simply connected, we can choose a function h(w,v) such that g(w,wp) = g(w,wp) +
ih(w, wg) is analytic in Wy. Clearly § is only well defined up to an imaginary constant
and it will not be analytic on W\ {0} in general. Similarly we can find a corresponding
v(w,wp) and set fi(w,wo) = p(w,wp) + iv(w, wp).

p(w, wo)dwy =

Lemma 2.15. ([16]). Either one of the sets S+ (H) determines the other and T(w)
via the Poisson-Jensen formula

q
1
) = exp Z w,w(pj)) | exp f/ In(1 — |Ry (w)|*)f(w, w)dw |, (2.49)
= 2 Jjw|=1
where the constant of § has to be chosen such that T(0) > 0, and

R(w) _ T — (Res,TO))"
R (@)  T(w) T (s - B

Proof. Tt suffices to prove the formula for T'(w) since evaluating the residua provides
v+,; together with {p;} and {E;}. The formula for T'(w) holds by [53], Theorem 1,
at least when taking absolute values. Since both sides are analytic and have equal
absolute values, they can only differ by a constant of absolute value one. But both
sides are positive at w = 0 and hence this constant is one. O

Note that neither the Blaschke factors nor the outer function in (2.49) are single
valued on W in general. In particular, the eigenvalues cannot be chosen arbitrarily,
which was first observed in [32].
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2.4 The Gel’fand-Levitan-Marchenko equations

In this section we want to derive a procedure which allows the reconstruction of the
Jacobi operator H with asymptotically quasi-periodic coefficients from its scattering
data Sy (H). This will be achieved by deriving an equation for Ky (n,m) which is
generally known as Gel’fand-Levitan-Marchenko equation.

Since the kernels K (n, m) are essentially the Fourier coefficients of the Jost solu-
tions ¢4 (w,n) we compute the Fourier coefficients of the scattering relations (2.28)).
Therefore we multiply

T(w)ypz(w,n) = Y+ (w,n) + Ry (w)+(w,n) (2.50)

by (27i) ~14by + (w, m)dw, where £m > £n, and integrate around the unit circle. First
we evaluate the right hand side of (2.50]) using (2.9)

1

i | ‘:1¢+(w7n)¢q7+(wvm)d‘u(w) - K+(n,m), (251)
o R ) = 3K, DF ),
w|=1 I=n
where )
Frum = g [ Rt (00 o) (2.52)

Note that Ft(I,m) = F*(m,1) is real.

To evaluate the left hand side of we use the residue theorem. Take a closed
contour in W and let this contour approach 0W. By Lemma the function
T(w)Y—(w,n)g 4+ (w, m) is continuous on {|w| = 1}\{w(E;)} and meromorphic on
W with simple poles at w(p;) and a pole at w = 0 if m = n (for m > n it is bounded at
0). The function T'(w)— (w, n)Yq +(w, m) has equal values on the slit sides, therefore
the integral along the slits contributes nothing except at the poles w(p;) (compare
(2.10)). The poles at w(p;) cancel with the zeros of dw at this points. In summary,
the only poles are at the eigenvalues p; and at w = 0 if m = n, hence

7 ) - ()t () (10, ) o)
es (>‘ n)"/}q +()‘ m)
K+ n,n) ZR p]< R%éiz(/\) ) (259

Here 6(n,m) is one for m = n and zero else. Note that

Resy—w, F(w) = lim (w—wo)F(w) = lim w(z) = wiz)
w—wWo zZ—Z20 Z— 20

= w'(z0)Res,=z, F(w(z)),

(2 = 20) F(w(2))
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if the second limes exists. By (2.38) the residua at the eigenvalues are given by

Res, (T(WQ fﬁ% )

= Jim () TR
1[’ (P )l[;q+(pj7m)
o (pj) 2g+1 Vi — Ei
= yyscivo (pjvn)'l[)q,Jr(pjam)
= ’Y+,j¢+(ﬁjan)12)q,+(f7jam)~ (2.54)

Collecting all terms yields

+oo
Ki(n,m)+ Y Ki(n,)F*(l,m) =

l=n

o(n,
Ki(n n) E Y+ ﬂ/’i Pi» )¢q +(pj,m)
and we have thus proved the following result.

Theorem 2.16. The kernels Ki(n,m) of the transformation operator satisfy the
Gel’fand-Levitan-Marchenko equation (GLM-equation)

+o0

d(n,m)
+ _ )
Ky (n,m) + ;Ki(n,l)F (1,m) = Kein]’ +m > +n, (2.55)
where .
Fi(l7 m) = Fi (17 m) + Z ’Yi,j’([)q,i(pj: l)’(Z)q,i(pjﬁ m) (256)
j=1
and .
FE(l,m) = 27”/| R0 Dt ) o) (2.57)
w|=1
Defining the Gel’fand-Levitan-Marchenko operator
+oo
Fif(G) =) _Frn+lLn+j)f1),  felP(Ny),
1=0

yields that the Gel’fand-Levitan-Marchenko equation is equal to
(1+FEHKL(n,n+.) = (K+(n,n)) 5. (2.58)

Our next aim is to study the Gel'fand-Levitan-Marchenko operator F¥ in more
detail. The structure of the Gel’fand-Levitan-Marchenko equation suggests that the
estimate (2.13) for K4 (n, m) should imply a similar estimate for F*(n,m).

Lemma 2.17.
+oo
FEmm) < 30 (laG) = o)+ 1bG) — b)), (2:59)
J=["F ]+l

where the constant C' is of the same nature as in .
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Proof. We abbreviate the estimate (2.13)) for K (n,m) by

|Ky(n,m)] < CCy(n+m) (2.60)
where
Ciln+m)= Y i),  c(j)=lali) — agi)| + b(j) = bg(§)|-  (2.61)
J=l

Note that Cy(n + 1) < C4(n). Moreover, Cy € (! (Z,R) since the summation by
parts formula (e.g. [48], (1.18))

N N

> gm)(f(m+1)—f(m)) = g(N) f(N+1)=g(n—1) f(n)+ > (9(m—1)—g(m)) f(m)
- o (2.62)
implies for g(m) =m, f(m) = CL(m) that

S me(m) = (n—1C:(n) + 3 Ci(m), (2.63)

where we used

lim nCy(n+1) < lim Z mec(m) = 0.

Solving the GLM-equation (2.55)) for F'*(n,m), m > n, we obtain

+nm ; n,m 3 n + m
From) < s (1K IEPSNLC )

< C1(n)(C+(n+m)+ Z C+(n+l)}F+(l,m)|),

l=n+1

where C1(n) = C|K4(n,n)|"t — C for n — oo by (2.24). For n large enough, i.e.
C1(n)C+(2n) < 1, we apply the discrete Gronwall-type inequality ([48], Lemma 10.8),

2 GO+ m)Ca(n + 1) )

Ft(n,m) < Ci(n){Cy(n+m
Praml < i (Cuns Y GOt R)

e C1(k)Cy (n+1)
< Gi(n)Ci(n+m) (1 + l§1 [Tienir (1= Ci(n)C (n + k)))'

In summary we have
|F*(n,m)| < Cy(n+m)(Ci(n)+ O(1)). (2.64)
O

Corollary 2.18. The Fourier coefficients '+ (n,m) of the reflection coefficients
R*(w) satisfy

+oo
FEeml e > (laG) - ap(i)l+ bG) = by()1)-

=[5+
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Proof. Recalling 1) we see that the finite sum consists of the functions 1/3q7i(pj, n)
which are bounded at p;. O

Lemma [2.17] implies in turn

Lemma 2.19. Let F*(n,m) be solutions of the Gel’fand-Levitan-Marchenko equa-
tion. Then

S nl|FE(nn) - FEn+ln£1)| < oo, (2.65)
n=no
+oo
Z [n| ‘aq(n)Fi(mn +1) —ag(n—1)FE(n -1, n)| < oo. (2.66)
n=ng
Proof. We prove (2.66)) for F+ (F~ follows then analogously). Corollary [2.§] implies
b(n) — by(n) = ag(n)is.1(n) — ag(n — Vira(n - 1), (2.67)
where Ko )
. n,n-+J
Ki,j(n) = £Kq(n,n+j) = m

Abbreviate F j+ (n) = F*(n+j,n). With this notation the GLM-equation |D reads

5(1,0
K,1(n) ZH«H L+l = Kf(nai)?’ [>0.

Insert the GLM-equation for F(n,n+1), F*(n—1,n) (recall F™(n,m) = F*(m,n))
ag(n)Fy" (n) — ag(n — )F (n — 1)
= —aqn)ky1(n)+as(n—1)ky1(n—1)
=3 (A s (MF (1) = ay(n = Dy (n = DE 4 (m).

Since —aq(n)k41(n)+ag(n—1)ky 1(n—1) = by(n)—b(n) and > |n||b(n) —bye(n)| < oo
by Hypothesis H2.1] the only interesting part is the sum. For N, J < oo,

J
Z nz (aq n)k4 j(n thl(n +1) —ag(n— 1)Ky j(n— 1)th1(n))
N
= 33 n(agmre (EF (0 4+ 1) ~ ag(n — Vi s(n = DES (n)

J
= 3 (Nag(N)sy 5 (N4 (N +1) = (0 = Dag(no — sy 5 (n0 — DF} (o)
j=1

N

=3 agln = Dy = DE (), (2.68)

n=no

where we used the summation by parts formula (2.62)) with

g(n) =n,  f(n) =a,(n— s (0 - DET, ().
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Estimates (2.60)), (2.64) imply for the first summand

J
\ZNaq Jer g (NIEL (N 41| <3 INJag(N)ECL (2N + j)C1 (2N 4+ +1)
j=1
[N|ag(N)CC, (2N +1),

IN

which holds uniformly in J. Comparing (2.63]) we obtain that

Jim Nay(N)CCy (2N +1) =0.

Moreover,

i [ 33w sl - DEE )

jlnno

lim Z Z ‘aq Dk (n 1)Fj+_1(n)‘

N,J—o0
j=1n=ng

Z Z (n—1)CCL(2n+j)Cr(2n+j+1) <

Therefore |n||ag(n)F*(n,n+ 1) — ag(n — 1)F*(n — 1,n)| € ¢1(Z,R) as desired. To
apply Corollary - 2.8 for '~ use the symmetry property F'~ (n m) = F~(m,n). For
, inserting the GLM-equation yields

Ff(n,n) —Ff(n+1,n+1)

=K. *(n,n) — K *(n+1,n+1)+ Z (mﬁj(n + 1)Fj+(n +1)— mﬁj(n)F*(n)).

J
j=1
By (2.24),

K2 () — K2+ 1n+1)| < W 11 ;((jj))2|a(n)—aq(n)
j=n+1 9

< Cla(n) = aq(n)],

and the same considerations as above imply (2.65). O
Corollary 2.20. The Fourier coefficients F*(n,m) of R*(w) satisfy

+oo
Z|n|‘ﬁ‘i(n,n)—ﬁi(ni1,n:|:1)‘ < 00,

n=no

Z In|

n=no

ag(n)FE(n,n+1) — ag(n — 1)FE(n — 1, n)‘ < 0.

Remark 2.21. The Gel’fand-Levitan-Marchenko equation is symmetric in K1 (n,m)

and F*(n,m), therefore we can invert the analysis done in Lem and obtain

estimates for Ki(n,m) starting with an analogue of estimate 9) for F*(n,m)

and the estimates , (¢f. Lemma ,
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Theorem 2.22. The Gel’fand-Levitan-Marchenko operator F¥ : £2(Ng) — (?(Ny) is
Hilbert-Schmidt for all n € Z. Moreover, 1 + F¥ is positive and hence invertible.

In particular, the Gel’fand-Levitan-Marchenko equation has a unique solu-
tion and Sy (H) or S_(H) uniquely determine H.

Proof. That .7-' *+ is Hilbert-Schmidt is a straight forward consequence of our estimate
in Lemma W.l.o.g. we consider F,~ and the standart basis &, (j), then

Foon(j) = Ft(n,j).

Moreover,
> NFT 6 = ZZIFﬂlJ |2<ZZC+ (n+7)°
n=0 n= 03 0 n=0 j=0
0o 2
< Z Ci(n)Cy(j) = (ZC+(n)> < 00,
7,n=0 n=0

since C1(n+ 1) < Cy(n) and Cy € (2 (Z,R) (cf. ( -
Let f € (?2(Np,R) be real (which is no restrlctlon since F*(n,l) is real and the
real and imaginary part of (2.69) could be treated separately) and abbreviate

=> fGarwn+3),  falw) =" f(i)g+(w,n+ j).
7=0

§j=0
Then
STFOFEFFG) =D FG) D Fr(n+gn+1)f(1) (2.69)
=0 =0 1=0
= gt ) 3 TG o 4 DS D)
w|=1 4,1=0
3N P v kgt (oo + ) 4 (orom+ 1D (1)
k=1 j,1=0
=i |, B (o)
= ot [, Bl P + Zw,ufn(pm
wi=1 k=1
where R ) R
Ry(w) = Ry () fu(w) (@) ", |R(w)] = [Ry(w)]

The integral over the imaginary part vanishes since R, (w) = R, (W) and we replace
the real part by (recall |Ry (w)|? + |T'(w)]?> = 1)

Re(R(w) = g (114 Ra(w)? 1R (w)P)

= ST+ R )+ [T@)P) ~ 1 (2.70)
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Using
= 1
SUGP= 5= [ |uw)Pdu(w)
— YY) lw|=1
7=0
equation (2.70]) yields
S A+ FNS Z% k| (or) 2
j=0 k=1
1 .
o L (RGP T @) ) P,

which establishes 1 + ;& > 0. According to Lemma [2.14] |T'(w)|*> > 0 a.e., therefore

—1 is not an eigenvalue and 1+ F > ¢, for some ¢, > 0.
O

To finish the direct scattering step for the Jacobi operator H with asymptotically

quasi-periodic coefficients we summarize the properties of the scattering data Sy (H).

Hypothesis H.2.23. The scattering data
Si(H) = {Ry(w), lw| = 1;(pj,7+,), 1 < j < g}
satisfy the following conditions.

(i). The reflection coefficients Ry(w) are continuous except possibly at w; = w(E))
and fulfill
Ri(w) = Ry(w).
Moreover, |Ry(w)| < 1 for w # w; and

2g+1

1—|Re(w \2>CH w —wy)?. (2.71)

The Fourier coefficients F of R*(w) satisfy

+oo
FEn,m) < Y q(i),  aG) =0, lila() € £1(Z,R),

j=n+m

Z |n||}~7i(n,n) —Fi(n:lzl,n:l:l)‘ < 00,

n=no

Z In||aq(n) FE(n,n+1) —ay,(n — 1)FE(n -1, n)| < oc.

n=ngo

(ii). The values p; € R\o(H,), 1 < j < q, are distinct and the norming constants
Y+,5, 1 < j < gq, are positive.

(iii). The transmission coefficient T'(w) defined via equation extends to a single
valued function on W (i.e., it has equal values on the corresponding slits) and

satisfies
wli}}w(w*wl)% =0,  w #w(yy), 21
wlg{lﬂl(w_wl)RiT((ww)) L—o, wy = w(fy). '
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(iv). The consistency conditions

R+(m) = 7T(m)) ,‘Y"ﬁj fy—vj =

(RespjT(/\))Q

2g+1 :
lio (Pj - Ep)
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Chapter 3

Inverse scattering theory for
quasi-periodic Jacobi
operators

In this chapter we want to invert the process of scattering theory, that is, we want to
reconstruct the operator H from given sets S1+ and a given quasi-periodic Jacobi op-
erator H,,. If S (H) and H, are known, we construct F=(l,m) via formula and
thus derive the Gel’fand-Levitan-Marchenko equation, which has a unique solution by
Lemma [2.22] This solution

Ki(n,n) = (do, (1+FE)~1op)/?

1
(87, (L +F7) " do)

Kyi(n,n=+j) Ka(nn)

is the kernel of the transformation operator. Since 1 + F is positive, K4 (n,n) is
positive and we set in accordance with Corollary

Kin+1,n+1)

osl) = aymE L), 6.
B K_(n,n)

a—(n) aq(n)K_(n+1,n+1)’

bil) = bn) 4 ayli) ) g )

() = ) +agln— DI gy

Let H,, H_ be the associated Jacobi operators.

Lemma 3.1. Suppose a given set Sy (or S_) satisfies (H. Then the sequences
defined in satisfy

nlax(n) — ag(n)], nlbx(n) —by(n)| € L1(Z,R).

Moreover,
+oo

Yr(An) = > Ki(n,m)g+(\,m)

m=n
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satisfies TLpr = My, where Ky(n,m) is the solution of the Gel’fand-Levitan-Mar-
chenko equation.

Proof. We only prove the statements for the ”+” case. Define F*(n,m) by (cf. (2.56))

q
F+(l7m) = F+(l’ m) + Z’Y—s—,jd’q,—k(ﬂjv l)¢q,+(pj7m)-

j=1
Hypothesis H (i) implies
Frn,m)| <C S ) = Ciln+m), (32)
j=n+m
e}
Z In||F*(n,n) — FT(n+1,n+1)| < o, (3.3)
n=no
Z In||ag(n)F(n,n+1) — ag(n — 1)F*(n—1,n)| < oo, (3.4)
n=ng

since 1, + (pj,n) decay exponentially as n — oo and > 'y+,j1[)q7+(pj, .)1/qu7+(pj, .) form
a telescopic sum. Note that C(n+ 1) < Cy(n).

Set k4 (n,m) = Ki(n,m)K,(n,n)"1. As in the proof of Lemma we apply
the Gronwall-type inequality on the GLM-equation for m > n and obtain

ey(n,m)| < [Frn,m)[+ > |kp(n,)F (1 m)]
l=n+1

Ci(n+m)+ > Coll+m)ry(n,l)
l=n+1

= Co(l+m)Cy(l+m)
< Ci(n+m)+
+ ) z:zn;_lnézn-u(l_CJr(j"‘m))

< Ci(n+m)1+0(1)). (3.5)

IN

Now we have all estimates at our disposal to prove n|by (n) — by(n)| € ¢ (Z,R). By

definition (cf. (3.1)),
by (n) — by(n) = ag(n)res (m 1 + 1) — ag(n — s (n — 1,n).

We insert the GLM-equation for £ (n,n+1), k4 (n—1,n) and use estimate (3.4]), the
summation by parts formula, and estimates (3.2)), (3.5) in the same way as in Lemma

Similarly using (3.3) we see

o0

> Inl

n=no

Equation (3.1)) yields

1 1
K2 (n,n) B KZ(n+1,n+1)

‘<oo.

‘Kié% n)  K2(n +11,n+ 1)‘ - aq(1n)2 ( , ﬁ 2:((;));2) |ay(n)? — ag(n)?|.
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The product converges by (3.1) and therefore |n||ay(n)? — aq(n)?| € (1(Z,R).
Next we consider 14 (A, n). Abbreviate

(AKL)(n,m) = ag(n — 1)k (n —1,m) + a% (n)a; ' (n)r4(n + 1,m) (3.6)
—ag(m = 1)y (1, — 1) — ag(m)ss (m,m + 1) + (b4 (1) — bg(m)) s (n, m).

AK, = 0 is equivalent to the operator equality H{ K, = K H,, which in turn
implies that ¥ (A, n) satisfies Hit, = A\

Hypy = Hi Ky thg o = Ky Hythg o = Ky b = AK 4 9g 4 = My
To show that AK, = 0 we insert the GLM-equation into (3.6)) and obtain

(AK)(n,m) + i (AK ) (n,))FT(I,m) =0, m >n+ 1. (3.7
l=n+1

In the calculations we used
ag(n —1)Ft(n—1,m) +by(n)F*(n,m) + a,(n)F*(n+1,m) =
aq(m — )F*(n,m — 1) + by(m) F* (n,m) + ag (m) F* (n, m + 1)

which follows from ([2.56]). By Theorem equation (3.7) has only the trivial solution
AK, =0 and hence the proof is complete. O

Now we can prove the main result of this chapter.

Theorem 3.2. Hypothesis H is necessary and sufficient for a set Sy (or S_)
to be the left/right scattering data of a unique Jacobi operator H associated with

sequences a, b satisfying H[2.1]

Proof. Necessity has been established in the previous chapter. By Lemma we

know existence of sequences a4, by and corresponding solutions ¢4 (w, n) associated

with Sy (or S_). Hence it remains to establish a4 (n) = a_(n) and by (n) = b_(n).
Consider the following part of the GLM-equation

Oy(n,.) =Y Ki(n,)FT(l,.) € (L (Z,R).
l=n
Then by use of and Lemmam
S s nmpin () = 3 (X K0 DF0m) )y )

me”ZL meEZL l=n
1
= 5 (g [, P 0t m)
= > (Wg(w,m), Ry (w)y (w,n))thg,— (w,m)
MEZL

= Ry(w)y(w,n).
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On the other hand, inserting the GLM-equation yields for |w| =1

Z (I>+(na m)wq,—(wv m) -

meEZ
n—1 [e'S)
= Z D4 (n,m)y _(w,m) + Z [5(n,m)K;1(n, n) — Ky(n,m)
00 q
- Z Ki(n,1) Z Ve %+ (05, Dbg, 1 (s m)} Yg,—(w,m)
l=n Jj=1
n—1
= Z ‘b.;.(’fl, m)q/zq,_(w, m) + wq,—(wv n)K;l(’rL, ’I’L) - ¢+(w7 ’I”L)

_Z'Wrﬂm» pj7 Z"/’qu Pj, M ( )

(recall the definition of 4, + from (2.32)) and therefore

T(w)h_(w,n) = Go(wn) + Re()y(w,n),  |w] =1, (3.8)
where
w.n) = Yg,—(w, n) 1 ! nmw (w, m)
hlwm) = =) <K+<n gt 2
S 1 e L) BECY)

since Green’s formula (1.3)) implies for A € o(H,)

(A= pj) Z /(&Qu“l’(pj?m)qu*()\’m) = _anl(ﬂ;qﬁr(pj)vlﬁqﬁ()‘))

m=n

Similarly, we obtain

_ wq,+(w7”) ¢q+( )
hi(w,n) = T(w) ( () +mzn:+1 wﬁ( "
_ q w n Wn(wq,f( j)’wq,+<w))
;%,Jwi(m’ )%#(w,n)(x(w)pj)) (3.10)
with )
= > K- (nDF (l,m)
I=—c0
and

(A= pj) Z q/;q,—(pjvm)%},—&-@‘vm) = Wn(&q,—(ﬂj)ﬂﬂq,—&-(/\))a A€ a(H,).

m=—0o0
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For n € Z, |w| = 1, we see that hx(w™',n) = he(w,n), since K1 (n,m) and 4 (n,m)
are real. The functions hs(w,n) are continuous for |w| = 1, w # w(E;), since
T (w) is continuous on this set by the Poisson-Jensen formula (|IRL(w)] < 1
for w # w(E;) by H- ) and ¥g +(w, m) are continuous on OW\{w(p;)}. The
functions h;(w n) have a meromorphic continuation to W\{0} with the only possible
poles at w(p;) and w(p;). At w(p;) there are no poles, due to the zeros of T (w)
at w(p;). For w = w(y;), the functions hy (w,.) have the same type of singularity as
g+ (w,.). In summary, hy(w,n) have simple poles at w(u;) and are continuous at
the boundary except possibly at w(Ej).

To study the behavior of hy(w,n) as w — 0 we recall 27! = —w/a (1 + O(w)).
Lemma [1.15]implies for z — oo

WWN%ZyZW@J@):Hfgégﬂ%*@w"—U+OQD:“X”1*
olbaclpitnl) 205, e +0(h) -0( ),
and
Ej@inm%¢@mw;um=0@) 2 — o,
We conclude T:h:j 1
1

By (2.27),

(A — )

::]Q

lim W (y+(ps)s Ya- (V) = lim W (o (A), v,

A—

Il
-

2g+1

= [ vei-E. (3.11)
=0

Hypothesis H (iv) implies the following behavior of ﬁ; (A\,n) as A — p;

_ o W1 (Yg,£(p5), g, x (V)
am he(A\n) = +7+9+(pj,n) Jim ( - pj;T( )3
) L 2g+1
= e tx(pjn)(Res, T(N) " [[ vVei - Ei
=0
= Totod wi(pja )7 (312)
VF.4

where hy (X, n) are defined as in (2.32).
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By virtue of the consistency condition T'(w)R4 (w) = =T (w)R_(w) we obtain

hi(w,n) + Re(w)hy(w,n) =

! ) B
= ﬁ(wﬂw»”) + R;(w)%(w,n)) + ;(w) ("p:!:(wvn) + R:F(UJW:F(w,n))
_ w.n 1 Ry (w)R(w) Do) R+(w) Ri(w)
=Vl )<T<w>+ T(w) >”’“ ’ )< Tw) T(w))
= Yz (w,n)T(w), |w] = 1. (3.13)

If we eliminate R4 (w) from the last equation and (3.8]) we see

G(w,n) == T(w) Ry, L3 (w) (s (w,n)p_ (w,n) — he (w, n)h_(w,n))
L) - un(
Ry)% 5 (w)

for |w| = 1. Observe that G(w,n) = G(w,n) = G(w,n), |w| = 1, since hotpL —hrhy
and R, glﬁ( ) are odd functions for |w| = 1. The function G(w,n) can be continued

hi(w,n)y(w,n) fqpi(w,n)hi(w,n)), (3.14)

analytlcally on W since the difference IZ’-M[/ — h+h vanishes at the poles w(p;) of
by . Note that the product w+¢, and hence also h+h, do not have poles
at w(,uj). At w =0, G(w,n) = O(w) as Yyy_, hyh_, and T(w) have no poles at 0.
Moreover, since W is just the image of the upper sheet, we can extend it to a compact
Riemann surface W by adding the image of the lower sheet. By G(w,n) = G(w,n)
we can extend G to W by setting G(w,n) = G(w™!,n) for |w| > 1.
Now let us investigate the behavior at the band edges: If w; # w(y;), we obtain
by , , and real-valuedness of ¥4 at the band edges that

lim Ry, (w) [T w) — )b (w, ) (w0, )

w—w; -
J

Ry TL O — 1)

— Jim z (V£ + Ratps) Yz
1/2 A — L L
g PRI

If w, = w(py), we use Yx(w,n) = ilCx(n)(A(w) — p;)~"/? + O(1) and the same
calculation shows that

lim Ry)% o (w) [JAw) = )t (w, n) s (w, m)

w—w; -
J

1/2

:wlggm% [(Re + D)(=1)'T1C4 (n)C- (n) + 2(= 1) C1. (0)C— () + O(V/A = 15)]
— (1)1 (n)C_(n) Jim Ry (w) :ﬁ(‘% 0

by (2.72). Consequently, Rog42(w)G(w,n) is continuous at w = w; and vanishes
at the band edges. Thus the singularities of Réﬁz (w)G(w,n) at w; are removable.

Furthermore, Réﬁ_Q(w)G(w,n) is purely imaginary for |w| = 1 and real on the slits
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and hence must vanish at w; by continuity. So the singularities of G(w,n) at w; are
removable as well. Thus G is holomorphic on all of W and vanishes at w = 0, that is,
G(w,n) = 0 which implies (compare Remark

1},1210 ('(/)-‘r (wv n)'(/}— (w7 n) - h+ (w7 n)h— (w’ n))

=K, (n,n)K_(n,n) — (T(0)*Ky(n,n)K_(n,n))"* =0.

Using 1} we finally obtain from T'(0)? = (K4 (n,n)K_ (n,n))f2 that
at(n) =a—_(n) = a(n), Vn € Z.

It remains to prove by (n) = b_(n). We consider now equations (3.8) and (3.13)) at n
and n + 1. Proceeding as for G(w,n) we show that

T(w) Ry, 5 (w) (4 (w, n)d_ (w,n + 1) — hy (w,n + Dh_(w,n)) =
I1;(A(w) — 1)

R, (w) (hey (w,n+ Do (w,n) = oy (w, n) A (w,n + 1)) (3.15)

is a constant equal to —1/a(n), the only difference to the proof for G(w,n) = 0 being

that the term Rz_gllg(w)zﬁ+(w7n)zﬁ, (w,n + 1) does not vanish at w = 0. By |)
we have in fact for A — oo

1,1 - ‘ - ‘ 1
a(n)p+ (A, n)Y_(A,n+1) = M7 (B+(0) +Z by (j)+B-(0)— Z b(])> +O(X)a
j=1 j=0
(3.16)
where A = A, (0)A_(0). Equation (3.15)) yields
W(wv Tl) = a(n) (1Z)+(’LU, n)%//— (w7 n+ 1) - h+ (wv n—+ 1)h— (UJ, n))
By
T(w) [T;(Mw) = p5)
and computing the asymptotics at w = 0 (compare (3.16])) we see
1
0= W (w,m) ~ W(w,n —1) = (b (n) ~ b_(n).
In particular, by (n) = b_(n) = b(n).
Our operator H has the correct norming constants since (2.39) shows
L 2g+1
Y dilp )b (pjn) = (Res,, TV) [ Vos — B (3.17)
nez 1=0

and by (3.12),
Z (/e (pjﬂ Tl)”(/):t (pjv 77,) - ’73;71]
nez
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Chapter 4

A simple example

We want to illustrate our results and in particular the statements of Lemma [2.14] by
explicitly computing the relevant functions of scattering theory for a simple example.

For the background operator we take the periodic Jacobi operator with period
N = 2 associated with a,(n) = 1 and b,(2n) = -1, by(2n +1) = 1, n € Z. Let
the fundamental solutions ¢, s of the Jacobi equation satisfy the initial conditions
c(z,1) = 8(2,0) = 1, ¢(z,0) = s(z,1) = 1, then ¢(z,2) = —1, s(2,3) = 22 — 2, and the
Hill discriminant is equal to

22 -3

A(z):%(c(z,2)+s(z,3)): —

Moreover,

A2 —1= i(% S —1) = 334(2)

yields Ri/Q (z) =—Vz+ V5vzZ+ 1z — 1V z — /5. The spectrum of H, is therefore

given by
o(Hy) = [-V5,-1]U[1,V5].

Since s(z,2) = z — 1, we obtain for the Dirichlet eigenvalue g =1 = E5 (cf. (A.3)).
The Floquet multipliers
RL/2
mE(z) = A(z) + 4T(Z)
are used to calculate the Weyl m-functions

ComE(z) —c(2,2)  2-1x Ri/Q(z)
e (2) = s(z,2) B 2(z—1) ’

which are unbounded at z = 1 = F5. The Floquet solutions are of the form
VYox(2,2n) = (mE(2))",  hgs(2,2n+ 1) = ms(2)(mE(2))", neZ.

Since 14,4 (2,2n)q —(2,2n) =1 and g 1 (2,2n+ 1)y —(2,2n+1) = (2 +1)/(z — 1),
the Dirichlet eigenvalues are given by p1(2n) =1 and p1(2n+ 1) = —1 for all n € Z.

Now we perturb our operator at n = —1, namely we set a(n) = 1, b(n) = by(n)
except for b(—1) = 14 b. The Jost solutions 9+ of Hu = zu satisfy ¢4 (n) = ¢4+ (n)
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for n >0, ¥_(n) = ¢4, (n) for n < -1, and
. 2-1-R(2)
1/}_;'_(2’771)—77?,_(2)— 2(2_1) )

- o (+2b RP(2)b
V(2,00 =1 =bm " (2)g,—(2,1) =1 = *2<4z—1>'

For example, the limits at the band edge Fs = puy = 1 are given by

lim Vz =1y (z,-1) =iV2, lin, Vz—11_(2,0) = ivV2b.

We compute the Wronskians

/2,
W (2), 95 (2) = 5 A,
. /2,
W ()0 () = EHHITE),
_ 20z +1)b
(z = D(z2 =3~ R{*(2))
5 L2 3 pi/2,
W (2), 9 () = - EEHE AR O

and the coefficients B4

o (=41 2 1
Bale) = 31/2(z)<z233i/2(z)> '

The transmission coefficient

1/2
1/2
(z+1)b+ R,/ (2)
satisfies lim,_, o, T'(z) = 1. The reflection coefficients involve more terms
2(z+1)d
R"F(Z):_ 1/2 ( ) 1/2 )
(22=3=R,/7(2))((z+ 1)b+ Ry'"(2))
2
P ANCE 1)(=*> -3- Ry (z))b7

2(z + 1)b+ 2R} % (2)

but we obtain the desired result of Lemma [2.14]

. 1/2 Ri(Z) + 1

lim R () =7 = =0 e=Vh L,
o2, (Re(z) -1

l:nll R,/ (2) o 0.

To illustrate the proof of this result in Lemma where we considered

R () T = T = ) (W (6= (21,04 () F W (5 (). 02 0).
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we compute the limits for z — uy = Fo =1

Tim (= DWW (2), 94 (2)) = 25,

lim (2 = DW (Y= (2), 5(2)) = F20,

as well as for z — Fg = —/5

dim (z = DW_(2) v (2) = £ T (2~ DW (), 2 00) =

On the other hand, one can verify (4.1) directly by

Ri(2)+1 _(1+2)b RY*(2)b
) T2 T ae-
and
Ri/z(z)Ri;?l;_ L Ri/z(z) + (a —;Z)b (£5F2%— Ri/z(z)),
RIS - R 2 R (2152 R))
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Chapter 5

Inverse scattering transform
for the Toda hierarchy

5.1 Introduction to the Toda equation

We only give a brief overview here, for a detailed description we refer the reader for
example to [7], [48], [49].

In 1955 Enrico Fermi, John Pasta, and Stanislaw Ulam [I8] considered a simple
model for a nonlinear one-dimensional crystal describing the motion of a chain of
particles with nearest neighbor interaction. The Hamiltonian of such a system is
given by

H.0) =Y (L v+ 1.0) — gnr),

neZ

where g(n,t) is the displacement of the n-th particle from its equilibrium position,
p(n,t) is its momentum (mass m = 1), and V(r) is the interaction potential.

Restricting the attention to finitely many particles (e.g., by imposing periodic
boundary conditions) and to the harmonic interaction V(r) = g, the equations of
motion form a linear system of differential equations with constant coefficients. The
solution is then given by a superposition of the associated normal modes. It was
general belief at that time that a generic nonlinear perturbation would yield to ther-
malization. That is, for any initial condition the energy should eventually be equally
distributed over all normal modes. To investigate the rate of approach to the equipar-
tition of energy Fermi, Pasta, and Ulam [I8] carried out a computer experiment at
Los Alamos. But the experiment indicated, instead of the expected thermalization,
a quasi-periodic motion of the system! It was not until ten years later that Martin
Kruskal and Norman Zabusky [58] discovered the connections with solitons.

This had a high influence on soliton mathematics and led to the search for a po-
tential V' (r) for which the above system has soliton solutions. Considering additional
formulas for elliptic functions Morikazu Toda came up with the choice

Vir)=e " +r—1.

The corresponding system is now known as the Toda equation, [50], [51].
This model is of course only valid as long as the relative displacement is not
too large (i.e., at least smaller than the distance of the particles in the equilibrium
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position). For small displacements it is approximately equal to a harmonic interaction.
The equation of motion in this case reads explicitly

__9H(p,q)
%p(m = - dq(n,t)
= e_(Q(n7t) _q(n_ lat)) _e_(q(n+1at) _Q(nvt))7
%q(n,t) = %7;((5’;])) = p(n,t). (5.1)

The important property of the Toda equation is the existence of so called soliton
solutions, that is, pulslike waves which spread in time without changing their size
and shape (cf. [49]). Existence of soliton solutions is usually related to complete
integrability of the system. To see that the Toda system is integrable we use Flaschka’s
variables ([20])

a(n,t) = %e_(Q(n +1,1) - q(n,t))/27 b(n,t) = —%p(n,t).

Then (5.1]) yields

<

—
~

=

a(t) (b () — b(1)),
b(t) = 2(a(t)2—a—(t)2), (5.2)

where we have used the abbreviation f*(n) = f(n+1). To show complete integrability
it suffices to find a Lax pair, that is, two operators H(t), P(t) such that the Laz
equation

d

aH(t) = P(t)H(t) — H(t)P(t) (5.3)
is equivalent to . It turns out that the right choice is
H(t): ((2) — *7)
fn) — an,t)f(n+1)+bn,t)f(n)+aln—1,t)f(n—1)
P(t): 2(2) — *(2)
f(n) — a(n,t)f(n+1)—a(n—1,t)f(n—1).

The Lax equation implies that the Jacobi operators H(t) for different ¢t € R are all
unitary equivalent. The Lax equation also holds for H(t)’ — HJ, where Hy is the
operator corresponding to the constant solution ag(n,t) = 1/2, by(n,t) = 0. Hence
taking traces shows that

tr(H(t)! — H}), jeEN,

are conserved quantities too. In particular,

tr(H(t) — Ho) = »_b(n,t) = f% > p(n,t)

nez nez
tr(H(t)? — Hg) = > (b(n, )%+ a<n2’t) - ;) = %H(n q)
neZ

correspond to conservation of the total momentum and the total energy.
Further details can be found, e.g., in [48].
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5.2 The Toda hierarchy

The Lax approach allows a straightforward generalization of the Toda equation by
replacing P with more general operators Py, o of order 2r + 2.
Let our sequences a, b depend on an additional parameter t € R.

Hypothesis H.5.1. Suppose a(t), b(t) satisfy
a(t) € £°(Z,R), b(t) € £°(Z,R), a(n,t) # 0, (n,t) €Z xR,
and let t — (a(t),b(t)) be differentiable in £>°(Z) ® £>°(Z).

Associated with a(t), b(t) is the Jacobi operator H (t). The idea of the Lax forma-
lism is to find a finite, skew-symmetric operator P, 2(t) such that the Lax equation

SH() ~ [Porsalt), HO) =0, 1R, (5.4)

holds, where [P, H] = PH — HP is the commutator. By [48], Theorem 12.2, the Lax
operator is given by

Paorya(t) = =H®)™™ + > (2a(t)g;(t)ST = hi (1)) H(t)" 7 + gr41(t), €N,
j=0

where ST f(n) = f(n 4 1) and (g;(n, t));lé, (hj(n, t))gié are defined as
J

gj(”? t) = Z Cj—l<5n7 H(t)l6n>ﬂ

=0
J
hj (nv t) = 2(1(71, t) Z Cj—l<5n+1a H(t)l§n> + Cj+1
=0

for some arbitrarily chosen constants {c; i—o with ¢g = 1. The Lax equation (5-4) is
then equivalent to the r-th Toda equation

TL,(a(t), b(t)1 = a(t) — a(t) (g;541(t) — gr+1(t)) = O,
TL,(a(t),b(t))2 = b(t) — (hyt1(t) — by (£)) = 0. (5.5)

Here the dot denotes the derivative with respect to t and f*(n) = f(n 4 1). Varying
r € Ny yields the Toda hierarchy

TL,(a,b) = (TL,(a,b)1, TL,(a,b)2) =0, r € Np.

The well-known isospectrality theorem (cf. for instance [47], [48]) is one of the key
results required for the inverse scattering transform.

Theorem 5.2. Let a(t),b(t) satisfy TL,(a,b) = 0 and (H[5.1]). Then the Laz equation
implies existence of a unitary propagator U, (t,s) for Pa.;2(t) such that

H(t) = U, (t,s)H(s)U,(t,s)"*, (t,s) € R%
Therefore all operators H(t), t € R, are unitary equivalent and in particular,

o(H) = o(H(t) = o(H(0),  p(H) = p(H()) = p(H(0)).
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In addition, if ¥(s) € (2(Z) solves H(s)(s) = zib(s), then
P(t) = Un(t, s)(s)
satisfies .
H(0)p(t) = 20(t),  —b(t) = Parpa(£)i(1). (5.6)

Moreover, we will need the basic existence and uniqueness theorem for the Toda
hierarchy ([46], Theorem 2.2, and [14], Prop. 8).

Theorem 5.3. Suppose (ag,by) € M = €>° @ ¢>°. Then there exists a unique integral
curve t — (a(t),b(t)) in C°(R, M) of the Toda equations, that is, TL,(a(t),b(t)) =0,
such that (a(0),b(0)) = (ag, bo).

The stationary Toda hierarchy is characterized by a = b=0in 1) or, equiva-
lently, by commuting difference expressions

[Pory2, H] = 0.

The stationary solutions of the Toda hierarchy are precisely the reflectionless finite-
gap sequences discussed in Sections (cf. [48], Section 12.3).

If P(t) = P is time-independent (in the case of stationary solutions), then the
unitary propagator is given by Stone’s theorem, that is, U(t, s) = exp ((t — s)P).

5.3 Finite-gap solutions of the Toda hierarchy

In this section we present the reflectionless time-dependent finite-gap solutions for the
Toda hierarchy constructed in [7], [48]. Their idea was to choose a stationary solution
of TL,(a,b) = 0 as the initial condition for T'Ls(a,b) for some s € Ny and to consider
the time evolution in the coordinates {Ej}?;‘gl and {(u;(n),05(n))}i_;.

More precisely, we take the r-gap stationary solutions (|1.7))

2 1 129+1 2 1 . 2 bq,()(”)Q
ago(n)” = isz(n)+§ZEj_ZZMj(n) -
j=1 j=0 j=1
1 2g+1 g
boo(n) = 5 > Bj—> nn), (5.7)
§=0 j=1

as the initial condition for

TLS(aq(t)qu(t)) =0, (aq(0),04(0)) = (aq,0,bq,0), (5.8)

where we denote the Toda equation (and all associated quantities) which gives rise to
the time evolution with a hat, T'L,. The sequences (a0, bq0) are completely deter-
mined by the band edges { E; }3?61 and the Dirichlet eigenvalues {(1;(n0), o;(n0))}};
at a fixed point ng € Z. The band edges E; do not depend on ¢ since the family of
operators H(t) is unitary equivalent. If we make the assumption that (a,(t), by(?)) is
reflectionless for all ¢ (since we do not know wether the reflectionless property of the

initial condition is preserved by the Toda flow), we obtain for the Green function

T

g(z,no,t) = H (Z - Mj(n()vt))R;Tl-lg(Z)'

j=1
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The time evolution of the Dirichlet data follows now from the Lax equation

G () 27" = [Poesalt), (H() ~ 2)7]
and is given by ([48], (13.3))
L ui(not) = ~2G(ns(m0,1),mo, ) (mo, )Ry mo 1),
f1j(no,0) = jw;(no), 1<j<r, teR (5.9)

This system has a unique global solution (fi;(no,.))}—; € C*(R, M DY for each initial
condition satisfying [48], (H.8.12), (cf. [48], Theorem 13.1). This allows us to construct
aq(n,t), by(n,t) from (u;(no,t))%_; as in [48], Sections 8.3, 13.1, which indeed solve

the Toda equation T'L(ay, b,) = 0.

Theorem 5.4. ([48], Theorem 13.2). The solution (a,(t),by(t)) of the TL, equations
@) with r-gap initial conditions (aq0,bq,0) as in s given by

1 r 2r+1 (n t)
2 _ 2 2
aq(n,t)* = §ZRj(nt ZE Z/“LJ n,t)? 1
27‘+1
bQ(nvt) = 5 Z E Z:u‘j(n’t)v (510)
j=1
where (fij(n,t))}_; is the unique solution of .
Introduce
Hy11(p,n,t) + Ry 2 . 1

(b(p,n,t) _ +1(p n, )+ 27‘+2( ) _ aq(n,t)G (p,'fl+ t) 7 (511)

2a,(n, )Gr(pnt)  H,yy(p,m,t) — Ral25(p)

where G,(z,n,t), H.(z,n,t) are defined as in (1.9) with fi,(n,t) instead of j;(n),
1 < j <r. Their time derivative is computed in [48], eq. (13.18), (13.19),

L]
dt
Hr—i—l(zvna t) = 40‘(1(”’ t)2 (és(zvnat)Gr(zan + 17t) - GT(Z,TL,t)GS(Z, n+ ]-at))'

Gr(zn,t) = 2<Gs(z,n,t)HT+1(z,n,t) - Gr(z,n,t)ﬁsﬂ(z,n,t)), (5.12)
a
dt
The time-dependent Baker-Akhiezer function is given by ([48], eq. (13.24))
iq(p/nan()at) = €xp Oés p7n07 H ¢p7m t

m=ngo

where
t
ds(p7 n07t) = / (2aq(n07w)Gs(p7 n07x)¢(pa nOax) - Hs+1(p7 n07$))dx’ (513)
0

It is straightforward to calculate that z/NJq(p7 n,no,t) satisfies
Tq(t)/(;lI(p7n7n07t) = ﬂ—(p)/(/;q(pan7n07t) (514)
d - . -
%d)q(l% n, no, t) 2aq(n7 t>G€ (p7 n, t)?/}q(p, n—+ 1a no, t)

_IA{‘S‘H- (p7 n, t)qﬁq(p7 n,no, t)
= Pyrosta(t)ihy(p, .m0, t)(n). (5.15)



5.4. Inverse scattering transform

o7

We set ng = 0 and omit it. By (5.11)) and (5.12)),

t
OAls,:I:(ZJ) = /0 (20“!1(0’ :L')GS(Z, va)d):l:(za O,SC) - ﬁs—!—l(zvoax))dz

t
_ / (W(HT+1(Z,O,:U)¢R;QQ(Z>)—Hs+1<z7o,x>>dx
0

Gy (2,0,2)
t
0

é (Z 0 l‘) t iGr(zvov‘(E)
::I:Rl/2 s\~ Y, d / dx d
2 |G G0 ™ T 260

Therefore,
exp (ézsyi(z,t)) = 1/~)q7i(z,O,t) =

Note that this implies for A € o(H,),

DgrMNnyt) = hgr(An,t),
ds’i(A,t)* = ds,:F()vt);«é?dS’i()\,t).

X.

f

(5.16)

(5.17)

By [48], Lemma 12.15, the Wronskian of two solutions satisfying (5.14)), (5.15) is

independent of n and ¢, hence

W(quﬁ(zv n,t), 12)!1,—(2’ n,t)) = aq(0, t)ed+(z’t)ed7(z’t) (¢— (2,0,t) — ¢4(2,0, t))

=exp (G4 (z a_(z Réfﬂ(z}
= exp (64 (2,1) + G ( ,t))ngl(z_Mj(o,t))
B —Réﬁa(z)
T T (2 — 1(0,0))
and
A . i s I UD)
exp (G (2,) + G- (2,1)) = =000

5.4 Inverse scattering transform

Our aim in this section is to solve the initial value problem of the Toda hierarchy

using what is generally known as inverse scattering transform.

So far we know the time evolution of the unperturbed system. Our first aim is to
consider whether the short-range assumption ((5.18)) holds for all ¢ € R.

Lemma 5.5. Suppose a(n,t), b(n,t) and a(n,t), b(n,t) are two arbitrary bounded
solutions of the Toda system satisfying for one ty € R, then holds for

all t € R, that is,

> 1nl(Ja(n,t) = atn, )] + b(n,t) = bn,1)]) < oo.

nez

Proof. Without loss of generality we assume that ¢y = 0. Consider the expression

1€a(0),5(0)) [l = > (1 + [n)(la(n, 0) — a(n,0)| + |b(n,0) — b(n,0)])

ne”Z

(5.18)
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which remains finite at least for small ¢ since there is a local solution of the Toda
system with respect to ||.|l.. We claim that the following estimate holds

> @+ [nDlgr(nt) = ge(n,t)] < Cell(alt), b)),

ne”

> (4 [nD)he(n,t) = he(n, )] < Coll(a(t), b)), (5.19)
nez

where C, = C(||H(0)||", ||H(0)||") is a positive constant due to H Let us prove
by induction on r. It suffices to consider the case where ¢; = 0,1 < j < 7,
since all involved sums are finite. In this case [48], Lemma 6.4, shows that g;(n,t),
hj(n,t) can be recursively computed from go(n,t) =1, ho(n,t) =0 via

1
gj+1(n’t) = i(hj(n’ t) + h](n - lvt)) + b(n7t)gj(n7t)a
: L
hjt1(n,t) = 2a(n,t) ZX;gJ (n,gi(n+1,t) — ighj 1(n, t)hy(n,t).
Hence

and
gr+1(n’ t) - ngrl(nv t) = (b(nv t) - E(n7 t))gT(nv t) + B(nv t) (gT(nv t) - g?“ (nv t))

—l—%(hr(n, t) — hp(n,t) + he(n — 1,t) — he(n — 1,1)),

(h,__l(n, t)hl(n, t) — ﬁr_l(n, t)ﬁl(n, t))

=0

hr-‘rl (n7 t) - Br-l-l (’I’L, t) =

+2a(n,t)? Z gr—1(n, t)gi(n + 1,t)
1=0

—2a(n,t)* Y " gr_i(n, )G (n + 1,1).
=0

We use

9k (ﬂ, t)gl (m7 t) — gk (nv t)gl (m’ t)
= (gx(n,t) — ge(n, 1)) gi(m,t) + gr.(n, t)(gi(m, t) — gi(m, 1))

to finish the claim. -
Since both sequences a, b and @, b are solutions of the Toda system, (5.5) yields

a(t) —a(t) = a(t) (g,51 () = gr41(t)) — a(t) (851 () — gr4a1(1))
= (a(t) = a()) (3,51 (t) = Gr1(8)) — alt)(F51 (1) = 9,51 () + graa () = Grra (1))
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and thus
la(n,t) — a(n,t)| < |a(n,0) — a(n,0) |+C’1/ la(n, s) — a(n, s)|ds

t
)] / (gr1(2+ 1,8) = Grga (m 4+ 1,8)] + |grpa (12, 8) — Grsa (1, 8)]) s,
0

‘b(n7 t) - Z_)(nv t)| < |b(n7 O) - l_)(n7 O)|

+/ (Ihrs1(n, s) = hega(n, 8)| + [hesa(n = 1,8) = hypa(n — 1, 5)|)ds.
0
By (6.19),

[1(a(t), b(t)[l+ < [[(a(0),b(0))] +C/ lI(a s))|l«ds,

where C' = (Cy + 2||H(0)]| + 2)C\41. We apply Gronwall’s inequality and obtain

I(a(t), b))+ < [1(a(0), b(0)) ] exp (Ct).
O

In our setting of quasi-periodic background, let a(n,t), b(n,t) be a solution of the
Toda system satisfying

>~ Inl(la(n,t) = ag(n, )] + [b(n, ) = by(n.1)]) < o (5.20)

neEZ

for one (and hence for any) ¢ty € R. We develop scattering theory for the Jacobi oper-
ator H(t) associated with a(n,t), b(n, t) as in Chapter [2] with the only difference that
Jost solutions, transmission and reflection coefficients depend now on an additional
parameter ¢t € R. In particular,

o(H(t)) =o(H),  oess(H U Eyjy Eyjal,  op(H) = {p;}joy © R\oess(H),

where ¢ € N is finite. The Jost solutions ¥4 (z, n, t) satisfy

+oo

(T(t) — z)wi(z,n, t) =0, Y1(z,n,t) = Z Ki(n,j,t)0q.+(2,7,t), z € 0(Hy).

j=n

Transmission T'(\, t) and reflection Ry (A, t) coefficients are defined via the scattering
relations

TN\ YL(A n,t) = Y (A n,t) + Re (N O (A, n, t), A€ o(Hy).
The scattering data is now given by
Se(H(t) = {Re(w,t), [w| = 15 (pj, 74,(1),1 < j < q}.

How does the scattering data evolve with ¢7
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Theorem 5.6. Suppose a(n,t), b(n,t) is a solution of the Toda system satisfying
for one tg € R. The functions

ux(z,n,t) = exp(ds,+(2,t)x(z,n,t),

where Py (z,m,t) are the Jost solutions and és(z,t) = &5(2,0,t) is defined in
(cf. ), satisfy

H(t)u(z,n,t) = zu(z,n,t), %u(z,mt) = Posio(t)u(z, n,t). (5.21)
Moreover,

T(\t) = T(\0),

b G\ 0, )

ANt = A 2RV (A / ISRk
R = ReOv 0o (203,00 [ GG ),
. 2 )

Y+,5(t) = Vi,j(0)|eXP(as,i(pjat>) ; 1<j<gq.

Proof. As in Lemma we show existence of the Jost solutions 11 (2, n,t) satisfying
T(t)Y+(z,n,t) = 290+ (2,n,t) and limy, 400 Y4+ (2,n,t) = ¥g +(2,n,t). The solutions
¥4 (z,n,t) are continuously differentiable with respect to ¢ by the same arguments as
for z and 1/}i(z,n,t) = ¢q7i(z,n,t) for n — +oo (use , , and %EI}) By
EID.

n—1

d d d /-
ad’q,j:(zvn’t) = dt<]_HO ¢:|:(Zv.]7t)) = %(wq,ﬂ:(zvna t) €xp ( - ds,:i:(zat)))

d
o (Gs,x (2, 1)) 1hg,= (2, m, 1).

Lemma 12.16 in [48] implies for z € p(H) that the solution uy (z,n,t) of (5.21) with
initial condition 1 (z,n,0) € 3 (Z) is square summable near oo for all t € R, that
is,

= Pracra(t)g (2, 1)(n)

ug(z,m,t) = Cy(t)s(z,m,t). (5.22)
Evaluating
iy (z,m,) = CL )y (2,m,1) + C (D)1 (2,n,1) = Pagra(H)Cy ()94 (2,1, 1)
as n — oo yields
. d
Ci(t) = a(ds,i(z,t))(}ﬁr(t).

The general result for all z € C now follows from continuity.
The time evolution for the scattering coeflicients is given by

T\t) =
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since G+ (A, t) = &s (A, t) by (5.17) and the Wronskian of two solutions satisfying
(5.21) does not depend on n or t by [48], Lemma 12.15. Similarly,

XP(Qs,2(As 1)) exp(ds £ (A 1)) W uz (A ), ux (A, 1))
eXp( FA 1) exp(@s £ (A1) W(ux (A, 1), ux (A, 1))

O\
exp | £2RY2,(\) / Gomidx>Ri()\,O),

where we used (5.16). It remains to consider 4 ;(t). By Theorem [5.2]

R:I:()‘v t) =

ug(z,n,t) = Us(t,0)us(z,n,0),

that is,
exp(&s,:l:(zv t))'l/}:t (Zv n, t) = Us (ta O)T/J:t (Za n, 0)7

where U, (t,0) is the unitary propagator of Pys12(t). At the eigenvalues pj,

N 2
exp(&s,+(p;,1))
’exp CYs:l: pj> | Z |w:|: Pjy Ty t ’ tj | = ||Us(tao)¢:|:(pj>n70)”2-
= V.5 (t)

Since
2

i | exp(é‘s,:t(pﬁ t))|
dt ’)/:t’j(t)

d 2
= a”wi(pwn’ O)H =0,

we obtain that )

Y (t) = 7£.,5(0)| exp(dis, £ (pj, 1))
N

Therefore the scattering data for H(t) can be expressed in terms of those for H(0)
and the function é(z,t), which is completely determined by Hy(t),

Sy (H(t) = {Ri(/\,o) exp ( + QR;,{iZ(A)/O md:ﬂ),x € o(H,);

(p3:725(0) | exp(as (3, 1)|*), 1 < j < af. (5.23)

The remaining step is to invoke the Gel’fand-Levitan-Marchenko theory which recon-
structs H (t) from its scattering data Sy (H(t)). The operator H(¢) is uniquely deter-
mined since Sy (H (t)) satisfy Hypothesis H[2.23|if S4(H(0)) do. As the existence of
a (unique) solution for the Toda equations was ensured from the outset (Lemma
and Theorem , the sequences a(n, t), b(n,t) constructed by this procedure satisfy
the Toda equations.

Hence, in the short-range situation with asymptotically quasi-periodic initial con-
dition (a(0),b(0)) one arrives at the following procedure for solving the initial value
problem for the Toda equations (the arrows visualize dependencies):
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. a0
[¢V)
sct

s0

aq0

aqt at
) t (3)
\ /’
glm2

st

(1) Compute the Jost solutions 11 (z,n,0) from the Baker-Akhiezer functions by
iterating the corresponding Volterra sum equation as in Lemma [2.3] This pro-
vides the scattering data for H(0).

(2) Read off the scattering data of H(t) from Theorem [5.6

(3) Compute the Fourier coefficients of Ry (A, t) and use the solution Ky (n,m,t)
of the Gel'fand-Levitan-Marchenko equation to construct a(n,t), b(n,t).

This method is known as inverse scattering transform. The foundation for this method
are Theorem Lemma [5.5] Theorem [5.6} and Theorem [2.22

The inverse scattering transform was first derived by Gardner et al. [23] in 1967
to solve the Korteweg-de Vries equation. Flaschka [2I] established this method for
the Toda equation in the case r = 0 and worked out the inverse procedure in the
reflectionless case (i.e. Ry(A,t) = 0). Further contributions were made by Case et
al. [IT] — [13]. Recently Teschl [46], [47] provided a rigorous treatment of the inverse
scattering transform for the entire Toda hierarchy with asymptotically decaying initial
condition.
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Chapter 6

Trace formulas

A trivial example of a trace formula is
tr(H — Hy) = b(n).

Here H, =H_,®H, , and H_ ,,, H, , are restrictions of the Jacobi operator H to
the subspaces £2(—o0,n—1] and £2[n+1, c0) obtained by imposing Dirichlet boundary
conditions at n (i.e. u(n) = 0).

6.1 General trace formulas and the ¢{-function

Trace formulas for bounded Jacobi operators are well studied objects (see for example
[45], [48]). In this section we apply the theory to our time dependent Jacobi operators
H(t) which are short-range perturbations of quasi-periodic ones. We will follow the
presentation in [45].

The time dependent Green function of H(t) on the diagonal,

Z/J— (>‘a n, t)¢+ ()‘7 n, t)
W (A), ¥+ (A)

is a Herglotz function. Its exponential representation is given by

gAn,t) = Gy, t) = (0, (H — 2)7'6n) =

. 1 A
g(z,n,t) = |g(Z7’I’L,t)| exp (A ()\ — - 1_'_)\2> f()\,’fl,t)d)\) ) S (C\O.(Hq)a
where £(\,n,t) ([24]) is defined by
1
&\ n,t) = flilnolargg()\ +ie,n,t) forae. AeR, arg(.) € (—m, 7.
T €
The function £(A, n, t) satisfies 0 < (A, n,t) < 1, E(A, n,t) =0 for A < Ep, (A, n,t) =

1 for A > E29_|_17 and
A n,t
/ Md)\ = argg(i,n,t).
R

14 A2
This implies together with the asymptotic behavior of g(.,n,t) that
1 Ezgtr (X n t)d>\>
z,n,t) = —————ex ) 6.1
olen.t) = e [ S (6.1
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In order to compute (A, n,t) we set lim._,o g(A + i¢,.) = g(A +1i0,.). The scattering
relations imply for A € o(H,)

g
gA+i0,n,t) = TR (H/\ it )w,()\,n,t)z/)+()\,n,t)

"/}i( 7n’t)> ?:I(A_Mj(t))

An,t 2(1+R At
(A 1) AT R0

therefore

_ 1 1/):|:()\7n,t) 1
f()\,n,t)—;arg (1+R:|:()\,t)wi()\7n’t)) +§, )\GJ(H[I).

Since g(A, n,t) is real valued and monotonic for A in the spectral gaps v;, we define
the Dirichlet eigenvalues associated with 7(¢) corresponding to a Dirichlet boundary
condition at n € Z as follows

w3 () = sup ({Ez; 1 }UfA €y [ g0 nt) <0}) €75, 1<j<g  (62)

This yields

g

1
E\n,t) = §XU(H(1)(/\)+ZX(E2j,1,M]T(n,t))(/\)+X(Egg+1,oo)()‘)

j=1
1/& (>‘7 n, t)

1
+—arg ([ 1+ R+(\ t) ——=
T g< £ )zpi()\,n,t)

)mme, (6.3)

where xq(.) denotes the characteristic function of the set Q C R.

Lemma 6.1. Assume . Then we have the following trace formula

b0 (n, ) = tx(H (1)) — Hy(1)')

2g+1 g -1
1 IA Y\ n,t)
IS S ! +/ arg (1 + R\ ) EEN D gy
2 §=0 ’ =0 ! o(Hg) 1/}i(>\7n,t)

where pi} (n,t) is defined in and

bW (n,t) = b(n, t),

-1
b (n,t) = lg(n,t) Zgl i(n, )09 (n, 1), 1>2
j=1

with gj(n,t) = (6,, H(t)75,).

Proof. We expand both sides of (6.1) and compare coefficients to obtain ([45], Theo-
rem 5.1)

Eagi1
b (n,t) = By — 1 NN, n, t)d. (6.4)
Ey

Now insert the explicit representation (6.3]) of £(\, n,t). O
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Remark 6.2. In the periodic case this result is due to Teschl [5].
In the special case [ =1,
2g+1

1 g 1 )\; 7t
b =5 3B =t [ e (1 R0 R Jan
J= J= ! ’

)

6.2 Perturbation determinants, Krein’s ¢-function

Finally, we want to derive the connection between the transmission coefficient T'(z)
and Krein’s spectral shift theory [30]. Therefore we investigate the derivative of
a(z) = T71(z). The same proof as for Lemma yields

diia(z) = —az) Z (G(z,n,n,t) — G4(z,n,n, 1))
neL
= —a()tr((HE) —2)"" = (Hyt) —2)71), (6.5)

where G(X, ., .,t), G4(A, ., ., t) are the Green functions of H(t), Hy(t).
A bounded linear operator A is called trace class if and only if

tr|A| :=trvA*A < oo,

where tr denotes the trace. The operator H — H, is trace class since the multiplication
operators by a(n) — aq(n), b(n) — by(n) are trace class due to Hypothesis H and
trace class operators form an ideal in the Banach space of bounded linear operators.
Therefore we can rephrase as

_dii lma(z) = tr((H () — =)~ — (Hy(t) — 2) ). (6.6)

which shows that a(z) is the perturbation determinant of the pair H(t), Hy(t) in the
sense of Krein [30] up to a constant, that is,

Ca(z) = det [(H(t) — 2)(Hg(t) — 2)7"]
= det [I + (H(t) — Hy(t))(Hy(t) — 2)7*].

The asymptotic behavior of a(z) which is given by (2.42))

lim Aa(z) =1, A= H a(y)

z—+o00 jez Aq (]) ’
and the asymptotic behavior of the Green functions G(z,n,n,t), G4(z,n,n,t) imply

that lim, 4. Ca(z) = det[I] = 1 and hence C = A. By [30], Theorem 1, the
perturbation determinant Aa(z) has the following representation

o= o ([ S08)

Ea(N) = 1 lim arg a/(\ + ie).

T €l0

where
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Using Neumann’s expansion we infer

tr(H(t)” — Hy(t)?)

tr((H(t) —2) " = (Hy(t) —2) ") ==Y s

Jj=0

and
In Aa(z) = — Z) i /R)\Jfa()\)d)\.
iz

Hence expanding both sides of yields the trace formula

t(H (1Y — Hy(t)) = j / N (WA,

The function &, (X) is called spectral shift function of the pair (H(t), Hy(t)).
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Appendix A

Periodic Jacobi operators

A.1 Jacobi operators with periodic coefficients

For the convenience of the reader we recall some facts from Floquet theory and give
explicit formulas for the fundamental solutions, the Green function, et cetera. For a
detailed treatment see [7], Appendix B, and [48], Chapter 7.

To the assumption ap, b, € (*(Z,R), a(n) # 0 for n € Z, in (L), we now
add the periodicity condition.

Hypothesis H. A.1. Suppose there is an N € N such that
ap(n+N) = ap(n),  by(n+N) =by(n). (A1)
Associated with a,, b, is the periodic Jacobi operator H,. We abbreviate
N N
Ap = H ap(no +j) = H ap(4)
j=1 j=1

We introduce the following fundamental solutions (also called sin- and cos- solu-
tions) ¢, s € ¢(Z) of the periodic Jacobi difference equation

TpCp(2, ., o) = 2z¢p(2, ., n0), TpSp(2,.,m0) = 28p(2, ., o), (A.2)
fulfilling the initial conditions
cp(2z,m0,10) = $p(2z,m0 +1,10) =1, cp(z,m0 + 1) = sp(2,m0,m0) = 0.

For n > ng, sp(2,m,n0) is a polynomial in z of degree n — 1 —ng ([48], (1.68)) and

sp(z,n0 + N, ng) — 1;(no))
]:1
(n )N 1
cp(z,m0+ N+ 1,n0) 0 H z — pi(no + 1)). (A.3)
j=1

We recall the fundamental matriz

B cp(z,m,m0) sp(2,m,n0)
(b(z,n,no) - ( Cp(z7n —+ 1,71,0) Sp(z,n + 17”0)
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and investigate what happens if we move on N steps, that is, we look at the mon-
odromy matriz M(z,n9) = ®(z,n0 + N, ng). Using periodicity (A.1) one can find a
periodic matrix Q(z,ng) such that

M(z,n0) = exp(iNQ(z,n0)), trQ(z,mg) = 0.
The Hill discriminant
1 1
Az) = itr M(z,ng) = i(cp(z,no + N,ng) + sp(z,n0 + N + 1,n0)> (A.4)
and the eigenvalues of M(z,ng)
m*(z) = exp(£iNgq(z)) = A(z) + (A(z)? — 1)1/2 (A.5)

are independent of ng. The eigenvalues m™* () and the function ¢(z) are called Floquet
multipliers and Floquet momentum, respectively. The branch in the above root is fixed

as
2N—-1

(A=) = - I v=-5.

where {E; }350_1 are the zeros of A(z)? — 1. Note that

m*(z)m ™ (2) 1,
mt(z) —m™(z) = 2sin(Ng(z)) = 2(A(z)? —1)Y2,
mt(z) +m~(2) = 2cos(Ngq(z)) = 2A(2), (A.6)

therefore ¢(z) = N~!arccos A(z). The spectrum of H, is characterized by

N—-1
o(Hy) = {AeR[|AWN)] < 1} = | [Baj, Bajyal- (A7)

=0

It is purely absolutely continuous, that is, 0,(H,) = 0s.(H,) = 0, where o,(.) and
osc(.) denote the point (set of eigenvalues) and singular continuous spectrum. The
sets

To = (=00, Eo],  Uj = [Ezj_1, Eajl, Un = [Ean—1,00), 1<j<N-1,

are called spectral gaps. Using the Herglotz property (cf. [48], Chapter 7) we infer
for the zeros p;(n) of the fundamental solutions (A.3) that

Mj(’rl)E@j, 1<j<N-1

If all spectral gaps are open (as we assumed in the quasi-periodic setting, i.e. (1.4))),
we have

g=N—1,  R%,(2) = 24,(A(2)? — 1)V/2

In the case where some spectral gaps are closed, the index sets

J' ={1<j <N—-1]|FEyy_1 = Eag},
J:{OalaaQN_l}\{]/7J/+1 |jl€ J/}v
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are introduced and we define

Q)= [[ ¢—E2r1),  Ragra(z) = [[( - E)). (A.8)

j/eJ/ jeJ

Then one infers
g=N—-1-|J|=N—-1-deg(Q) = (lJ] -2)/2,
24,(A(2)% - 1)V/2 = RY?,(2)Q(2).

The solutions of the periodic Jacobi equation are completely characterized by
Floquet’s theorem. In what follows, we set ng = 0 and omit it.

Theorem A.2. The solutions of T,u = zu can be characterized as follows.

(i). If A(2)? # 1, there exist two Floquet solutions
’(/)ILi(Z? n) = C;D(Zv n) + mi(z)sp(z, n),
satisfying
Ypa(2,m) = pa(z,n)e M py(zn+ N) = pi(z,n).

(ii). If A(2)? = 1, then either all solutions satisfy ¥p(z,n + N) = £, (z,n) or
there are two solutions satisfying

Up(z,n) = p(z,n),  y(z,n) = P(z,n) + np(z,n)
with p(z,n + N) = £p(z,n) and p(z,n + N) = £p(z,n).

We recall the zeros of s(z, N) := s(z,N,0), p; := p;(0), 1 <j <N —1, and we
denote the zeros of dg(z)/dz by A;, 1 <j < N —1. By (A.6)),

dA(z) _ : dq(z)
By *NSIH(NQ(Z))?,

so the numbers A; are also the zeros of the derivative of the Hill discriminant dA(z)/dz.
They are indeed the analogous quantities to the constants A; defined in (1.17)) since

/ _2 /E A(2)
. Wooy,00_ | = N Fays (A2(2) _ 1)1/2

_ % [ (AG) + (4%() = 1))

Egj

=0, l<j<g
Eaj 1

The leading coefficient of the polynom A’(z) is derived from (A.4))

12N N YA
/ _ - (z_ N—-1 _ ).
M) =5 ( o) =g TTE-)
Jj=1
and one infers for the norm (cf. (1.14]))
N N-1
2a,(0)A'(2) z— A
g Uy, zn))? =" 2 =N , z€o(Hy). A9
n:1‘ P:t( )| Sp(Z,N) e y— /«L] ( P) ( )
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In addition, we have

+
p4(z,m0) = b (z,m0 + N) = = (2(2,05527?\)1;5’ 5
cp(z,m0 + N +1,n9)
m*(z) — sp(z,n0 + N + 1,n0)
L(sp(z,n0 + N+ 1,n0) — cp(z,m0 + N,ng)) £ (A(2)% — 1)1/2
sp(z,m0 + N, ng)

and
2a,(no)(A(2)* —1)'/2
sp(z,m0 + N, ng)
2N -1
I Il;=0 VZ—E;

135 (2 = pj(no))

W("/}p’i(za ) ’I’LO), Q/JPFF(Z7 ) nO))

The Green function on the diagonal is given by

Glann) = —pnt Nm) IS (2 = ()
T 2a(n)(A(2)? — 1)1/2 B H?fo_l - E; '

Moreover,

a(ng)sp(z,n+ N,n) _ Aﬁ

Yy (2,m,m0) - (2,n,m0) = a(n)s,(z,n0 + N,ng) =1 AT 115(n0)

A.2 A transformation operator

In this section we want to advocate a different approach to the transformation operator
for perturbations of periodic Jacobi operators. It follows the method presented in [48],
Section 10.1, for Jacobi operators with constant background. Unfortunately, we did
not find an estimate on the kernel of this transformation operator which would allow
us to pursue this approach further. Nevertheless, the formulas might be of interest
on their own.

Again we study short-range perturbations H of periodic Jacobi operators H,. The
associated coefficients a, b satisfy a(n) — a,(n) and b(n) — b,(n) as |n| — oo with
the following rate of convergence.

Hypothesis H. A.3. Suppose ap, b, are given periodic sequences and Hy, is the
corresponding Jacobi operator. Let H be a perturbation of H, such that

> nl(la(m) = ap(m)] + [b(n) = by(n)]) < oc. (A.10)

nez

The existence of solutions u(z,n) of the perturbated system 7u = zu which
asymptotically look like the periodic ones follows from Lemma [2.3] This was first
derived in [48], Lemma 7.10. Now assume the following ansatz for the solution u(n)
of 7u = zu (we only consider the ”+” case here)

w =3 Ty D). (A1)
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where 1, (n) are the solutions of the periodic system 7,u = zu, K(n,m) =0if m < n,

and
00 n+j—1 [e's)

m=n m=n

Inserting the ansatz (A.11)) into the Jacobi difference equation

a(n)u(n+ 1) + b(n)u(n) + a(n — Du(n — 1) = zu(n)

we obtain
> K(n+1j) - K(nJ)
o) 2 Frig) ) 2 G g
ratn-1) 3 fm%@ - ij((jjj; 2000

_ — K(n’j_l) . K(TL,]) .
= ; (m%(] -1+ A, ) by(J)
+ map(j))wp(j) + Ij((:’:z)) ap(n —1)ip(n —1).
Set K(n,n+1i) = K;(n) and A(n,n +14) = A;(n). We compare coefficients of ¢,(.)
and obtain for ¢,(n — 1) that Ko(n) := K(n,n) =1 and for ¢,(j) that
Kot 1) o Kol) K )
e P T T e
_ K K5 (n) Ky (n)
=ap(n+j— l)m +bp(n+7) A, (n) +ap(n+7) Ajil(n) :
Therefore,
Kjri(n) = Kjp(n—=1) = (b(n) = by(n + j))K;(n) (A.12)

—ap(n+j —1)°K;—1(n) +a(n)’Kj-1(n +1).

Since lim,, . Kj(n) =0, j € N, summing up (A.12)) with respect to n yields

Ki(n) = = > (b(m)—by(m))
m=n+1
Ka(n) = — Y ((b(m) = by(m +1)K1(m) + (a(m)* = ap(m)?))
m=n+1
Kjn(n) = ap(n+5)°Kjan+1)— ((b( ) = bp(m + 7)) K;(m)
m=n-+1



A.2. A transformation operator 72

These are the generalizations of the formulas (10.9) in [48]. However, the terms
b(m) —by,(m+j), a(m)?* —a,(m+ j)? pose additional difficulties in estimating K;(n).
Associated with K;(n) = K(n,n + j) is the operator

Z Anm K(n,m)f(m),  felX(Z).

which acts as a transformation operator for the pair 7,, 7,
TKf =K1, f, fetX(z).
Finally, we note the following result for the Volterra sum equation.

Lemma A.4. Consider the Volterra sum equation

oo

fn)=g(n)+ Y K(n,m)f(m). (A.14)

m=n-+1

ZL gln+7j),

where the coefficients L;(n) of g(n —i—]) are given by

Then

Lo(n) = 1;
Jj—1
Li(n) = ZLm Kj—m(n+m), j>1, (A.15)

with K;(n) = K(n,n+ j).
Proof. Using the standart iteration trick the solution of (A.14]) is formally given by

n)=>_fi(n)
j=0

with .
fom)=g(m),  fiam) = Y K(n,m)f;(m).
We prove by induction. We have minﬂ
fn)=g(n)+ fi(n) +--- =g(n) + K(n,n+1)g(n+1) + O(g(n +2)),

hence

Ll(n) = Kl(n)
The term g(n+j) only appears in the first j summands, therefore its coefficient L;(n)
is completely determined by fi(n),..., f;(n)

J J

D fun) = D Li(n)g(n+k) +O0(gn+j+1)
k=0 k=0
= fo(n)+ Ki(n z_:fanrl + Ko )Z_:fl(n+2)+
=0 =

fo(n) + Ki(n (iLl (n+1)g(n+1+10)+Og(n+j+1))) +.
=0
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Comparing the coefficients of g(n + .) yields
Lo(n) = ]., Ll(n) = Kl(n),

Lij(n)=Ki(n)Lj—1(n+1) + Ka(n)Lj—2(n+2) + -+ K;(n)Lo(n + j).

By induction, we replace L;_r(n + k) with (A.15) and collect the terms according to
K;_p(n+ k). This leads to the desired result. O
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