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Abstract

In the first part of this thesis we investigate the kernels of the transformation
operators for one—dimensional Schrodinger operators with potentials, which are
asymptotically close to Bohr almost periodic infinite—gap potentials. Based on
this we can develop scattering theory in the steplike case.

Furthermore we present an application of direct and inverse scattering theory
for the Korteweg—de Vries equation, by solving the associated Cauchy problem
with initial conditions, which are steplike Schwartz—type perturbations of finite—
gap quasi—periodic potentials under the assumption that the respective spectral
bands either coincide or are disjoint.

The second and last part is devoted to the Camassa-Holm equation, for which
we study the stability of solutions of the Cauchy problem by deriving a Lipschitz
metric.
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Chapter 1

Introduction

In this thesis, we will at first have a look at transformation operators, which
play an important role in the investigation of direct and inverse scattering prob-
lems. They first showed up in the context of generalized shift operators in the
work of Delsarte [31], and were constructed for arbitrary Sturm—Liouville equa-
tions by Povzner [86]. Afterwards transformation operators have been applied
for the first time when considering inverse spectral problems, for example by
Marchenko [81]. Soon after that Gel’fand and Levitan [44] found a method of
recovering Sturm-Liouville equations from its spectral functions, using transfor-
mation operator techniques.

Another important step was the introduction of transformation operators, which
preserve the asymptotic behavior of solutions at infinity by Levin [76]. Since
that, these transformation operators are the main tool for solving different kinds
of scattering problems, mainly in the case of constant backgrounds. They have
been partly studied for periodic infinite-gap backgrounds by Firsova [39], [40],
without estimates, which are necessary for solving related inverse scattering
problems and they have been recently investigated in the finite-gap case by
Boutet de Monvel, Egorova, and Teschl [10].

Since the seminal work of Gardner, Green, Kruskal, and Miura [43] in 1967, one
of the main tools for solving various Cauchy problems is the inverse scattering
transform and therefore, since then, a large number of articles has been devoted
to direct and inverse scattering theory.

In much detail direct and inverse scattering have been studied (see e.g Marchenko
[81]) in the case where the initial condition is asymptotically close to p4(z) = 0.
Taking this as a starting point, there are two natural cases, which have also
been considered in the past. On the one hand the case of equal quasi-periodic,
finite-gap potentials p_(z) = p4 () and on the other hand the case of steplike
constant asymptotics py(x) = ¢+ with c_ # cy. Very recently, the combination
of these two cases, namely the case that the initial condition is asymptotically
close to steplike quasi-periodic finite-gap potentials p_(x) # py(x), has been
investigated by Boutet de Monvel, Egorova and Teschl [10]. Of much interest is
also the case of asymptotically periodic solutions, which has first been consid-
ered by Firsova [40].

As the Korteweg—de Vries (KdV) equation
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is one of the most famous examples of a completely integrable nonlinear wave
equation, a lot of articles have been devoted to the corresponding Cauchy prob-
lem, since the seminal work of Gardner, Green, Kruskal, and Miura [43] in 1967,
where the inverse scattering transform is one of the main tools for solving the
KdV equation. In particular, the case when the initial condition is asymptot-
ically close to 0 is well understood and we just refer to the monographs by
Eckhaus and Van Harten [32], Marchenko [81], Novikov, Manakov, Pitaevskii,
and Zakharov [84] or Faddeev and Takhtajan [37]. The same is true for the
case of steplike initial conditions which are asymptotically constant (with dif-
ferent constants in different directions), where we refer to Buslaev and Fomin
[17], Cohen [22], Cohen and Kappeler [23] and Kappeler [65]. In fact, even the
case where the asymptotics are given by some power-like behavior (including
some unbounded initial conditions) were investigated by Bondareva, Kappeler,
Perry, Shubin and, Topalov [7], [8], [66]. On the other hand, essentially nothing
is known about the Cauchy problem for initial conditions which are asymptoti-
cally periodic. The first to consider a periodic background seem to be Kuznetsov
and A.V. Mikhailov, [74], who informally treated the Korteweg—de Vries equa-
tion with the Weierstraf} elliptic function as background solution. The only
known results, concerning to the existence of the solution seem to be by Er-
makova [35], [36] and Firsova [4I] (where the evolution of the scattering data
for periodic background was given). However, both works are incomplete from
the point of view of a rigorous application of the inverse scattering method.
Surprisingly, much more is know about the asymptotical behavior (assuming
existence) of such solutions, see for example [I], [4]-[6], [59], [67]-[71], [85]. Fi-
nally we mention that in the discrete case (Toda lattice) the same problem was
completely solved in [34] (for corresponding long-time asymptotics see [9], [30],
[61], [62], [63], [64], [73], [93]).

The second part of this thesis is devoted to the Camassa—Holm equation
and the corresponding Cauchy problem. The Camassa-Holm (CH) equation,
also known as the dispersive shallow water equation, is given through

U + 2kUy — Upgy + 3UUy = 2UglUpy + Uz, <0, x€R, (1.2)

where u = u(x,t) is the fluid velocity in the x direction, and k& > 0 is a constant
related to the critical shallow water wave speeds, and the subscripts denote the
partial derivatives. This equation first appeared in a list by B. Fuchssteiner
and A. Fokas [42] and was first introduced as a model for shallow water waves
by R. Camassa and D. Holm [I8] and R. Camassa et al. [19]. More on the
hydrodynamical relevance of this model can be found in the recent articles by
R. Johnson [60] and A. Constantin and D. Lannes [27]. With

W= U — Ugy + 2, (1.3)

called the “momentum”, equation (|1.2]) can be expressed as the condition of
compatibility between

L (—f” " if) Y (1.4
and
8f(1+u)f'+1u'f (1.5)
2 2 '
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that is,
ataxxf = 893:1:atf

is the same as to say that holds. Equation is the spectral problem
associated to (L.2). It were again R. Camassa and D. Holm [I8], who noted
that wave breaking can occur, by investigating the momentum in the case k = 0.
Later existence of solutions, long-time behavior, and the blow up phenomena for
k > 0 were studied using various methods, see for example [11], [13], [24], [25],
and [26] and the references therein. The question of how to continue solutions
beyond wave breaking has been of special interest and has been considered for
example by Bressan and Constantin [I3], and Holden and Raynaud [54], [56].
One way to do that is to continue the solution in such a way that the energy is
conserved for almost all times. This can be described figurative in the context
of peakon and antipeakon solutions by saying that peakon and antipeakon pass
through each other when colliding. The questions that naturally arise in that
context are the ones about stability of solutions and how to measure distances
between two solutions.

The structure of this thesis, which is composed of the following four papers
[48], [49], [33], and [50], is as follows:
In Chapter [2] we will investigate the kernels of transformation operators for
one—dimensional Schrodinger operators with potentials, which are asymptoti-
cally close to Bohr almost periodic infinite-gap potentials.
Based on this, we develop, in Chapter direct scattering theory for one—
dimensional Schréodinger operators, which are asymptotically close to different
Bohr almost periodic infinite—gap potentials on different half-axes.
Chapter [4 presents an application of the direct and inverse scattering theory
in the case of one-dimensional Schrédinger operators with steplike potentials,
which are asymptotically close to different finite-gap potentials on different
half-axes. In more detail, we will solve the Cauchy problem for the KdV equa-
tion with initial conditions, which are steplike Schwartz—type perturbations of
finite—gap potentials under the assumption that the mutual spectral bands ei-
ther coincide or are disjoint.
After that we will consider the Camassa—Holm equation in the periodic case
(Chapter [5)) and study the stability of the solution of the corresponding Cauchy
problem. In particular, we derive a Lipschitz metric, which states that two
solutions, whose initial conditions are close, stay close.
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Chapter 2

The transformation
operator for Schrodinger
operators on almost
periodic infinite-gap
backgrounds

2.1 Introduction

In this chapter we propose an investigation of the transformation operator in
the case of Bohr almost periodic infinite—gap backgrounds, which belong to the
so called Levitan class. The reason why this is a difficult problem is that the
background Weyl solutions have countable many poles and the same will be
valid for the Jost solutions. As a special case the Levitan class includes the set
of smooth, periodic infinite-gap operators, in which case the background Weyl
solutions have been thoroughly investigated, but not in the case of the more
general Levitan class.
To set the stage, we need:

Hypothesis H.2.1. Let
0<Ey<Ei < ---<E,<...

be an increasing sequence of points on the real axis which satisfies the following
conditions:

(i) for a certainl > 1, fo:l(Egn_l)l(Egn — FE5,—1) < 00 and
(i1) FEapt1— Eopn_1 > Cn®, where C and « are some fized, positive constants.

We will call, in what follows, the intervals (Eq;_1, E9;) for j =1,2,... gaps.
In each closed gap [Es;_1,FE9;] , j = 1,2,..., we choose a point u; and an
arbitrary sign o; € {£1}.



Chapter 2. Transformation operator

Consider next the system of differential equations for the functions u;(x),
oj(x), 5 = 1,2,..., which is an infinite analogue of the well-known Dubrovin
equations, given by

d%x) = = 203@)y/ (s (@) = Eo)/ g () = Bjo1y/mg() — By (2.)
ﬁ V(@) = Eag—1\/1j(x) — Eay,

/Jj(x) — pix()

k=1,k#j

with initial conditions p;(0) = p; and ¢;(0) = o4, 7 = 1,2,... B Levitan
[77], [78], and [T9], proved, that this system of differential equations is uniquely
solvable, that the solutions p;(z), j = 1,2,... are continuously differentiable
and satisfy p1;(x) € [Eaj_1, Eaj] for all z € R. Moreover these functions u,;(x),
7 =1,2,... are Bohr almost perlodlcﬂ Using the trace formula (see for example
[77)

p(@) = Eo+ Y (Baj1 + Ezj — 2p1()), (2.2)
j=1
we see that also p(x) is real Bohr almost periodic. The operator
- d?
L= -t (), (2.3)

is then called an almost periodic infinite-gap Schrédinger operator of the Levitan
class. It has as absolutely continuous spectrum the set

o= [Eo, El] U---uy [Egj, E2j+1] U

and has spectral properties analogous to the quasi-periodic finite-gap Schrédinger
operator. In particular, it is completely defined by the series Z;‘;l(uj,aj),
which we call the Dirichlet divisor. Analogously to the finite-gap case this di-
visor is connected to a Riemann surface of infinite genius, which is associated
to the function Y'/2(z), where

00
Eg 1 (Z—EQ‘)
Y — Ep) 2 & 2.4
(=) = —(z 0]:[ S (2.4)

and where the cuts are taken along the spectrum. It is known, that the spectral

equation
2

( dd ; +o ))l/(l‘) = \y(x)

with any continuous, bounded potential p(z) has two Weyl solutions 94 (z,x)
normalized by

Y+(2,0) =1 and ¢+(z,.) € L*(Ry), for z € C\o.

In our case of Bohr almost periodic potentials of the Levitan class, these solu-
tions have complementary properties similar to properties of the Baker-Akhiezer
functions in the finite-gap case. We will briefly discuss them in the next section.

IWe will use the standard branch cut of the square root in the domain C \ Ry with

Im+/z > 0.

2 For informations about almost periodic functions we refer to [S0].

6
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The objects of interest, for us, are the Jost solutions of the one-dimensional
Schrédinger operator
d2

L=
dx?

+q(z), (2.5)

with the real potential ¢(x) € C'(R) satisfying the following condition

[+ laPlate) - pla)lde < oc. (26)
R
We will prove the following result

Theorem 2.2. Assume Hypothe. Let p, defined as in (2.2)), belong to

the Levitan class, and q satisfy (2.6), then the Jost solutions ¢ (z,x) can be
represented in the following form

+oo
¢+(z,2) = Y+(z,x) £ Ki(z,y)v+(2,9),

where, the solutions of (2.68)), are real valued, continuously differentiable with
respect to both parameters and for +y > +x they satisfy

+o00
Ka(z,y)] < £Cu(2) / l9(z) — pl(a)|dz.

T

Here Cy(x) are continuous positive functions, which are monotonically decreas-
mg as r — 0.

Here it should be pointed out that a subset of the operators belonging to
the Levitan class consists of operators with periodic potentials. Assume that
the sequence {F;}32; fulfills Hypothesis then there is a criteria when this
sequence is the set of band edges of the spectrum of some Schriodinger opera-
tor with periodic potential p(z + a) = p(xz) > 0 with p € W3[0,a]. Namely,
Marchenko and Ostrovskii proved in [82], that

pE Wzk[(),a], iff ZijJrz(\/Egj — EQ — \/Egj_l — EQ)Z < 00,

j=1

for k =0,1,.... Asit is well-known that in the periodic case Esj_1 = j2+O(1)
and Fs; = j2+ O(1) as j — oo, we obtain for large j that

Eyj1(Byj — Eaj_1) < Eyj_1(\/Eaj — Eg — \/Ea2j_1 — Eg) %
(VE2j — By — \/Enj—1 — Ey)
S 2]3(\/E2] — EO — \/Egj_l — E()) =: Ij.

As Hypothesis is satisfies, we have Z;’;ljzk*‘iff < oo for k > 2 and hence
the Cauchy inequality implies that Z;L I; < 0o in this case. This means, that
Hypothesisis satisfied for any a-periodic potential p(x) > 0 with p € W¥[0, a]
for k > 2.
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2.2 Background Schrodinger operators

In this section we want to summarize some facts for the background Schrédinger
operator of Levitan class. We present these results, obtained in [77], [88], and
[89], in a form similar to the finite-gap case used in [I0] and [45].

Let L be as in ([2-3). Denote by s(z, ), c(z,z) the sin- and cos-type solutions
of the corresponding equation

2
(-2 +#0) v) = 2900, € .1

associated with the initial conditions
5(2,0) = (2,0) =0, ¢(2,0)=5(20)=1

where prime denotes the derivative with respect to x. Then ¢(z,x), ¢/(z,z),
s(z,z), and §'(z,x) are holomorphic with respect to z € C\o. They can be
represented in the following form

c(es) = cos(v/z) + [ TEEZI et gyay

The background Weyl solutions are given by

s(z,xz) =

Yi(z,x) = c(z,2) + my(z,0)s(z, x), (2.8)
where (2.2) 12
(L H(z,z) +Y1/2(2)
my(z,x = , 2.9
BTN Y R By 29
are the Weyl functions of L (cf, [77]), where Y (2) is defined by ,
H and  H(za) = 2 LGz 0) (2.10)
Ezj L Y '
Using (2.1)) and -, we have
1/2
H(z,z) = liG(z x) =G(z,x) < 2V () . (2.11)
2dx j=1 de ( ) )(z—lh(x))

The Weyl functions m (z, x) are Bohr almost periodic as the following argument
shows: For each j € N the functions p;(z) are almost periodic and hence, as a
finite product of almost periodic functions is again almost periodic, also

- ng 2T E;;j(lm) (2.12)

is almost periodic for fixed z € C. Moreover, we have

|G(z,7) — zx|—HE2j1( 1 Ezjl), (2.13)

j=n+1

8
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and for every fixed z € C there exists a m € N such that |z| < E,;,,—1. Then for
n > m, we obtain on the one hand

= i) =zl _ 1 o2 m@)
exp ( — 7) < |————1, (2.14)
j:;kl Enj — 4] 1;[+1 EQJ ! j:1;[+1 Faj
and on the other hand
H |Z :uj('r)|< ﬁ /uj(x)+|z|
j=n+1 Eaj-1 j=n+1 Baj-1
o0 o0 1
<exp (g D By~ Eym) + 2 Y ).
2n+1 j=n+1 j=n+1 25—1

(2.15)

where we used that log(1 +x) < 2 and log(1 —z) > % for x > 0. Noticing
that the second condition in Hypothesis implies that Z =1 E2

all terms are well-defined, and it follows that the product [];- =1 %J(T) con-
2 H]( )

J=1 oo is uniformly bounded with
respect to x for any fixed z. As all our estlmates are independent of x, we
have that G,,(z,x) converges uniformly for fixed z against G(z, ) and thus, the
function G(z, x) is almost periodic with respect to z. Furthermore by definition

ggi)) = %g((;’;)) = 1(log(G(z,x))" and therefore g((z %) is also almost periodic,
where we use that log(G(z,z)) # 0 for z & [Ey, Ex] U --- U [Eaj_1, Ea;] U
together with [80, Property 3,4,5], and hence m(z, JI) are also almost periodic

functions.

converges

verges to 1 as n — oo. Furthermore, []52

Lemma 2.3. The background Weyl solutions, for z € C, can be represented in
the following form

e [[mte) - (823 (s [ 0)

(2.16)

If for some € > 0, |z — p;j(z)| > € for all j € N and z € R, then the following
holds: For any C' > 0 there exists an R > 0 such that

D
ihs (2, 2)| < eTA-C)oIm(V2) (1 + —), for any |z| > R, (2.17)

||
where D denotes some constant dependent on R.

Proof. First we will show that
G(z,x) 1/2 Y2 (z)
= + d 2.18
Folon) = (G20 e ([ G (215)

2
(- oz +#()) vlo) = 29(a). (2.19)

fulfills
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Using (2.9) we obtain that fi = my fi and fY = (m/. + m2)f+. Hence (2.19)

will be satisfies if and only if
mly +mi =p(x) — 2. (2.20)

This can be checked using the following relations, which are proved in [77],

G(z,2)N(z,2) + H(z,2)* = Y (2), (2.21)
where
N(z,2) = —(z - mo() [ 2 ;;j(m) (2.22)
j=1 At
with 7o(x) € (=00, Ey] and 7,(z) € [Eaj_1, Ea;] and
2
& G(e1) = 2(p(x) — 2)C(z,7) — N(z,2). (2.23)

Moreover, for z outside an € neighborhood of the gaps we have f(z,0) = 1, and
we can make the following considerations

G(zz) _ ﬁ P —ujgxi - (ilog (1 N M)) (2.24)
j=1

oy 7~ 1y(0 — 15(0)

Thus we obtain

G(z,2) ‘ - 15 (0) — pj () 15 (0) — ()
< exp log ( 14| ————F——= < exp )
‘G(Z,O) <gz—:1 ( z — 1 (0) )) <j—1 — 1;(0) ))
(2.25)
where we used that log(1 + z) < z for > 0. Moreover
(0) — s 1
15(0) ‘(‘6 ;x) - T (2.26)
2 — s Z—
& B0 @
which implies for |z| < 2E5; that
0t 20500 e | o
z — p;(0) 2
For |z| > 2E,; we can estimate the terms by
(115(0) — i3 (2)) i
< i (0) = 1 < i (0) = ()| ————
LB < 1y 0) = )| | < ) = ) —
(2.28)
1
< |p5(0) = Mj(ff)\il mr] < 2i(0) — (@)l
Combining the estimates from above, we obtain
(15 (0) = pj(x))z By
M T RIIZ ] < 9 max(1, =22 i (0) — py(a 2.29
DL <L ) - (@) (:29)

Es5
S 2maX(1, %)(EQJ — Egj_l),

10
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and for any fixed £ > 0 there exists a k independent of x and z such that EEZ" >1
for all n > k, and therefore

5

where C' is a constant independent of x and z. Analogously one can now inves-

tigate G(zi) Using

)G(z,x
G(z,0)| =

- M](o()x))z ’ ) < exp (Cﬁ) (2.30)

SR N
Y'2(2) =ivz— Bo [ V? 2 e By (2.31)
L 2j—1

where the roots are defined as follows

Vz—E =/|z — Ele!*8=E)/2, (2.32)

/2
together with ig(z E:)) is a Herglotz function and

VE—Fy = A1+ O(%)), as = — oo, (2.33)

we obtain the following estimate, which is uniform with respect x,

Y1/2(z2) 1
=i 1 — . 2.34
GGa) iv/z( +O(z))’ as z — 00 (2.34)
Using now that [ 2(/ (Tz)d 32(/;(5)’ where ¢ € (0,2) by the mean value

theorem, we finally obtam that f1(z,z) has the following asymptotic expansion
outside a small neighborhood of the gaps as z — oo

file,m) = *VEITOR (14 0(1)),

where we use the branch cut of the square root in the domain C\R, with
Im(y/z) > 0. Thus fi(z,.) € L?(Ry) for z € C outside a small neighbor-
hood of the gaps and therefore away from the gaps fi(z,x) must coincide with
14 (z,x). Taking limits for the values on the real axis, we get that ¢4 (z,z) can
be represented for any z € C by . O

As the spectrum consists of infinitely many bands, let us cut the complex
plane along the spectrum o and denote the upper and lower sides of the cuts by
" and o'. The corresponding points on these cuts will be denoted by z* and
2!, respectively. In particular, this means

f(z") = lgiﬁ)lf(z—i—ig), f(Y :==lim f(z — ie), z €o0.

el0
Define the Green function (see e.g. [2], [28], and [88])

G(z,0)

9(z) = TWIR(z) (2.35)

11
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where the branch of the square root is chosen in such a way that
—g9(z*) =Im(g(z*)) >0 for A€o, (2.36)

then we obtain after a short calculation

W (- (2), 4 (2) = ma () = m_(2) = ()", (2.37)

where W (f,g)(x) = f(z)g'(x) — f'(x)g(x) denotes the usual Wronskian deter-
minant.

For every Dirichlet eigenvalue p; = p;(0), the Weyl functions m4 (z) might
have singularities. If u; is in the interior of its gap, precisely one Weyl function
m4 or m_ will have a simple pole. Otherwise, if u; sits at an edge, both will
have a square root singularity. Hence we divide the set of poles accordingly:

My ={p; | pj € (E2j—1,Es;) and m, has a simple pole},
M_ ={u; | pj € (Ezj_1, E2j) and m_ has a simple pole},

M = {p; | pj € {Ezj_1, Eaj}}.

In particular, the following properties of the Weyl solutions are valid (see,
c.g. [29, [77], 58], [91)):

Lemma 2.4. The Weyl solutions have the following properties:

(i) The functions ¥4 (z,x) are holomorphic as a function of z in the domain
C\ (0 UMy), real valued on the set R\ o, and have simple poles at the
points of the set M. Moreover, they are continuous up to the boundary
o%Udal except at the points from M and

b)) = (A) =9 V), A€o (2.38)
For E € M the Weyl solutions satisfy

1
Vzi—F

The same is true for ¢/ (z,x).

7/Ji(Z,£U)=O< ), as z — E € M.

(i) The functions i (z,x) form an orthonormal basis on the spectrum with

respect to the weight

dp(z) = L,g(z)d,z7 (2.39)

T oom

and any f(x) € L?(—00,00) can be expresses through

1@ = § ([ 1weecantn) oG @ao
Here we use the notation

§ 1Gape) = [ 1) - [ o (24

12



Chapter 2. Transformation operator

Proof. (i) Having in mind (2.16)), we will show as a first step that f (Z) dr

Z
is purely imaginary as z — Esj;, with z € o, (the case z — EQJ 1 Can be
handled in the same way). For fixed z € R we can separate the inter-
val [0,z] into smaller intervals [0,x1] U [z1,22] U -+ U [z, 2] such that
wi(xy) € {Eaj_1,Es;} and p;(x;) # pj(i41). Assuming p;(x;) = Eoj_q
and p;j(zi41) = Eoj, and setting

N . 1/2
Yi(z,x) = \/ (z — Ep) \/Z_EQJ 1H( EQé)lzuim)) 7

J#l

where f’J(z, x) is bounded for any z inside the j’th gap, we can conclude,

[ G

1

Ti41

e l = — ()
=,/z— FE
2J 20,4 (7) /11 (7) — Bay (2 — 115(7))

Z— U
Ti41 d#]('r)
Ti41
+/ df Yi(z,7) .= c(r)dT)

)
m(/”“ Y (s ( ))d +[”1 Y(z,7) — fG(uj(T)J)dT)
(/ & dr+

where (j(7) € (p;(7),2). Note that the function d—Y (z,7) is uniformly

bounded for z € [Ey;_1+¢, Eaj+¢] for some e > 0 and that ¥z, T;_M E‘:;m )
is uniformly bounded for p; € [Esj_1, E2j_1 + €| and z near Es;, which

yields

Ti41 d -
V7 = By / Y@l (rydr = O (,/z - Egj) L (242)
x

On each of the intervals [z, ;41] the function o;(x) is constant and there-

fore
Ti41 _dﬂj("')
2 — Eo;j / dr dr (2.43)
o 2057/ (T) = Eaj(z — (7))
Hi(Ti41) 1
Yy ol / dy
’ i) 2057y — E2j(z —y)

0
1
Foi — 2z / ds
! ( Eay—Fa,_1 0j(z — Eoj + 5?) >
/FEoi — Eo,i_
= —ojiarctan A M .
\/Z—Egj

A close look shows that the same method can be applied to compute

w1 Y12(2) " Y
fO G(ZTZ) dr a df Z)d

This implies that [, Y /Z (TZ))
iR.

dr — —Sojim as z — Esj and thus [} 2 G(Z (TZ)) dr €

13



Chapter 2. Transformation operator

In more detail one obtains that

+1, MJ(0)7£EMU’J($)7AE7
exp (/GE Vi) d7> _EL 150 = Bopy(@) = E, (2.44)
0 G(ZaT) +i, ,uj(o) :E?/J/j(x) #Ev
:l:ia ,LLJ(O)#E,’U](J?):E
For the product term in ([2.16)), we have the following estimate
2 () 2 — ()
———eXx (E E < _—
=~ 15(0) (- ﬂz ) Hz—m(O)
S%GXP( ZE2J Esj_ 1)
z— (0 =
for z inside the interval [Egj_q — Egj } N o for some ¢ > 0, where

B = ming ji{|Ea; — Eal, |E2j—1 — E21|} ThlS finishes the proof of the
first claim, as (2.38]) follows directly from (2.36). For the second claim
(2.16]

consider, using ([2.16)),

V' (z,2) = my(z,2)04 (2, x). (2.45)

By the investigations from before, it suffices to analyze mi(z, x), given by
(2.9), which has the following representation,

= S on(@)Y 2 (i () Y1/2(2)
) =2 %G(un( ), 2)(2 = pin(2)) = G(z,2)"

n=1

(2.46)

For j # n we have

Y2 (i ( VEs, — E,
| i (pin2) | <O\ Y22 (Eyy — Egyy),  (247)
22 G (x),2) (B2 — pn(x) 8
where C = exp (% Z]O-il(Egj - Egj,l)). Thus; using Hypothesis
we obtain that > . -2 (@)Y 2 (py (x)) converges uniformly and is uni-

n#J Gk Glu(x),x)(z—p; ()
formly bounded with respect to x.
For j = n, we obtain

| Y2 () < VE2j — Eo\/(1j (@) — Baj—1)(Ezj — ()
LG (i), 2)(z — i) ~ z — p(x) ’
and analogously
Y1/2(2) Vz = Eov/(z — Esj_1)(2 — Eaj)
G ! <O () |

Multiplying now the last two terms of interest by ¢4 (z, z) and let z — Es;
with z € ¢ as in the proof of the first claim, finishes the proof.

(ii) For a proof we refer to [29] and [77] or [92].

14



Chapter 2. Transformation operator

2.3 Derivation of the integral equations for the
transformation operators and estimates

Consider the equation

( dd 5 +aq(x )) y(x) = zy(z), 2€C, (2.48)

with a potential ¢(z) satisfying (2.6)). Suppose that this equation has two solu-
tions ¢4 (z,x), which we will call the Jost solutions, which are asymptotically
close for fixed z as x — £00 to ¥4 (z, x), the background Weyl solutions defined

in (2.8). Set

Vi (2, )Y (2, 7) — Yy (2, )Y (2,9) (2.49)

o) = W (30— ()

and
q(z) = q(z) — p(z). (2.50)

Then the Jost solutions have to satisfy the following integral equations

400
bi(2,7) = Pu(z,7) — / I o )i)és(zydy  (250)

Suppose, that solutions of this form, also have the following representation

+oo
¢:|:(Z7x) :’l/):t(2’7l’):|: Ki(x,y)wi(z,y)dy, (252)
xr

where K1 (z,y) are real valued functions, then we have to show that these
functions exist and for showing the existence of the Jost solutions we must also
show that these functions are decaying fast enough for fixed x, when y tends to
infinity in a certain sense. For simplicity and because both representations can

be obtained using the same techniques we will only investigate the + case.
Assume that there exist K, (z,y) with K (z,.) € L*(R) and K, (z,y) =0
for y < x, such that ¢4 (z,x) can be represented by - Then substltutlng

into , multiplying it with ¥ _(z, x)g(2), integrating over the set o
usmg the 1dent1ty -, and taking into account that Ky (z,y) =0, = > y, we

obtain

Koo+ [ " dyity) F IO 00— O 5)dp() (2.53)

+f " dyaw) / T d K (y.1) IO )04 0= (s 9)dp(3) = 0.
Set
L ntss) = f 0O v 06 O s)g o), (250

where the integral has to be understood as a principal value.

15



Chapter 2. Transformation operator

Then substituting (2.37)), (2.39), (2.49), and (2.54) into (2.53) we obtain

oo

K+($,S) +/' (F+(I,y,y,8) 7F+(y,x,y,8))§(y) dy (255)

x

+/ " dyaw) / °°K+<y,t> (T (29,t.8) — Ty (yost,5)) di = 0.

A simple calculation using and (| - ) shows that (| - ) satisfies
F+(Iaya 75) = _F+(y7$a37t)' (256)

Combining (2.16f), (2.35), and (2.39)), one obtains that the only poles of the
integrand are given at the band edges. Using ideas from Cauchy’s theorem it

turns out to be necessary to investigate the following series

Dy(x,y,r,s) *—sz(; f+(E,x,y,r,s), (2.57)
€oo
where
f(B. 2.y, 5) = lim Gd(;?)) Ui (e (2 gy (2. (20). (258)

Lemma 2.5. The series Dy(x,y,r,s) defined by and converges,
is continuous, and uniformly bounded with respect to all variables.

Proof. First note that by (2.16)) we have

(G(E,2)G(E, )G(E,T)( ))1/2><
4y (E)
)

e ([ e [ )

where the limit is taken from inside the spectrum. For computing the integral
terms we refer to the proof of Lemma We will now investigate
(G(Ea, 2)G(Ea, y)G(Eay,7)G(Ea, )2
LY (Ex)
((Bat — () (B — mu(y)) (Bay — pu(r)) (B — pu(s)))"?

= — ><
(B — Ep)(Eo — Eoi—1)

f+(E,x,y,7’, S) =

MJr(EZlu z,y,T, S) =

(2.59)

ﬁ ((Bar — 11 () (Bat = 15 (y)) (Bar — 15 (r)) (Bay — pu5())) "/
(Bt — Eoj—1)(Eo — Esj) ’

j=1.j#1

which can be estimated as follows

ﬁ |(E2l — pj()) (B — p;(y)) < 1:[ (Ba —pj(2)) 11 (Ba— p5(y))

(Eo — E9j) (Eoi — Egj—1) (B — Eaj—1)

j=1,5# j=+11

) wi(y) — Baj—1
coxp [ Stow (14 B0 LS (14 )
Z s Eo — B, ]Zl;l & Eaj — Ey

SeXP( ZEQj E2] 1)<OO,

16



Chapter 2. Transformation operator

where we used log(1+x) < z for « > 0 and § = min; j £;{|Ea; — Ea|, |E2j—1 —
E5|}. Moreover,

(Bar — (%)) (B — pu(y)) (Bar — pu(r)) (Ear — m(s)))*/? < (Ba = Eyi1)
(B — Eo)(Ea — Eo—1) = (Ba— Ep)
(2.60)

This implies,

Eo — Eoq

0< |f+(Ek,$,y,7", S)l = |M+(Ek7x’yara S)l < )
Eoy — Fy

(2.61)
where k € {21 —1,2(} and C; := exp (% > (Baj— Egj,l)), and therefore our

series converges and hence D, (z,y,,s) is well-defined and uniformly bounded
with respect to all variables.

The continuity follows immediately, by using (2.16)) and ([2.44). O

Lemma 2.6. The function Dy (x,y,r,s), defined through (2.57) and (2.58]),
has first partial derivatives, which are uniformly bounded in R*.

Proof. Consider the integral representation ([2.16)) of the background Weyl so-
lutions, then the derivative with respect to x is given by

, H(z,a) + Y'2(2)\ (G(z2)\"? / Y12(2)
= . (2.62
Vi) ( G(z, ) o) P\, Gra ) 6
Note that G(z,O)l/Q%w+(z,x), by Lemma has neither poles nor square

root singularities at the band edges, which allows us to pass to the limit in the
following expression

lim (2 - ) &0 TYIP() (Glzy)Gle )Gz 5)

lim. G 20) .. (2.63)

Therefore we will slightly abuse the notation by omitting the limit and replacing
z by E. W.lo.g. we will assume that £ = FEy, (the case E = FE5,_1 can be
treated similarly). Using (2.11)), we have

H(E2n7 SL‘) (G(E2n7 y)G(E2n7 T)G(EQTH S>)1/2
G1/2(E2n,1') %Y(Egn)

S @Y (@) s

/20
Due to (2.61)) we will at first consider >, T _}(/;)2;)’&(9;)) () Which can
d J ) 2n —Hj

be done using the same ideas as in Lemma Namely, for j #n

Y2 (s (x)) 1 1/2
O Gy — ey = 3V P BBy = By ) (260

which implies that the corresponding sum converges.
For j = n, there are two cases to distinguish:

17



Chapter 2. Transformation operator

(i) If pn(x) = Eay, then

1/2
< 32 ((Ean = pn(9)) (Bon — pin (1)) (Ban — pin(5)))'"?
- \/(EQTL - EO)(E2n - EQn—l)

E2n - E2n71
<322 — T2n—1
-t \/Z—EO

M+<E2n’x7ya T, S)l

(i) If pn(z) # Eap, we have

Y2 ()
1/2((#n($) — B 1)(Eap — pin(y)))"/?

M+(E,I,y,7“,$)|

< C¥2(pn(z) — Fo)

(EQn - EO)
((EZn - /Ln(’l"))(E2n — ‘un(s)))l/2
(Eon — E2p—1)
3/2 (EQTL - E2n71)
SO b

Next we consider

Y1/2(Ey,) (G(Fap,y)G(Eapn,7)G(Fay, 5))'/?

2.65
Gl/Z(E%u LIJ) G%Y(EZTL) ' ( )
which can be investigated as before.
(i) If pp(x) = Eap, then
Y1/2(E2n)
< | \Ten)
0 = ‘ G(E2n7 J)) M+(E2n7 z,Y,T, 8)|
< 32 (B2n = 10 (y)) (Ean — pon (1)) (B2 — i (5))) /2
!
V(B2 — Eo)(Ean — Eap_1)
< 03/2 (EQn - E2n71)
-t V (E2n - EO)
(il) If pin(z) # Eop,
Y1/2(E2n)
— M. (FE =
G(Egn,x) +( 2n, L, Y, T, 8) 07
because
(= Ba )= B (2= i)z = )z = ()
2> Eon VG = E)(z — (@) (= — Bany)
(2.66)
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> < D C

Eon_—3 Fon—2F2n,_1  Ea2n

Figure 2.1: Contour C,,

This finishes the proof, as all our estimates are uniformly and

(E2n - EQn—l)

0 <|f+o(By z,y,1m,8) <C : (2.67)
(E2n — Ep)
where k € {2n — 1,2n} and C denotes a constant independent of n. O

Lemma 2.7. The kernels Ki(x,s) of the transformation operators satisfy the
integral equation

+o0
Ki(IE,S) = 72/ (j(y)D:t(xvyayvs)dy

zts

j:oc st+y—x
+ 2/ dil// Dj: (l’, Y, T, S)Ki(y7 r)(j(y) d’l“, +s5> :|:$U,
T s

+a—y
(2.68)
where Dy (z,y,r,s) are defined by . In particular,
1 +oo
Kaoa) =5 [ (als) = plo)ds (2.69)

Proof. Suppose (x —y +r — s) > 0, where z,y,r,s are considered as fixed
parameters, and take a series of closed contours C), consisting of a circular
arc R, centered at the origin with radius (Esa,, + Eap+1)/2 together with some
parts wrapping around each of the first n + 1 bands of the spectrum o, but not
intersecting it, as indicated in figure

On the circle R,, we have the following asymptotic behavior as n — oo and
therefore z — oo,

i L 1
g 2 (2)hy (2, 1) = VZAHOED O (zl/4> , (2.70)
where we used Lemma [2.3] and the fact that these asymptotics are valid as long
as we are outside a small neighborhood of the gaps. This yields

9(2)204 (2, 2)0— (2, )04 (2,70 (2, 8) = & VZE-wHr=9)(14+0C) (1> , (2.71)

z
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as z — 00.
Hence one can apply Jordan’s lemma to conclude that the contribution of
the circle R,, vanishes as n — oo.
Shrinking the loops around the bands of the spectrum, the integral converges
to
F+(’I},y,t,$) :D+(Z’,y,t7$), for ($7y+t75) > 0. (272)

Note that f (E, z,y,r,s) isreal for any E € 9o, because (2.44) and G(E, z) =
0, if pj(z) = E, imply that f(E,z,y,7,s) = 0. Moreover fi(E,x,y,r,s) =
f+(E,y,x,s,7). Thus D4 (z,y,r,s) is also real and satisfies

D+(x,y,r,s) :D+(y,.’£,5,7"). (273)
Now let (x—y+7r—s) <0, that is —(z —y+7 —s) > 0. Then (2.56), (2.72),

and (2.73) imply

F+(x7yat78) = —F+(y,$,$77“) = —D+(a:,y,r,s) = —D+(x,y,r,s). (274)

Therefore,
I(x,y,r,8) = D(z,y,r,s,)sign(z —y +r — s). (2.75)

Combining all the informations, the domain, where the first integrand in
(2.55]) does not vanish is given by

sign(z — s) = —sign(2y —x — s), s> x. (2.76)
In the second integral the domain of integration is
sign(x —y+t—s)=—signly—x+t—s), with s>z, t>y>uz.

Solving (2.76) and (2.77), proves (2.68).

Setting now s = z in (2.68)), the second summand vanishes, because we set
K. (y,r) =0 for r < y. Hence

Ki(wa) =2 [ qu)Ds(e..0.2). (2.77)
Thus we obtain
1 (2 = 15(2) (2 = p5(y))
Di(z,y,vy, Res 2.78
+( Y,y E; Z_EOE[ Z_EQJ 1)(Z—E2]) ( )
1 oo

I gy 2B H (2 = (@)= = 15(y)).
4 =0 z—E 2 — EO o1 (Z — Egj_l)(z — Egj)

and we already know that this function is bounded by Lemma[2.5] Considering

now the following sequence

s (e

IS gy 2B G ) )
( )’
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which corresponds to the case where we only have n gaps and crossed out all
the other ones. We will now estimate

1 z—pj(x) 2 — pi(y)
D - D - li J d
| +($,y,y,$) n,+(x7yaya 4 rr Zi)r%l . — EO H (Z — E2j71 - — E2j
(2.80)
ﬁ <Z—Mj($)2—#j(y)>_1
j=nt1 zZ— Egjfl zZ— Ezj

1 & 2= B 17 (2= (@) 2= (y)

- li J J
+ 4 Z zi)nl}?l z— E(] H (Z — E2j,1 z — E2j

=2n+1 j=1

using the same techniques as in the proof of Lemma We fix z = Ey, (the
case z = F9_; can be handled analogously). If [ < n, we have

lim |2 P ﬁ (Z — pj(x) 2 — Nj(y)>
z—Eo | 2 — E() jaie z— Egj_l zZ— Egj

By — w(z) By — pj(y) 1 Ba— pi(x) Ex — p5(y)

Ey —Ey Ey — FEoj_y Pllcir ¥ Ey — Eyj_1 Ey — Eoj
< Ey — E21 1 H Ea — ﬁ By —
= By — e By — Ezg ) Eo — Eoj 1 Ezg 1
Eop — Eg— L, (1 -
P i (Esj — E )
= E2l — EO j; 25 — 25-1
and
1 = a (z) — F
exp ( —= Y (By— E2j,1)) = yte) — B (2.81)
B .4 A By — by
j=n-+1 j=n+1

j=n+1
< ,Uj( ) 21 < ex Z (Ezj E2J71)),
o1 Bej—1 — B £
j=n+1

where the last estimate implies that the first sequence in (2.80) converges uni-
formly to zero as n tends to oo as in the investigation of (2.13]). Analogously, one

can estimate the second sequence, which also converges uniformly to zero, as we
are working in the Levitan class and hence D,, 4 (z,y,y, z) converges uniformly
against Dy (x,y,y,x).

Moreover, it is known (see e.g. [10]), that

1
Dn(2,y,y,2) = =7 (2.82)
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for each fixed n. and hence we finally obtain

. . 1 1
Di(z,y,y,x) = nh_)rr;o Dy, y(x,y,y,2) = nh_)rr;o 1= 1 (2.83)
Therefore we can now conclude, using (2.77)), that
1 :too
Ky(z,x) = i§/ (q(s) — p(s))ds. (2.84)
€T
O

Lemma 2.8. Suppose (2.6), then (2.68)) has a unique solution Ki(x,y), such
that Ky (x,y) has first order partial derivatives with respect to both variables.
Moreover for +y > +x the following estimates are valid

|Ke(z,y)] < Ce(2)Qx(z + ), (2.85)

‘aKg(;’y) ‘ ; ’aKg(yx’y) ‘ < Ci(a) ( : (5“ : y) ] L Qi+ y)) . (2:86)
where

Qulo) == [ i, i) = al@) - o). (2.87)

2

and Cy(z) are positive continuous functions for x € R, which decrease as x —
+oo and depend on the corresponding background data and on the first moment
of the perturbation.

Proof. Using the method of successive approximation one can prove existence
and uniqueness of the solution K4 (z,y) of (2.68]). We restrict our considerations
to the + case. After the following change of variables

2:=s+7r, 28:=r—35, 2u:=xc+y, 20:=y—«x, (2.88)
(2.68) becomes
H(u,v) = —2/ G(s)D1(u, v, s)ds
o o
- 4/ da/ G(a— B)Ds(u,v, e, B)H (e, 5)d, (2.89)
u 0
with

H(u,v) = Ki(u—v,u+v), Di(u,v,8)=Di(u—wv,s,su+wv),

DQ(U,'U,OZ,ﬂ) :D+(ufv,a—ﬂ,a+ﬂ,u+v).
(2.90)

As the functions D; and Dy are bounded uniformly with respect to all their
variables by a constant C, we can apply the method of successive approximation
to estimate H (u,v), which yields

[H (u,0)] < Clu — v)Q (2u), (2.91)
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where

C(u — v) = 2C exp (40 /2 :021, Q+(a:)dx) . (2.92)

To obtain the second estimate remember that the partial derivatives with

respect to all variables exist for Dy and D5 and that they are also bounded with
respect to all variables. Thus, using

W —2q(u)Dy(u,v,u) =

+4/U G(u— B)Da(u, v, u, B)H (u, B)dS 2/ 4(s) 221000, 8)

w ou
(9D
_4/ da/ 2(“8;’ 2% 8) (e, B)dB,

(2.93)

ds

and

0H (u,v)
ov

= —2(/C><j q(s )Wd +2/Ooéj(a—B)Dg(u,v,a,v)H(a,v)da

w2 [T [ e - 5) 222800 o, 5)a5),

one obtains.

(2.94)

|55 (w )| < Ci(u = v)(g(w)| + Q@+ (2u)), (2.95)

|55 H (w,v)] < Cr(u = 0)(|q(u)] + Q4+ (2u)),

where Cy(u — v) is a positive continuous function for z = v — v € R, which

decreases as ¥ — +oo and depends on the corresponding background data
Using

dK(z,y)| | |dKy(2,y)| _ |dH(u,0)| | |dH(u,v)
< 2.
‘ dx * dy - du || T | (2.96)
completes the proof. O
To finish the proof of Theorem we have to show the following
Lemma 2.9. The functions
B +oo
b+(2,2) = Yi(z,2) £ Ki(z,s)v+ (2, 8), (2.97)
where K (x,s) is defined by (2.68)), satisfy
d? ~ ~
(= 2+ a(@)) da(z,2) = 26(,2). (2.98)
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Proof. Again we will only consider the + case as the other one can be treated
similarly and drop the + whenever possible. On the one hand we obtain, using

£-77), that
d2

(= 25 +a(@))dz,w) = =0"(,2) + p@)(z 2)

SN 0) + K (2 () + Ko, 2)(2,0)

+ /oo(q(:wK(x,s) — Koo(z,8))1(z, 8)ds, (2.99)

and on the other hand, using that ¥4 (z, ) are the background Weyl solutions,
we have

29(z,x) = 2(2,7) + K(2,2)¢' (2, 2) — Ky(2,2)1)(2, 7)

+/Oo(p(8)K(x78) _K35($7S))'¢(Z,S)d8 (2100)

Applying (2.77)) once more, we see that (2.98)) is satisfied if and only if

| arlos) ~ Kastoss)otecstds = [ (ate) =)ol s)ds. (2201

For proving this identity we use the integral equation (2.53) instead of ([2.68)
for K(z,s), which yields for z < s

Kon(os) = - | " dyity) IO O )0 O 5)dp()
— [ avit) [ k(.0 § T00w )6 008 O )ap0)

= (p(s) — p(x)) K (z,5) — / " dyily) f Tew O, 9) 4 ()0 (O, 5)dp(N)

o

[T [T a0 § g 0089

= (p(S) - p(l’))K(I, 5) + Kx,x(ma S) - Q(I) f Jx()‘7 €z, I)¢+(>\a ‘T)qu—(/\v S)dp()\)

[ed

~i) | " dtK (1) 10000 O 00— () o)
= (p(s) — q(x))K(z,s) + Kz (z, 5). (2.102)

Here it should be noticed that ¢_J(X,z,y)14 (A, 1)1 (X, s)dp(N) exists, because
we can again estimate the sum of the absolute values of the residues by using that
i (z,2)+p(x)L(z,2) = 291 (2, ) and the same techniques as in Lemma
Analogously for §_Juo(A,z,y)1 (X t)Y_(A,s)dp(A). Thus is fulfilled

and therefore also (2.98)).
O

Lemma 2.10. The functions K (z,y) € L*(R+) as a function of y for fived x.
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Chapter 2. Transformation operator

Proof. Using (12.6)), we can conclude

+oo
/R Ki(a,y)lPdy < +Ce(@)? [ Qule +y)%dy (2.103)

‘ +oo ptoo
— P Qu(zo) [ [ lalo)ldsdy
+oo ’

L (2)2Q (20) / (25 — 22)[i(s)|ds < 0.

x

It should also be noticed that for any function fi(z) € L*(Ry),

+o0
ht(x) = fe(z) £ Ky (z,y) fr(y)dy € L*(Ry). (2.104)

Thus as a consequence we obtain

Corollary 2.11. The normalized Jost solutions ¢ (z,x) coincide with the Weyl
solutions of the Schridinger operator .
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Chapter 3

Scattering theory for

Schrodinger operators on
steplike, almost periodic
infinite-gap backgrounds

3.1 Introduction

One of the main tools for solving various Cauchy problems, since the seminal
work of Gardner, Green, Kruskal, and Miura [43] in 1967, is the inverse scat-
tering transform and therefore, since then, a large number of articles has been
devoted to direct and inverse scattering theory.

In much detail the case where the initial condition is asymptotically close
to p+(x) = 0, has been studied (see e.g Marchenko [8I]). Taking this as a
starting point, there are two natural cases, which have also been considered in
the past. On the one hand the case of equal quasi-periodic, finite-gap potentials
p—(x) = p4(x) and on the other hand the case of steplike constant asymptotics
pi(x) = cx with c_ # cy. Very recently, the combination of these two cases,
namely the case that the initial condition is asymptotically close to steplike
quasi-periodic finite-gap potentials p_(x) # py(x), has been investigated by
Boutet de Monvel, Egorova, and Teschl [10].

Of much interest is also the case of asymptotically periodic solutions, which
has been first considered by Firsova [40]. In the present work we propose a
complete investigation of the scattering theory on Bohr almost periodic infinite-
gap backgrounds, which belong to the so—called Levitan class. It should be
noticed, that this class, as a special case, includes the set of smooth, periodic
infinite—gap operators.

To set the stage, we need:

Hypothesis H.3.1. Let
0<Ef<Ef<.-.<Ef<.. (3.1)
be two increasing sequences of points on the real axis which satisfy the following

conditions:
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Chapter 3. Scattering theory

(i) for a certainl > 1, 300 (Ex, EE — B ) < oo and

(it) EQjEnJrl — Ef, | > Cn®*, where C' and o are some fived, positive con-
stants.
We will call, in what follows, the intervals (Ezij_l, EQiJ) for j =1,2,... gaps.
In each closed gap [E2ij_1,E2ij] ,j =1,2,..., we choose a point uji and an
arbitrary sign crji e {-1,1}.
Next consider the system of differential equations for the functions uji(x),

O'ji (x), 7 = 1,2,..., which is an infinite analogue of the well-known Dubrovin
equations, given by
d“ji () + + + + + + +
— = =20 ()~ () — B\ JuE (@) — B5_\JuE (@) - B5 ¢ (32)
i V@) = By (@) - By,
I I
k=1,k#j py (@) — oy ()

with initial conditions uj—E(O) = uji and O';t(O) = J;t, j=12... Levitan
[77), [78], and [79], proved, that this system of differential equations is uniquely
solvable, that the solutions ,uf (z), 7 = 1,2,... are continuously differentiable
and satisfy ,uj-[ (x) € [E;Ejfl, E;E] for all z € R. Moreover, these functions ,u;[(x),
j=1,2,... are Bohr almost periodicﬂ Using the trace formula (see for example
[77)

p+(x) = Ey + > (B3, + E3; — 2u5 (), (3.3)
j=1

we see that also pi(x) are real Bohr almost periodic. The operators
d2
Cda?

are then called an almost periodic infinite-gap Schrédinger operator of the Lev-
itan class. They have as absolutely continuous spectrum the set

Ly := + p+ (), (3.4)

o =|Ey,Ef|U---U[E3, By 4]U..., (3.5)

and have spectral properties analogous to the quasi-periodic finite-gap Schrodinger
operator. In particular, they are completely defined by the series Z;’il (uj-i, in),
which we call the Dirichlet divisor. These divisors are associated to a Riemann
surfaces of infinite genius, which are connected with the functions Yil/ 2 (z), where

= (z—E3;_,) (2 — E3;)
Yi(z)=-(z—E5) ][] = ’ E ’
2j—1 2j—1

J=1

, (3.6)

where the cuts are taken along the spectrum. It is known, that the spectral

equation
d2

(=75 +p@)y(@) = zy(a) (3.7)

IWe will use the standard branch cut of the square root in the domain C \ Ry with
Im+/z > 0.
2 For informations about almost periodic functions we refer to [S0].
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Chapter 3. Scattering theory

with any continuous, bounded potential p4(x) has two Weyl solutions ¥4 (z, x)
and Y4 (z,x), which satisfy

Yi(z,.) € L*(Ry),  resp. ii(z, )€ L2(R¢), (3.8)

for z € C\ox and which are normalized by v (z,0) = 9+(2,0) = 1. In our
case of Bohr almost periodic potentials of the Levitan class, these solutions
have complementary properties similar to the properties of the Baker-Akhiezer
functions in the finite-gap case. We will briefly discuss them in the next section.
The object of interest, for us, is the one-dimensional Schrédinger operator

2

L:= —% + q(x), (3.9

with the real potential ¢(z) € C'(R) satisfying the following condition

+oo
: / (1+ [2f?)g(z) — ps(2)|dz < oo, (3.10)
0

for which we will characterize the corresponding scattering data with the help
of the transformation operator, which has been investigated in Chapter [4.100

3.2 The Weyl solutions of the background oper-
ators

In this section we want to summarize and recall some facts for the background
Schrodinger operators Ly of Levitan class and introduce the notation we will
use from now on. We present these results, obtained in Chapter 77, [88],
and [89], in a form, similar to the finite-gap case used in [I0] and [45].

Let Ly be the quasi-periodic one-dimensional Schrodinger operators asso-
ciated with the potentials pi(z). Let si(z,2), c+(z,2) be sin- and cos-type
solutions of the equation

2
(=2 +920)) ) = sat), 2, (3.11)

associated with the initial conditions
5+(2,0) = (2,0) =0, cx(z,0) =5 (2,0) =1, (3.12)

where prime denotes the derivative with respect to x. Then ¢y (z,x), (2, z),
s+(z,z), and ¢ (z,x) are holomorphic with respect to z € C\ox. Moreover,
they can be represented in the following form

ct(z,2) = cos(v/zx) + /Orc sm(\/g(\/;c—y))
s+(z,2) = N +/0 -

The background Weyl solutions are given by

p+(y)ex(2,y)dy, (3.13)

p+(y)s+(2,y)dy. (3.14)

iz, f) =ci(z,2) +ms(z,0)s+(z, ), (3.15)
resp. Yu(z,2) = ca(z,x) + mx(z,0)s1(z, x),
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where

Hi(z,2) Y ?(2)
Gi(z,2) ’

Hy(z,2) £ Y1(2)
Gi(z,2) ’

o

my(z,x) = my(z,x) = (3.16)

are the Weyl function of Ly (cf [77]), where Y (z) are defined by (3.6),

oo +
z— pj ()
Gi(z,z) = | I 7Eij
2j—1

j=1

Using (3.2) and -, we have

, and Hy(z,x)= }iGi(z x). (3.17)

1d = o @Y (@)
Hy(z,1) = id—Gi(z r)=Gi(z,x ; %G ,Uj[( ), x)(z—ujt( ))

(3.18)

The Weyl functions my (z, z) and 4 (z,z) are Bohr almost periodic.

Lemma 3.2. The background Weyl solutions, for z € C, can be represented in
the following form

¥+ (2, @) = exp (/OI mi(zvy)dy> = (giig)m exp (i/o éi/(zll))dy> ,

(3.19)
and
] ) . - Gilz ) 1/2 x Y1/2(Z)
st = ( [Dmateoniv) = (GG ) oo (ﬂF , Gl
(3.20)

If for some e > 0, |z — ,uj[(m)| > ¢ for all j € N and x € R, then the following
holds: For any C' > 0 there exists an R > 0 such that

D
s (2, 2)] < eFA-O I (1 4 m), for any |2 > R, (3.21)

and D
[ (2, 2)] < FA-O I (1 4 m), for any|z| > R, (3.22)

where D denotes some constant dependent on R.

As the spectra o4 consist of infinitely many bands, let us cut the complex
plane along the spectrum o4 and denote the upper and lower sides of the cuts
by o} and UL_L. The corresponding points on these cuts will be denoted by A"
and A, respectively. In particular, this means

FOm) = Ei% fO+ie),  fO\):= 12%1 f(x—ie),  Ae€oy.

Defining Ca0)
N

SEIEE (3.23)

g+(A\) = —
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where the branch of the square root is chosen in such a way that

1
;gi(/\“) =Im(g+(A")) >0 for A€oy, (3.24)

it follows from Lemma that

W (W (2), 92 (2)) = ma(2) — 1hs(2) = Fga(2) 7, (3.25)

where W (f,g9)(z) = f(z)g'(z) — f'(x)g(x) denotes the usual Wronskian deter-
minant.
For every Dirichlet eigenvalue ujﬁ = ujj-:(()), the Weyl functions m4 (z) and

4 (z) might have poles. If u;t is in the interior of its gap, precisely one Weyl
function m4 or m4 will have a simple pole. Otherwise, if uf sits at an edge, both
will have a square root singularity. Hence we divide the set of poles accordingly:
My = {,uji | ,uj[ € (E;Ejfl,Ezij) and m4 has a simple pole},
My = {,u;t | uj[ € (E;Ejfl,EQij) and g has a simple pole},
Y + + + +
My = {:u’j | My € {EQj—17E2j}}7

and we set M, 4 = M4 U J\Zfi U Mi.
In particular, we obtain the following properties of the Weyl solutions (see,
e.g. [29], [77], [OI)):

Lemma 3.3. The Weyl solutions have the following properties:

(i) The function i (z,z) (resp. @Zi(z,x)) is holomorphic as a function of z
in the domain C\ (o2 U My) (resp. C\(ox U M), real valued on the set
R\ o, and have simple poles at the points of the set My (resp. Mi)
Moreover, they are continuous up to the boundary o't U o'y except at the

points from My and

V() = de(\) = (N, A€ ox. (3.26)
For E € My the Weyl solutions satisfy

VYi(z,2) =0 (¢21_7E> . Yi(z,x)=0 (¢21_7E> , asz— E € M.

The same is true for ¥/, (z,x) and ¥/, (z,z).

(ii) At the edges of the spectrum these functions possess the properties

v

Vi(z,@) —i(z,2) =0z —E) near E €doi\My, (3.27)

and 5 R
Yi(z,x) +Y+(z,2) =0(1) near E € M. (3.28)

(iii) The functions ¥4 (z,x) form an orthonormal basis on the spectrum with
respect to the weight

Ao+ (2) = 5-g(2)d, (3.29)
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and any f(x) € L*(—o0,00) can be expresses through

s = § ([0t beeaipts. @)
Here we use the notation

§ 1@as) = [ f@ose) - [ sGpsc) (33

3.3 The direct scattering problem

Consider the equation

( & +q<x>)y<x>zy<x>, sec, (3:32)

~da?

with a potential ¢(z) satisfying the following condition

+oo
i/ (1+ 22)|q(x) — pa (2)|d < 0. (3.33)
0

Then, as in Chapter there exist two solutions, the so called Jost solu-
tions ¢4 (2, x), which are asymptotically close to the background Weyl solutions
Y+ (z,x) of equation (3.11]) as © — Fo0o0 and they can be represented as

+o0
¢i(z7x) = ’(/)i(Z,J)) + Ki(.]?, y)wi(zay)dy (334)

x

Here K4 (z,y) are real-valued functions, which are continuously differentiable
with respect to both parameters and satisfy the estimate

+oo
K (0)] < Co(0)Qu(o+ 1) = £Coo) [ lalt) = a0l (339

where C1(x) are continuous, positive, monotonically decreasing functions, and
therefore bounded as x — +o0o. Furthermore,

dK4(z,y) dK4(z,y) T4y
< .
)| D < 04 (fas (52 )|+ @stot) (330
and
+oo d

i/ (14 2%) %Ki(m,x) dxr < oo, Va€R. (3.37)

Moreover, for A € 0% U cl, a second pair of solutions of l} is given by

- 9 +oo .

dr(\2) =YL\ ) £ Ki(z,y)Ye(\y)dy, Ae€oiuUcl. (3.38)

T

Note ¢4 (A, z) = Y= (N, ) for A € o4
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Unlike the Jost solutions ¢4 (z,x), these solutions only exist on the upper
and lower cuts of the spectrum and cannot be continued to the whole complex

plane. Combining (3.25)), (3.34)), (3.35)), and ([3.38)), one obtains

W(p+(A), £ (X)) = £g(A) " (3.39)

In the next lemma we want to point out, which properties of the background
Weyl solutions are also inherited by the Jost solutions.

Lemma 3.4. The Jost solutions ¢+ (z,x) have the following properties:

(i) The function ¢ (z,x) considered as a function of z, is holomorphic in the
domain C\(cx U M), and has simple poles at the points of the set My.
They are continuous up to the boundary o't Ucl, except at the points from

Mi. Moreover, we have
b+(z,x) € L*(Ry), z€ Clox (3.40)
For E € My they satisfy

1

¢+(z,2) =0 (m

) , asz— E € Ms. (3.41)

(ii) At the band edges we have the following behavior:
¢+(z,7) — ¢4(2,2) = O(Vz = E) for E € 0o+ \My, and
O+ (z,2) + ¢+ (z,2) = O(1) for E € My.

Proof. Everything follows from the fact that these properties are only dependent
on z and therefore the transformation operator does not influence them. O

Now we want to characterize the spectrum of our operator L, which consists
of an (absolutely) continuous part, 0 = o4 Uo_ and an at most countable
number of discrete eigenvalues, which are situated in the gaps, o4 C R\o. For
our purposes it will be convenient to write

c=cP U 03_1) Uo®, (3.42)
with
c®.=0_noy, JE_LU = clos(o+\o?). (3.43)

It is well-known that a point A € R\o corresponds to the discrete spectrum
if and only if the two Jost solutions are linearly dependent, which implies that
we should investigate

W(Z) = W(¢— (Z’ ')’ ¢+(Z’ ))a (344)

the Wronskian of the Jost solutions. This is a meromorphic function in the
domain C\o, with possible poles at the points My U M_ U (M+ n M,) and
possible square root singularities at the points M, UM_\ (M, NM_). Moreover
it should be pointed out (cf. [72] and [87]) that every gap can only contain a finite
number of discrete eigenvalues and thus they cannot cluster. For investigating
the function W (z) in more detail, we will multiply the possible poles and square
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root singularities away. Thus we define locally in a small neighborhood U ji of
the j'th gap [E3;_;, E5;], where j = 1,2, ...

s (2,7) = 6;,2(2)1 (2, 2), (3.45)
where
+ e o+
—py, if py € My,
Gia(z) =47 Har W= (3.46)
1, else
and
Gj+(2z, ) = 05 +(2)p+ (2, x), (3.47)
where
Z_M]i7 lf,u;teM:t7
0j,u(2) = Ay Jz— i, if pF € My, (3.48)
1, else.

Correspondingly, we set

W(Z) = W((,ZNS_(Z,),QZE_F(Z,)), W(Z) = W((i—(z7)7¢+(zv)) (349)

Here we use the definitions

(Jgi(z ) = (i;jﬁi(z,x), for z € Uji,j =1,2,..., (3.50)
’ o+ (z,x), else . ’

QZH:(Z ) = gﬁj,i(z,x), forzGUji,j:LQ,...7 (3.51)
’ o+ (z,x),  else.

and we will choose UJ” = U, if [Ey;_,, ES;| N [Ey,, 1, Es,] # 0. Analogously,
one can define 01 (z) and 6 ().

Note that the function W (z) is holomorphic in the domain U ji N (C\o) and
continuous up to the boundary. But unlike the functions W (z) and W(2) it
may not take real values on the set R\c and complex conjugated values on the
different sides of the spectrum o% U ¢! inside the domains Uji. That is why
we will characterize the spectral properties of our operator L in terms of the
function W (z) which can have poles at the band edges.

Since the discrete spectrum of our operator L is at most countable, we can
write it as

04 = U on C R\o, (3.52)
n=1
where

Op = {)\n,17~--7)\n,k}7 n €N, (353)

and k(n) denotes the number of eigenvalues in the n’th gap of o.
For every eigenvalue A, ,,, we can introduce the corresponding norming con-
stants

(Ym) % = / &% (A, ) da. (3.54)
R
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Now we begin with the study of the properties of the scattering data. Therefore
we introduce the scattering relations

TN\ x) = 6 (A 2) + R (Vo5 (N, z), A€oy,  (3.55)

where the transmission and reflection coefficients are defined as usual,

+(A), p+(N)) _ W(ex(\), 04
NSVPEY M R TPV

Ti()\) = Sig

ASHIRSE
=

(3.56)
Theorem 3.5. For the scattering matrixz the following properties are valid:

(Z) Ti(/\u) = Ti()\l) and Ri(/\u) = Ri(/\l) fO’I" ANEot.

1 LE10) = or oy )
() 28— Ra() oy ol
(iii) 1 — |RL(\)|> = (;§|Ti( )|? for A € o®).
(iv) Re(NTe(N) + Rx(NTL(A) =0 for A € 0.

Proof. (i) and (iv) follow from (3.34), (3.38), (3.56)), and Lemma [3.3]
For showing (ii) observe that ¢+(\, ) €R as \ € int(a(il)), which implies (ii).
Now assume A € int 0(®), then by (3.55)

TLPW (95, 65) = (IR = YW (6, 62). (3.57)
Thus using (3.39)) finishes the proof. O

Theorem 3.6. The transmission and reflection coefficients have the following
asymptotic behavior, as X — oo for A € 0?) outside a small € neighborhood of
the band edges of 02 :

Ri(N) = O(IA71/), (3.58)
Te(\) =1+ O(N~?). (3.59)
Proof. The asymptotics can only be valid for A € ¢ outside an ¢ neighbor-

hood of the band edges, because the Jost solutions ¢+ might have square root
singularities there. At first we will investigate W (¢_(A,0), ¢+ (X,0)):

0
6-0,0,00) = (14 [ K- 0v-(phay ) » (3.60)
(mm) K00+ [ 060 y)dy) |
0
0 (Y K_(0,y) ,
| Eowumay= [ T2 e

where we used (cf. (3.19)))

(A z) = ma (N, 2)ve (N, ).
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Hence

0
/_ K_(0,y)¢v-(\y)dy = Ifn_((()’;))) + I (N), (3.62)

0 m/
Il()\) = */ (K_,y(o,y)w()\’y) - K—(an)w—(/\ay)_()\,y)z) dy

—oo m—(A,y) m—(A,y)
(3.63)
Here it should be noticed that m(A)~! has no pole, because (see e.g. [77])
G1(2)Ni(2) + Hi(2)® = Yi(2), (3.64)
where
T Z_Tji
Ni(z)=—-(z—7) ][ = (3.65)
j=1 27—1

with 75" € (—co.EE] and Tji € [Egij_l,EQij]. Thus we obtain

1 Gi(\) O HL(N) FYa(W)Y?
me(N) 7 = FAOES AN ARy , (3.66)
(F5)-

O 1/\) as the following estimates show:

(

O

and therefore

>/

—( )
Moreover I 1(A) =

0 0 m/
o< [ 1000y [ s e 0 250 gy

oo ~-(Aw) o0 m_(A,y)
(3.67)
S qly +Q-(y))dy,
< S [ ) -r-1+0-w)
where we used that |14 (A, y)| = |gig g)| = ( ) and mz*(\,y) = O (%) for

all y by the quasi-periodicity, together with | and

YL 2) = ma(\ )P (N, 2) + ml (A, 1) (A, ).

Making the same conclusions as before, one obtains
| KeaOm)es )y =001, (3.69)
0
In a similar manner one can investigate
0
o000 00) = (m- )+ K- 0.0+ [ Ka0)v- (i ) =
(1 + [ K y)¢+<A7y>dy) , (3.69)
0

where

0
[ K_ (0, 9)Y_ (A y)dy = O(1), (3.70)
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/ TR0,y O y)dy = — 2200 gy (3.71)
0 m+()\)

__ [T dr(Ay) my (A y)
IZ(A) - /0 (KJr,y(Ovy) m+()\7y) K+(07y)¢+()‘7y) m+()\7y)2> dyv

(3.72)
with Io(A) = O(%) Thus combining all the informations we obtained so far

yields

B m4(A) —m_(A)

W(0- (0.2 ) = s () = m- () + K- 0,0) (") 0=
m—(A) —m4(A)

+ K4(0,0) ( Oy ) +0(1). (3.73)

and therefore, using ,
1
To(\)=1+0 (ﬁ) . (3.74)

Analogously one can investigate the behavior of W(gx(A),¢+(A) to obtain
Ri(\) = 0(%). O

Theorem 3.7. The functions T (A\) can be extended analytically to the domain
C\(e U M1 UMy) and satisfy
-1 -1
= = W(z), (3.75)
Tr(2)g: () T-(2)9-(2)

where W (z) possesses the following properties:

(i) The function W is holomorphic in the domain UjlL N (C\o), with simple
zeros at the points A\, where

(ﬁf@‘ﬂ) = (’Y:,k%;k)_? (3.76)

Besides it satisfies

W) =W(), XeUfno and W(A)ER, AeUFn(R\o).
(3.77)
(ii) The function W (z) is continuous on the set UjjE NC\o up to the boundary
ol Uot. It can have zeros on the set do U (809 N 809)) and does not
vanish at any other points of o. If W(E) =0 as E € do U (503_1) ﬂaa(_l)),
then W (z) = vz — E(C(E) + o(1)), C(E) # 0.

Proof. (i) Except for (3.76) everything follows from the corresponding prop-
erties of ¢4 (z,x). Therefore assume W (A\g) = 0 for some Ay € C\o, then

(Mo, ) = cad=(Xo, ), (3.78)
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for some constants c4, which satisfy c_cy = 1. Moreover, every zero
of W (or W) outside the continuous spectrum, is a point of the discrete
spectrum of L and vice versa.

Denote by 7+ the corresponding norming constants defined in (3.54)) for
some fixed point Ao of the discrete spectrum. Proceeding as in [81] one
obtains

~ d - oo
W (32000 5205 00.0) = [ EQpade. (379)

Thus using (3.78]) and (3.79)) yields

+oo

Foo -
V2= T / 32 (Ao, z)dr £ / 32 (Ao, 2)dz (3.80)
0 0

= FAEW (9(X0,0), %¢;$(A070)) £ W (9%, 0), %ét()\o’o))
d _ ~
= Ciaw<¢— (AO)7¢+()\O>)’

applying now c_cy = 1, we obtain ([3.76]).

The continuity of W(z) up to the boundary follows immediately from the
corresponding properties of qASi (z,2). Now we will investigate the possible
Z€eros.

Assume W(\g) = 0 for some \g € int(c®). Then ¢ (Ao, ) = co_ (g, x)
and ¢, (Ao, z) = ¢ (Mo, ). Thus W(¢y,d4) = |¢|*W(¢_, ¢_) and there-
fore sign g1 (Ag) = —sign g—(Xg) by (3.39), contradicting (3.24).

Next let Ao € int(o(il)) and W (o) = 0, then ¢+ (Ao, z) and ¢+ (Ao, z) are
linearly independent and bounded, moreover é+(\o,z) € R. Therefore
W(\o) = 0 implies that ¢ = ci ¢+ = cfdy and thus W(ps,¢s) =0,
which is impossible by . Note that in this case Ay can coincide with
a pole € M=.

Now introduce the local parameter 7 = v/z — F in a small neighborhood
of each point E € doy and define §(z,x) = %y(z,x). A simple calcula-
tion shows that g—j(E) = 0, hence for every solution y(z,z) of || its
derivative §(E, x) is again a solution of . Therefore, the Wronskian
W(y(E),y(E)) is independent of x.

For each x € R in a small neighborhood of a fixed point £ € doL we
introduce the function

Yy(z,2), FEE€ 80i\Mi,

V(7 ) = {wi(z,w, EeM,.

Proceeding as in [I0] Lemma B.1 one obtains

- d - ) aTt®
W(.0(B), goben(B)) = & lim o2, (3.81)

where o = —1if E € 8Ji\Mi and o = 1if E € M.
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Using representation (3.19) for ¢4 (2, x) one can show (cf [48]),

1/2 x 1/2
Vo (B, x) = (Gi(E””)) exp (i lim Yi(z)m), Ecdo

Gi(E,O) z=E Jo Gi(Z,T)
(3.82)
where
(1)25—&-1, wi # E, (x)=E,
1/2 \2s5+1 - . E
2B Gi (I)ZSa Ky = E, ,LLj(:E) =E,
(1)25’ wi # B, pj(z) # E,
for s € {0,1}. Defining
. Naz), Ee€doi\My,
b (0 z) = ¢+(A, ) o\ M (3.84)
ToL (N x), E € My,
we can conclude using (3.34) that
¢+ (E,x) = ¢+ (E,z), for E € dos\Ms. (3.85)

Moreover, for E € Mi,

éi,E(E,x) = —(/A)i,E(E,w), a left band edge from o,
éi,E(E,x) = (ﬁi’E(E, x), a right band edge from o4..

If \o = E € 86® Nint(ox) C int(o), then W(E) = 0 if and only if
W(wi,l/}%E)(E) = 0. Therefore, as QBJF’E(EV) are either pure real or
pure imaginary, W (¢, QE;E)(E) = 0, which implies that ¢+ (E,z) and
¢+ (E, z) are linearly dependent, a contradiction.

Thus the function W (z) can only be zero at points E of the set do U
(805:) 080(_1)). We will now compute the order of the zero. First of all note
that the function W()\) is continuously differentiable with respect to the
local parameter 7. Since - (546_)(E) = 0, the function W((,z5+ By o E)
has the same order of zero at E as W(\). Moreover, if 6. (FE) # 0,then
45,(E) = 0 and if 6_(E) = S+( ) = 0, then L(r ‘25+3,)(E) =0.
Hence %VAV(E) = 0 if and only if 2= W(byp,d_p)=

Combining now all the informa:cions we obtained so far, we can conclude
as follows: if W(E) =0, then ¢4 g(E,.) = cx05 g(E,.), with c_cq = 1.

Furthermore we can write

W (b, b e)(E) = W(diéu 5 b-5)(B) W50 5,b4.5)(F)
= W(b1 b1 )(B) — W (-6, b 5)(B)
(3.86)

d - - d -~ .
= C—W(%%-,E, Yy p)(E) — C+W(E¢—,E,¢—,E)(E)-

Using (3.81), (3.85), (3.86]), and distinguishing several cases as in [I0]
finishes the proof.

O
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Theorem 3.8. (i) The reflection coefficient Ry () is a continuous function

w,l

on the set int(c}").

(i) If E € 0o, Ndo_ and W (E) # 0, then the function Ry () is also contin-

uous at . Moreover,

-1 forE%]\Z[i,

- (3.87)
1 for E€ My.

Ry(E) = {

Proof. (i) At first it should be noted that by Lemma the reflection co-

(i)

efficient is bounded, as gig; > 0 for A € int(c(?). Thus, using the
corresponding properties of ¢4 (z,z), finishes the first part.

By (3.56) the reflection coefficient can be represented in the following form:
W0V, (V) _ | W(P£(A), 5 (V)
W(¢+(A), ox(N)) W) ’

and is therefore continuous on both sides of the set int(oL)\(Mg U My).
Moreover,

Ri(A) =

(3.88)

W (6L (\), 6=(N))
W\

|R+(N)] = ’ : (3.89)

where the denominator does not vanish, by assumption and hence R (\)
is continuous on both sides of the spectrum in a small neighborhood of
the band edges under consideration.

Next, let E € {E5;_,, E3;} with W(E) # 0. Then, if E ¢ M., we can

write

bW (9 (N) — 62 (V). 6=(V))
W)
which implies Ry (A\) — —1, since ¢+ (A) — ¢+ (A) — 0 by Lemma as

AN— FE. AThus we Proved the first case.
If E € My with W(E) # 0, we use (3.88) in the form

Ri(\)=-1F : (3.90)

bW (9 (M) + 62 (V). 6=(V))

Ri(N)=1=+ Wy

, (3.91)

which yields Ry (A) — 1, since 5j7i()\) — 0 and ¢4+ (\) + ¢, (A) = O(1) by
Lemma[3.4] as A — E. This settles the second case.
O

3.4 The Gel’fand-Levitan-Marchenko Equation

The aim of this section is to derive the Gel’fand-Levitan-Marchenko (GLM)
equation, which is also called the inverse scattering problem equation and to
obtain some additional properties of the scattering data, as a consequence of
the GLM equation.
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> < D C

Figure 3.1: Contours I'; ,

Therefore consider the function

Gi(z,2,y) = Ta(2)d (2, 2)¥x (2, )9+ (2) — ¥a (2, 2)01(2,9)9+(2)  (3.92)

=G (z,2,y) + G'L(z,2,y), +y> *a,
where = and y are considered as fixed parameters. As a function of z it is
meromorphic in the domain C\o with simple poles at the points A of the
discrete spectrum. It is continuous up to the boundary o® U ¢!, except for the

points of the set, which consists of the band edges of the background spectra
Oo and do_, where

Gi(z,2,y) =0((z— E)"Y?) as Ee€do, Udo_. (3.93)

Outside a small neighborhood of the gaps of o1 and o_, the following asmp-
totics as z — oo are valid:

. . .

— :|:1\/E:r(1+o(;)) 71/2 _ 1
i (z,2) = FVEIHORD (14 0(z71)), Ta(z) =1+ 0(=2),
bi(z,y) = FVHITOE) (1 4 0(z7Y),

and the leading term of ¢+ (2, ) and 1/V)i (z,x) are equal, thus
Gi(z,z,y) = eiiﬁ(y*m)(Ho(%))O(z*l), +y > +z. (3.94)

Consider the following sequence of contours I'; ,, 4+, where I'. ;, + consists of
two parts for every n € N and ¢ > 0:

(i) Cen,+ consists of a part of a circle which is centered at the origin and has
as radii the distance from the origin to the midpoint of the largest band of
[Ezin7 EQin +1), which lies inside o together with a part wrapping around
the corresponding band of ¢ at a small distance, which is at most ¢, as
indicated by figure 1.

(ii) Each band of the spectrum o, which is fully contained in C; , 1, is sur-
rounded by a small loop at a small distance from o not bigger than e.
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W.lo.g. we can assume that all the contours are non-intersecting.
Using the Cauchy theorem, we obtain

1
— Gi(z,z,y)dz = Z Iies Gi(z,z,y), €>0. (3.95)

271 k
Lent AREIN(Te p 4)

By (3.93) the limit value of G4 (z,z,y) as e — 0 is integrable on o, and the
function G’{ (z,z,y) has no poles at the points of the discrete spectrum, thus
we arrive at

1
Gi(z,z,y)dz = Z ResG', (z,z,y), +y>+z. (3.96)
Ak

2mi
Lo.n.+ Ak €int(To,n,+ )

Estimate (3.94)) allows us now to apply Jordan’s lemma, when letting n — oo,
and we therefore arrive, up to that point only formally, at

1 /
z—ﬁfg(zi(x,x,y)d/\ = Z Pi(szi()\,os,y), +y > +z. (3.97)
AL€Tq
Next, note that the function G’ (A, z,y) does not contribute to the left part of
3.97), since G’L(\*, x,y) = G'L (A, z,y) for A € U(;) and, hence ﬁ,(l) GL(\ z,y)d) =
T
0. In addition, fai GL(A\ z,y)d\ =0 for z # y by Lemma (iv).
Therefore we arrive at the following equation,

1
— ¢ Gilhzydi= ) RﬁsG;(A,x,y), +y > +x. (3.98)

27i
o+ Ak€Eoq

For making our argument rigorous, we have to apply Jordan’s lemma, which
implies that the contribution of the integral along the circle of Cy ,, 4, converges
against zero as n — oo and we have to show that the series of integrals along
the parts of the spectrum contained in Cp, + converges as n — oo. This will
be done next.

Using (3.30), (3-34), (3-38), (3-55), and Lemma [3.3] (iv) we obtain

7§ Ceair= § o (rvan i)
— § (ReWoO02) + 32008 ) M) (V)
— § RO DO Do) + § DA ) (V)
+oo
s [ Ko (RO 00 )dps (V) + 8l - )
+o0
= r,i(xay)j: Ki('xvﬂFr,i(tvy)dt+Ki(x7y)’ (399)
where
Fx(z,y) :f RNy (N y)ve (A y)dps(A). (3.100)
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Now properties (ii) and (iii) from Lemma imply that

IRe(N)| <1 for Aeint(e®), |R(N)]=1 for Aeol.  (3.101)
and by (3.19) we can write

Fra(o,y) = ;f Re(Nthe (0, 1) (A, 1) dps (M)

x 1/2
- ?z{i ) (Gi(Azsz/\i)(l//\éy)) exp(n2: (A, ) + 1 (A, y))dA,
with oy
= ’ le rci
nz(a) ==+ | FoA—dr € iR (3.102)

We will show

Lemma 3.9. The series

Frs(a.y) z fE I A TRCROTRCRA Y
= nlL)Holo - R:ﬁ:()‘)wﬂ: ()‘7 $)¢i(>\» y)dp:t(A) = Fr,n,:l:(xu y)v
o+Mlo,n,+

(3.103)
s convergent and uniformly bounded with respect to x and y.

Proof. For A\ € o1 as A\ — oo we have the following asymptotic behavior

(i) in a small neighborhood V,* of E = EF

[Re(Nve (N, 2)ve (A y)g= (V)] = o(—), (3.104)

O\ —E)
(ii) in a small neighborhood W of E = EF,if E € o4
R0 (0 )i (0, )92 () = exp(ivA(@ +1)(1 +0(5))0(=).
(3.105)

(iii) and for A € o4\ U]EN(Vni U W)

Re (i (0 2)2 (0, ) () = exp(ivA () (140G ) (S +0 (5375 ) )
(3.106)

These estimates are good enough to show that F, 4 (z,y) exists, if we choose V,
and W in the following way: We choose V,F C 0'(1) Uo®@ | if EF is a band edge
of og ), such that V* consists of the corresponding band of O'i) together with
the following part of o'(i) with length EF — EX | if n is even and En+1 - Ef,

if n is odd. If E} is a band edge of ¢(?), we choose V,F C ¢(?), where the length
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of V* is equal to the length of the gap pf o+ next to it. We set Wt C o with
length 3(EF — E7_,), if n is even and 3(E , — E), if n is odd, centered at
the midpoint of the corresponding gap in o+. As we are working in the Levitan
class and we therefore know that 300 (Ey _)(E, — E¥, ;) < oo for some
[ > 1, we obtain that the sequences belonging to V,* and Wt converge.
For the last sequence, observe first that
1

[exp(EVAE + O] € (@ +1)0(). I (2 +9)0(=) = 7/2, (3107

>

respectively

\exp(iiﬁ(x+y)0(%))| <1t (24 9)0(—), if (249)0(—=) < 7/2. (3.108)

Si-

1
VA
Furthermore

| b

a

/b exp(ivA(z + y))%d)\ = +exp(£ivV Az + 1)) (3.109)

¢
20\1/2(z +y)

+ /b exp(£ivVA(z + y)) d,

D32(z 1 y)
and

b
/ exp(ivA(z + y)) (z + y)O(#)dA — exp(+ivA(z + y))0(§)|’; (3.110)

d\

b
+/ exp(:ti\f)\(x-i-y))O(%)

For showing the convergence of the corresponding series, we can use the following
argument: Integrate (3.106]), where C' can be computed explicitly, from EOi to
oo and subtract the parts corresponding to the gaps, and use

exp(diy /B (@ + ) — exp(iy[E5 (0 +y) o/EE - JEED)
= 2j 2j—1/>

r+y

(3.111)
and

+ +
JEL -\ JEX_ = s = Boja (3.112)
25 2j—-1 = n T .
\/EQj + \/EQj—l

Thus, putting all together, also the last part of the integral is finite and the
bound is only dependent on x. O

For investigating the other terms, we will need the following lemma, which
is taken from [40]:
Lemma 3.10. Suppose in an integral equation of the form

+oo
fi(l‘,y)i Ki(x7t)fi(tay)dt:gi(xay)7 ty > *wz, (3113)

x

the kernel Ki(x,y) and the function g+(xz,y) are continuous for +y > +x,

|Ki(z,y)| < Ci(z)Qx(x +y), (3.114)
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and for g+ (x,y) one of the following estimates hold

9+ (z,y)| < CL(2)Qi(x +y), or (3.115)

lg+(x,7)] < Cx(2)(1 4+ max(0, £x)). (3.116)

Furthermore assume that
+oo
i/ (1 + [2)]q(z) — pa (2)]dz < 0o, (3.117)
0

Then (3.113)) is uniquely solvable for fi(x,y). The solution fi(x,y) is also con-
tinuous in the half-plane £y > +x, and for it the estimate (3.115) respectively

(13.116|) s reproduced.
Moreover, if a sequence gn +(x,y) satisfies (3.115)) or (3.116) uniformly with

respect to n and pointwise gn +(x,y) — 0, for £y > Lz, then the same is true
for the corresponding sequence of solutions fn +(x,y) of (3.113).

Proof. For a proof we refer to [38, Lemma 6.3]. O

Remark 3.11. An immediate consequence of this lemma is the following. If
lg+(z,y)| < Ci(x), where CyL(x) denotes a bounded function, then |g+(z,y)| <

Cy(x)(14max(0, +x)) and therefore | f+(x,y)| < Cx(x)(1+max(0, £x)). Rewrit-
ing this integral equation as follows

+oo
fi(xay) :gi(xvy):': Ki(xvt)fi(tvy)dtv (3'118)

x

we obtain that the absolute value of the right hand side is smaller than a bounded

function C(x) by using (3.10) and (3.35), and hence the same is true for the

left hand side. In particular if Cx(x) is a decreasing function the same will be
true for Cy(x).

We will now continue the investigation of our integral equation.

Lemma 3.12. The series

Fralo) = [ ITeOOPoOn )i (A )dp= ()

= lim , T NP+ 2) (A, y)dpx(N) = Fop+ (2, y)
n—00 U(l).umF
+ 0,n,+
(3.119)
converges uniformly and for every n € N we have
[Pt (2, y)] < Cx(x),  and  |Fhx(z,y)| < Ci(z) (3.120)

where Cy(x) are monotonically decreasing functions.

Proof. On the set aSle ) both the numerator and the denominator of the function

G’ (A, z,y) have poles (resp. square root singularities) at the points of the set
Ug) Nn(MyU (809 N 30(,1))) (resp. ag) N (M+\(M+NMyz)) , but multiplying
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them, if necessary away, we can avoid singularities. Hence, w.l.0o.g., we can
suppose a$) N (M, + UM, _)=10. Thus we can write

1

2mi o)

G, y)dh = = ¢ TeM)or O\ a)ie (0 y)ge (VA (3.121)

27 e
For investigating this integral we will consider, using (3.75)),
1

2mi o

T$ ()‘)¢$()‘7 x)(j)ﬂ: (>‘a y)g$(/\7 y)d)‘

e e e R MV EMEN) PREVEN

2mi o)

First of all note that the integrand, because of the representation on the right

hand side, can only have square root singularities at the boundary 80$ ) and
we therefore have

/(m + + |¢”F(/\’x)(¢¢()"y)+R:F()\)¢:F()\7y))g:p(/\)|d)\
7F ﬂ[E E2n]

<2 6=(\ 2)6 (A, ) (V)| A
ol NEL, |, ELi]

[ +
(Ef —EE ) L
< Ce(y)0e(a) | ——="+ :
VA= Ef VA= Ef

where B, | and Ei, denote the edges of the gap of o in which the corre-

sponding part of og ) lies and C4(x) denote monotonically decreasing functions
from now on. Therefore as we are working in the Levitan class and by separating
cr;1 ) into the different parts, one obtains that

ori By TeN6x 0 200200 g AN < s ()C(0)

2mi

Thus we can now apply Lemma [3.10 and hence
1
|—

i ) TN (0200 ()95 (A < Ca(1)Co o) 1+ max(0, ).

Note that we especially have, because of (3.35)),
1
|—

2 %m Te(N)o=(N 2)d (A, y)gx (\)dA| < Cx(2)

Therefore we can conclude that for fixed « and y the left hands side of (3.98)
exists and satisfies

1
o 75;” Te (N px (N, 2) e (A, 1) g+ (A)dA| < Cp (), (3.122)
and hence
%ﬂf;Gi(Zyl'ay)dZ‘ < Cy(z). (3.123)
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Furthermore, since ¥4 (A, z) € Ras A € a$), we have

! G (N, z,y)d\ = ! wi(%w(

2mi o

P (A ) _ P (A )
W(N) W)

)d)\ (3.124)

omi Lo
F
Moreover, (3.55) and Lemma (ii) imply

— ()

ox(N ) =TE(N)o+ (N, z) — dx(A, ). (3.125)

Therefore,

But by (3.75)

TH W) = (W) Pgx(\) € iR, for A e o, (3.127)

and therefore the first summand of ((3.126|) vanishes. Using now W = (T?Fg;)_l
we arrive at

_ 2
Do) T = TP ()64 02) (3.128)
and hence
+oo
b e dA = Fsey) t [ KaleOFs(a)d,  (3129)
where
Fr(oon) = [ 100 P (0)s (O p)dps (3, (3.130)
0:(:1
and
[Fhs(2.9)] < Ca()Ca(y) (3.131)

by Lemma The partial sums F}, , 1 (z,y) can be investigated similarly [

We will now investigate the r.h.s. of and . Therefore we consider
first the question of the existence of the right hand side:

To prove the boundedness of the corresponding series on the left hand side,
it is left to investigate the series, which correspond to the circles. We will derive
the necessary estimates only for the part of the n’th circle Kg, ,, where R, +
denotes the radius, in the upper half plane as the part in the lower half plane
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can be considered similarly. We have

| Gj:(Z, z, y)dZ| < / Ce:l:\/ﬁ(zfy)(lfu) sin(9/2)d0
0

Kry,+

/2
< / CetVRE=y)(1=v)sin(n) g

/ Oe:ﬁ:f(m y)(1—v) wdn

1 7
<C ot VER(z—y)(1-v)22 2
VR(z —y)(1-v)
where C' and v denote some constant, which are dependent on the radius (cf.
Lemma [3.2)). Therefore as already mentioned the part belonging to the circles
converges against zero and hence the same is true for the corresponding series.
Additionally we have to estimate
1
2mi

G (A z,y)d\ = T (N)ox(\, )+ (N, y)dp+(N)

o+MNlon,+ o+Nlo,n,+

(3.132)
_ 7{ . (Re)g2 (@) + 6200 2) ) (0, y)dp ().

Therefore observe that both terms can be investigated using the same techniques
as in the proof of Lemma [3.9]

Thus we obtain that this sequence of partial sums is uniformly bounded and
we are therefore able to proof the following result:

Lemma 3.13.
Fyi(z,y) = Z (V) Mk, )0 (Ak, ) (3.133)

Ar€oq

= Z (7}?)21/~)i ()‘ka z)ﬂ;i(/\ka y) = Fd,n,i(xa y)7

A€o aMTo,m, +
exists and satisfies for every n € N
|Fan+(x,y) <Ci(z), and |Fgi(z,y)| <Cyi(z) (3.134)
where C+(x) are monotonically decreasing functions.

Proof. Applying (3.34)), (3.49), (3.50)), (3.78), and (3.80) to the right hand side

of (3.98)), yields

QZ$ ()‘7 x)iji (>" y)
)\;@;d ResG'.(\, z,y) = /\%d };(zs W()\)

Z b1 i, 2)s Ak, y)
o, Wwers

- Z YE) 2 ba (M 2)0x (Niy y) (3.135)

Ar€0q
+oo
=—Fyi(z,y) F Ky (x,t)Fy+(t,y)dt,

x
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where
Fax(z,y) = > (3i)0x Ok, 2) 0+ Mk, p)- (3.136)

Ak€oq
Thus we obtained the following integral equation,

+oo
Fd,:t(xvy) = —Ki(l',y) - Fc,:l:(‘rvy) + K:I:(xat)Fc,:l:(tvy)dt (3137)

T
+o0

F Ky(z,t)Fy4(t,y)dt,

x

which we can now solve for Fy i (z,y) using again Lemma and hence
Fy+(z,y) exists and satisfies the given estimates. The corresponding partial
sums can be investigated analogously using the considerations from above. [

Thus we have proved the following theorem

Theorem 3.14. The GLM equation has the form

+oo
Ky(x,y)+ Fr(z,y) £ Ky(x,t)Fy(t,y)dt =0, +(y—2z) >0, (3.138)

xT

where

Fi(z,y) = 74 Ry (A )i (A y)dps () (3.139)

+/<1),“ T (V)2 (N, )04 (A, y)dp (V)

o0

) (355)%0x (M 2) 0 (N, ).
=1

Moreover, we have

Lemma 3.15. The function Fy(x,y) is continuously differentiable with respect
to both variables and there exists a real-valued function qi(z), x € R with

+oo
:I:/ (14 2%)|qe(z)|dz < 00,  for all a € R, (3.140)
such that 5
[Fy (2, y)| < Cu(z)Qx(z + y), (3.141)
L rto)| < Co0) (fos (T32) |+ Quta ). (3.142)
x 2
+oo
i/a ‘diFi(x,ac) (1+2%)dz < oo, (3.143)
where .
Qule) =% [ laslo)id, (3.144)

2
and Cy(z) > 0 is a continuous function, which decreases monotonically as
T — £o0.
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Proof. Applying once more Lemma [3.10] one obtains (3.141). Now, for sim-
plicity, we will restrict our considerations to the 4+ case and omit + Whenever

possible. Proceeding as in [10], we set Q1 (u f Q(t)dt. Then, using ,
the functions Q(z) and Q1 (x) satisfy

/ Q1(t)dt < o0, / Q(t)(1+ |t))dt < oo. (3.145)

Differentiating (3.138) with respect to x and y yields

oo

P, 9)] < Ko, 9)| + K (2, 2) P, )] + / Ko (2, )F(t,y)ldt,  (3.146)

T

Fy(z,y) + Ky(z,y) + /OO K(z,t)F,(t,y)dt = 0. (3.147)

We already know that the functions Q(z), Q1(x), C(z), and C(x) are monoton-
ically decreasing and positive. Moreover,

thus we can estimate Fy(z,y) and Fy(z,y) can be estimates using (3.36]) and

the method of successive approximation. It is left to prove (3.143). Therefore
consider (3.138)) for z = y and differentiate it with respect to x:

o (S0) @l +0) Qe+t < (@(20)+ Qu20) Qe +), (3118)

ch(i?x) dK c(i:: ,2) —K(z,2)F(x,x)+ / Oo(Km(x,t)F(t,z)+K(:c,t)Fy(t,a:))dt =0.
’ (3.149)
Next (3.35) and (3.141) imply
|K (z,y)F(z,z)| < C(a)C(a)Q?(2z), for z > a, (3.150)

where faoo(l +22)Q%(2z)dx < co. Moreover, by lj and (3.142)

[ (o O F (1, )+ K (2, F (1, 0)] < 4C(@)Ca)] a5

e+,

together with the estimates

/00 dx * /00 Q*(z +t)dt < /OO |x|Q(2x)dx sup /00 |z + t|Q(x + t)dt < oo,

[2fw

)dt <

Q (2z)dx bup/oo‘q(z+t)’(1 + (z +t)?)dt < o0,

r>a 2

and (3.37)), we arrive at (3.143)).
O

In summary, we have obtained the following necessary conditions for the
scattering data:
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Theorem 3.16. The scattering data
S = {R+()\), Ty(\), A€ RL(A), T_(\), A € o™

Ay da, - €R\ (04 Uo), ﬁ,ﬁ,---e]&} (3.151)

possess the properties listed in Theorem [3:6, 37, and[3:8, and Lemma[3.9]
and[3.13| The functions Fy(x,y) defined in (3.139)), possess the properties

listed in Lemma B.15.

51



Chapter 3. Scattering theory

52



Chapter 4

The Cauchy problem for
the Korteweg-de Vries
equation with steplike
finite-gap initial data

4.1 Introduction

The aim of this chapter is to provide a rigorous treatment of the inverse scat-
tering transform for the Korteweg—de Vries (KdV) equation

in the case of initial conditions which are steplike Schwartz—type perturbations
of finite—gap solutions. The reason which makes the periodic case much more
difficult are the poles of the Baker—Akhiezer functions which arise from the fact
that the underlying hyperelliptic Riemann surface is no longer simply connected.
In particular, we include a complete discussion of the problems arising from
these poles. We will consider the case of Schwartz—type perturbations together
with the additional assumption that the mutual spectral bands either coincide
or are disjoint. While this last assumption excludes the classical case of steplike
constant background, it clearly includes the case of short range perturbations
of arbitrary finite-gap solutions.
More precisely, we will prove the following result

Theorem 4.1. Let py(x,t) be a real-valued finite-gap solution of the KdV equa-
tion corresponding to the initial condition p+(x) = p+(x,0). Suppose that the
mutual spectral bands of the one-dimensional Schrdodinger operators associated
with py and p_ either coincide or are disjoint.
Let q(x) be a real-valued smooth function such that (the Schwartz class)
+o0 dn
£,
0

dx—n(q(z) —ps(2))| (1 + |z[™)dx < 00, VYVm,neNU{0}, (4.2)
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Chapter 4. Cauchy Problem for the KdV equation

then there is a unique smooth solution q(z,t) of the KdV equation corresponding
to the initial condition q(x,0) = q(z) and satisfying

+oo n
j:/ ‘;ﬂ(q(x,t) —px(, 1)) | (1+|2|™)dz < 00, Ym,n € NU{0}, (4.3)
0

for allt € R.

4.2 Some general facts on the KdV flow

Let g(z,t) be a classical solution of the KAV equation, that is, all partial deriva-
tives appearing in equation exist and are continuous. Moreover, suppose
q(z,t) and gz (x,t) are bounded with respect to = for all t € Ry.

Introduce the Lax pair [75]

Ly(t) = =02 + q(x.1), (4.4)
P,(t) —402 4 6q(x, )0, + 3q, (. 1).

Note that L,(t) is self-adjoint on D(L,(t)) = H*(R) and P,(t) is skew-adjoint
on D(P,(t)) = H3*(R). Moreover, the KAV equation is equivalent to the Lax
equation

O Lq(t) = [Py(t), Lq(t)]

on H®(R).
The following result follows from classical theory of ordinary differential
equations.

Lemma 4.2. Let ¢(\, x,t) and s(\, x,t) be the solutions of the differential equa-
tion Lq(t)u = Au corresponding to the initial conditions c(X,0,t) = sz(A,0,t) =
1 and cz(A,0,t) = s(A,0,t) = 0.

Then c(A, x,t) and cy (A, x,t) are holomorphic with respect to A € C (for

fized x and t) and continuously differentiable with respect to t (provided q(z,t)
is). Similarly for s(\,z,t) and s;(\, x,t).

Next, note the following property

Lemma 4.3. Suppose q(x,t) is three times differentiable with respect to x and
once with respect to t. If Ly(t)u = Au holds, then

(Lq(t) - A)(Ut - Pq(t)u) = _(Qt + Qraa — GQQx)u (4'6)
Proof. Suppose L,u = Au, then we have Pyu = (2(q¢ + 2X)0; — g, )u and thus
(Lq(t) - /\)Pq(t)u = (QIwm - 6(1%)“

respectively
(Lq(t) — Nug = —qiu

which proves the claim. O
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Corollary 4.4 ([&1], corollary to Lemma 4.1.1%). Suppose q(x,t) is three times
differentiable with respect to x and once with respect to t. The function q(x,t)
satisfies the KdV equation (4.1) if and only if the operator

Aq(t) = 0r — 2(q(, ) + 20) 0z + qu(, 1) (4.7)

transforms solutions of equation (L4(t) — AN)u = 0 into solutions of the same
equation.

Furthermore, we obtain

Lemma 4.5. Let q(x,t) be a classical solution of the KdV equation (4.1). The
system of differential equations

Ly(t)u = Au, (4.8)
u = Py(t)u (4.9)

has a unique solution (A, x,t) for any given initial conditions u(,0,0) = ag(X)
and u; (X, 0,0) = bo(A). It will be continuous with respect to A if ag, by are.

Proof. Write
u(A, @, 1) = a(A t)e(A, 2, t) + b(A, t)s(A, 2, ),

then clearly Lq(t)u = Au holds by construction, and Lemma implies
(Ly — A)(ug — Pyu) = 0.
Hence u; = Pyu will hold if and only if
aic + acy + bys + bsy = a(Pye) + b(Pys) = 2(2A + q)(acy + bsy) — gz (ac + bs)

holds together with its x derivative at « = 0, that is,

ar(A,t) = —a(X, 1) (0,1) + (A, ) (4X + 2¢(0, 1)),

bi(A ) — B D (0,) + a(h £) (227 + (0, 5)(a(0,) — A) — 4un(0,))
a(A,0) = ag(A),

b(A,0) = bo(N). (4.10)

This is a system of ordinary differential equations for the unknown functions
a(\,t), b(A, t) and hence the claim follows. O

Let c¢(\, z,t) + my (A t)s(A, x,t) be a pair of Weyl solutions for operator
L,(t), where m (A, t) are the Weyl m-functions associated with L.

Lemma 4.6. The functions
us(N, z,t) = ax (N, ) (c(\, 2, 1) + ma (N, 8)s(N, 2, 1)), (4.11)
where

ax (A t) =exp (/Ot (2(q(0, s) +2X)m+ (A, s) — ¢ (0, s))ds) , (4.12)
solve , .
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Proof. Let u denote one of the Weyl solutions u, (A, x,t) or u_(\, z,t) and
let @ be the other one. Then Lemma implies that u; — Pyu is again a
solution of L,u = Au. Consequently u; — P,u = Bu + v&, where 8 = B(\,t),
v = (A, t). Since the Weyl solution decays sufficiently fast with respect to
x on the corresponding half-axis when A € C\ o, then u; — Pyu also decays
on the same half-axis. Therefore, v = 0 and u; — Pyju = Bu and the function
(N, z,t) = exp(— fo B(A, s)ds)u(, z,t) satisfies the system (4.8, (£.9).

It remains to compute S(A,t). Using u(\, z,t) = c(A, z,t) + m(A, t)s(\, z,t),
where m(A\,t) is the corresponding Weyl function, we obtain

Ct +MmeS + msy = — 4Cppn — AMSzar + 6q(cy + msSy) + 3¢z (c + ms) + B(c + ms)
:4(>‘Cx — {zC— C;ﬂ]) + 4m(>\sz — QxS — qu) + GQ(C:L’ + msz)
+ 3¢z (¢ +ms) + B(c+ ms).

For x = 0 this equation reads 0 = 2(q(0,¢) + 2\)m(\, t) — ¢ (0,¢) + S(\,t). O

Let W(f,9)(z) = f(z)g'(z) — f'(z)g(x) denote the Wronski determinant.
The next lemma is a straightforward calculation.

Lemma 4.7. Let uy, ug be two solutions of (4.8)), (4.9)), then the Wronskian
W (u1,u2) does neither depend on x nor on t.

4.3 Some general facts on finite-gap potentials

Since we want to study the initial value problem for the KdV equation in the
class of initial conditions which asymptotically look like (different) finite-gap
solutions, we need to recall some necessary background from finite-gap solutions
first. For further information and for the history of finite-gap solutions we refer
to, for example, [45], [46], [81], or [84].

Let Ly(t) :== L,,(t) be two one-dimensional Schrédinger operators associ-
ated with two arbitrary quasi-periodic finite-gap solutions p (z,t) of the KdV
equation. We denote by

ve(A x,t) = ce (N x,t) + me (N t)s+ (A, 2, t) (4.13)

the corresponding Weyl solutions of Ly (t)1+ = Apx, normalized according to
(N, 0,t) = 1 and satisfying ¥4 (], .,t) € L?((0,£00)) for A € C\ R.

It is well-known that the spectra oy := o(L4(¢)) are t independent and
consist of a finite number, say r4 + 1, bands:

o = [Ey, EY]U - U[BEg;_y, B3y ] U- - U[B, ,00). (4.14)

27‘i’

Then pi are uniquely determined by their associated Dirichlet divisors

{F @05 @), (1), 0E (1)}

where /15 £(t) e [Ezij 1,E;Ej] and ajj-[(t) € {+1,-1}.

Let us cut the complex plane along the spectrum o4 and denote the upper
and lower sides of the cuts by o and ¢l.. The corresponding points on these
cuts will be denoted by A" and \!, respectively. In particular, this means

fOY) = 15%1 fO+ie),  fO\):= 15%1 f(A—ig), A€oy

56



Chapter 4. Cauchy Problem for the KdV equation

Set
vi(\) =[x - Ef), (4.15)

and introduce the functions

15 (A —p5 (1)

g (A1) = — (4.16)
2vL2())
where the branch of the square root is chosen such that
1
;gi()\u) =Im(g+(A\")) >0 for A€oy (4.17)

The functions ¥4+ admit two other well-known representations that will be
used later on. The first one is

Ve z,t) = ur (N, t)eFENT N e C\ oy (4.18)

where 01 (\) are the quasimoments and the functions uy (), z,t) are quasiperi-

odic with respect to x with the same basic frequencies as the potentials py (z, ).

The quasimoments are holomorphic for A € C\ o+ and normalized according to
doy

o >0 for Aeol, 0+(ET) = 0. (4.19)

This normalization implies (cf. (4.17)))

do,  TTE (- )

+ + +
s tc (B |, E3 4.2
dA viPoy G € (Byjor, o), (4.20)

and therefore, the quasimoments are real-valued on o1. Note, in the case where
p+(z,t) = 0 we have 0+(\) = VX and us(\, z,t) = 1.

Furthermore, the Weyl solutions possess more complicated properties, for
example, they can have poles, as we see from the other representation. Namely,
let P+ be the Riemann surfaces, associated with the functions Yil/ 2 (M) and let
w4 be parameters on these surfaces, corresponding to the spectral parameter A,
where w1 (resp. w_) is the parameter on the upper (resp., lower) sheet of P,
(resp. P_). Then

w:l:(ﬂ-:taxat) = €exp </(; m:‘:(,]r:tvy7t)dy> ) (421)

where my (74, z,t) are shifted Weyl functions (cf. [7]). Note, that the Weyl
function m4 (A, t) is the branch, corresponding to values of m4 (74,0,¢) and
m_(\t) = m_(m_,0,t). Denote the divisor of poles (the Dirichlet divisor)
of the shifted Weyl functions by Z;ﬁl(u;ﬁ(x,t), oji(x,t)). Then the functions

,uj[ (x,t) satisfy the system of Dubrovin equations (45, Lem. 1.37])

8/ﬁ:(m7t> + +

J@T = 720’]’ (xvt)YiJ(.u“j (l‘,t),l‘,t), (422)
out(z,t

WED) s (o)) + 2 (0 )Yy ) 0). (423)
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where
V20N — pE (o, t
Y:I:J()‘vmvt): = (G)i(A xﬂjt)( ) (4.24)
and -
G\, t) = [T\ = pf(x,1)). (4.25)
j=1

In (4.23) pi(x,t) have to be replaced by the trace formulas

2r4

ZEifQZu] (z,1). (4.26)

Moreover, the following formula holds ([45] (1.165)])
He(\z,t) £ Y120

mi()\7x?t) Gi()\,.’l}',t) ) (427)
where v
Hi(\z,t) = ia—Gi(A x,t). (4.28)
We will also use
Ho(\ oz, t) F YL
e\, 1) = XD F V() (4.29)

Gi(\z,t) ’

to denote the other branches of the Weyl functions on the Riemann surfaces
P, that is, my (A, z,t) = my (7}, x,t). In addition,

j:2Y1/ 2(/\)
At (A —_— 4.30
Lemma 4.8. The following asymptotic expansion for large \ is valid
x
¢:|:(A7 z, t) = exp (:l:l\/XCL’ + / H:E(Aa Y, t)dy> ) (431)
0
where N
L ki (z, )
e\ oz, t) =) —E 27 4.32
(2 1) kz::l (20N (4.52)
with coefficients defined recursively via
+ + 9
k1 (x,t) = py(z,t), /@k_i_l(x,t)*f—lik x,t) an (@ ORE (2,1).
(4.33)

Proof. By (4.27)) we conclude that
me(\, 2z, t) = HVA+ ke (N, 2, 1),

where 4 (A, z,t) has an asymptotic expansion of the type (4.32). Inserting this
expansion into the Riccati equation

%Hi()\,l‘,t) + 21V ke (N, 2, 8) + K2 (N, 2, 8) — pa(2,1) = 0 (4.34)

and comparing coefficients shows (4.33]). O
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As a special case of Lemma [4.6] we obtain

Lemma 4.9. The functions

P\, t) = e+ ehy (X, 2, 1), (4.35)
where
o0t = [ t (2<pi(o, )+ 20)ma () — %ﬂi))) ds,  (4.36)
satisfy the system of equations
Li(t)he = My, (4.37)
a@Lti = Py(t)¢s, (4.38)

where Py (t) := P, (t).
We note that ([45] (1.148)])

_ 1 Gi()‘707t)
o f) =5 loe (Gi(A,o,t)))

and corresponding to 4 (A, t) we also introduce

asOvt)i= [ (20209 + e - 20D )

t
— llog (Gi(/\’o’t)> T Qyiﬂ()\)/ wd& (4.40)
0

b pi(0,5) +2)

+ 272\
= ( ) 0 G:I:(/\7018)

ds  (4.39)

T2 G+(),0,0) G+(\,0,5)
Note
ar(\t) =axr(\ i), ANEot. (4.41)
In order to remove the singularities of the functions ¥y (\, z,t) we set
Mi(t) = {u]i(t) \ u;.—L(t) € (E2j—1, Ea;) and m4 (A, t) has a simple pole},
Me(t) = {u; ()| pi(t) € {Baj_1, Eaj}},
(4.42)

and introduce the functions

st = [ (A —puf@),

nE(EM (1)
b= I 0-wre) [T M-me. @)
i (£) €My (t) i (t)e N L (t)

where [] = 1 if the index set is empty.

Lemma 4.10. For each t > 0 and A € C\ o1 the functions ay (A, t) possess
the properties

o G:t (>‘a 07 t)

exp (ax (A1) + ax (M 1)) = G00.0.0) (4.44)
exp (ai()\,t)) = gi((/)\\’é)) fr(\ 1), (4.45)
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where the functions fi(\t) are holomorphic in C\ o4, continuous up to the
boundary and fL (A, t) #0 for all X € C.
Furthermore, let E € {Ezijfl, E;Ej}, then

0, uji(t) # E,u;i(O) #E,
)}grjlg (ax(N\t) —as(A\ 1)) = i ,u%(t) _ E,M%(O), 4R (mod 27).
im, i (t) # E,p;(0) = E,
(4.46)

Proof. To shorten notations let us denote the derivative with respect to t by
a dot and the derivative with respect to z by a prime. Equations (4.36)) and

(4.39) immediately give (4.44) and

t
. - 1/2 p+(0,5) + 2
ar (0N E) — (A 8) = +4V/2(0) /0 P, (4.47)

where we have abbreviated

Gi(/\, t) = Gi()\, 07 t).

T

This function is well-defined on the set C \ U;
singularities inside gaps. Note, that

il[E;:j_laE;:j]v but may have

ar(Mt) —ar(Mt) eR, for AeR\oy. (4.48)

Consider the behavior of this function in the jth gap. By splitting the integral
fg in the definition of ay (A, t) (resp. dx(A,t)) into a sum of smaller integrals
fttol it suffices to consider the cases where ,uji(s) & {Ezijfl, E;;} for s € [tg,t1) or
s € (to,t1]. We will only investigate the first case (the other being completely
analogous) and assume ¢, = 0 without loss of generality. In other words, it
suffices to consider the case where uf (0) € (EQijfl, EQij) and the time ¢t > 0 is
&) small,. that Ujj-[(s) = aj-[(O) for s < t. Consequently, ,u;[(t) € (EQijf17 EQij) and
there exists some € = £(t) such that

15 (s) € (By_y +26,By; —2), 0<s<t (4.49)

Consider (e.g.) the case where the point uf(s) moves to the right, that is

uj—E(O) < M?E (t). It X ¢ (,uJi(O) - E,,u;-t(t) + ), then the integral (4.47) is well-
defined and by definition (4.15) the first case of (4.46]) is fulfilled. Now let

S (,uf(O) - E,Mji(t) +e). (4.50)
From equation (4.23)) we have
i (5) = o ()i g (2 (5), ), (451)
where
Yii(As) =4(px(s) +20)Y1 ;(A,0,9) (4.52)
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and the functions Yy ;(A,0, s) are defined by (4.24]). Recall that o*?E (s) = const.
Thus

/t (e () H 20V _ [ Ve (hs)
0 Gi(A,s) 0 )\—M}t(s)
RERHOR Lo
:j:/ éds:t/ Yy (N 8)),_ ds, 4.53
0 )\—uji(s) 0 aA iJ( )|/\7£.;E(S) ( )

where fji(s) € (E;Ejf1 + s,EQij —¢). Therefore %?id'()\,S) is bounded here.
But

CYa(s)s) Lt ()
| () T o N iEE
A —
=40 (O)log)\_jji((é))

Thus, in the case under consideration we have

o':.t
(A= ()77 0

ot
(A= F(0))= ©

as(\t) — as(\t) = log + fr(\e), (4.54)

where fi (), ¢€) is a smooth function, bounded by virtue of (£.50). Combining
this formula with (4.44]) we arrive at the following representation:

(A= pf (1)) O
J

(A= p (0)) =77 O
J

exp (204 (), ) = oy, 1o £0,  (4.55)

which is valid provided and hold. According to our notations
,u]i(s) € My(s) iff :tU;t(S) = 1. Thus, if ,ujc(t) € My (t) (resp. qu(O) € M4 (0)),
then the function exp(a4 (A, t)) has a first order zero (resp. pole) at such a point
and does not have any other poles or zeros inside the gap (EQij_l, EQij) But if
j:af(t) = —1 (resp. :ta?E (0) = —1), then the function exp(a+ (A, t)) has no zero
(resp. pole) at this point.

Now let us turn to the case ,uji (t) or ,uji (0) € {Ej;,l, Ezij} Here we cannot
use the decomposition since the function a%yi,j (A, s) is not bounded at
the edges of the spectrum o1. Suppose, that ,uj[(O) € (13'2ij71,E'2ij)7 the point
,ujt(s) moves to the right, and the time ¢ > 0 is such, that aji(s) = 0F(0) for

J
s <t and uji(t) = Ezij Set & < 1/2(,u;[(0) - EQijfl) and let A be such that

Ey_ +e<A<Ej+e<Ey,.
Represent the function ?i’j()\, s), defined by , as

Yij(\s) = /A= E3 Y (\s), (4.56)
with

0 ¥, 1(CE(s), 5) (4.57)

Vi (A s) = Vi (15 (5),8) + (A = 415 () 5
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where a%fftj is evidently bounded. From (4.51)) it follows that

o5 (0)/i5 (s)

T Ussst
Mj(s)—Ezj

Vi j(1F(s),5) = —

)

and

‘ Yiyj(/\ﬂs) _
e ras

- (s)
(e
VH EQ])\ MJ

B3 dr
:—o—j Egg.—)\ / +fji(t75) =

i (0) (/\—T),/Egtj—f
=07/ By — / +O<\/>\ Ei.>.
Yo v e Ei N

(4.58)

ds + [ (te)

To compute the first summand in (4.58)) we will distinguish two cases. First let
A € o4, that is, A > Ezij Then the first summand in (4.58]) is equal to

. Ey; — 15 (0) . .
—20; (0)iarctan ~——=— — —0; (0)ir, as A — E;;, A€oy.

JA - E3 !

Th1s proves the two lower cases in Next, consider the case when \ €
(15 (0), E5;). Then

0
2dy
+ +
0)y/E .—/\/ —= =
WE [BE k) ¥2 + X — Es;

5(0) | ~log VEL 0 5
VB — 15 (0)+ B3, -
()
M o)

Ifx— EZij, then the first summand in (4.59) vanishes, and we arrive again at

(4.46). If A is in a small vicinity of u;-t (0), then

=0 +log 1| =

o5 (0)ir. (4.59)

.
Yi7 ()\7 S)
L E oy 08 = F0 (0)log(A — 115(0)) + O(1),
0 p; (s
that confirm (4.45]) for the case under consideration. O
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4.4 Scattering theory

First we collect some facts from scattering theory for Schréodinger operators
with step-like finite-gap potentials (cf. [I0]). To shorten notations we omit the
dependence on ¢ throughout this section.

Let Ly be two Schrodinger operatorb with real-valued finite-gap potentials
(), corresponding to the spectra (4.14)) and the Dirichlet divisors ZJ 1 (,u]i7 ji),
where uj [EZiJ . Qij] and O'ji € {—1, 1}.

Let g(z) be a real-valued smooth function satisfying condition (4.2). The
case m = 2 and n = 0 was rigorously studied in [I0]. In this section we point
out the necessary modifications for the Schwartz case. Let

d2
dz?
be the “perturbed” operator with a potential g(x), satisfying (4.2)). The spec-
trum of L, consists of a purely absolutely continuous part o := o, Uo_ plus a

finite number of eigenvalues situated in the gaps, o4 C R\ 0. We will use the
notation int(oy) for the interior of the spectrum, that is, int(oy) := o4 \ dot.

Ly:=— +q(z), zeR, (4.60)

The set ¢(? := o No_ is the spectrum of multiplicity two, and 03_1) Ua(_l) with
05[1 ) = clos(ox \ 0%) is the spectrum multiplicity one.

The Jost solutions of the equation

( dd22 +alz )) y(x) = Ay(z), AeC, (4.61)

that are asymptotically close to the Weyl solutions of the background operators
as x — +o0o, can be represented with the help of the transformation operators

as
+oo

(;5:‘:()\,.%') = ’@[Ji()‘ﬂx) + K:t(xvy)w:t()‘vy)d% (462)

x

where K4 (x,y) are real-valued functions, that satisfy the integral equations

+o0
Ki(r.y)= 2 / (4(s) — p£(s)) D (2, 5,5, y)ds

:too y:l:s:Fm
T 2/ ds/ (z,8,7,9) K+ (s,7) (q(s) — px(s))dr, =Ly > +tzx,
Y

+zFs
(4.63)
where (B Vi (B.rs)
Do (z,y, £ xyi 3 4.64
(,y,7,8) EGZM Ty, (B) (4.64)
with
T+
fe(Byay) = Jim | JTO = 45) | 920 2)e (A ). (4.65)
j=1
In particular,
1 +oo
Ka(wa) =25 [ (als) = pe()ds (1.66)
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Since
8n+l

Oztoy™

condition (4.2]) and the method of successive approximations imply smoothness
of the kernels for the transformation operators and the following estimate

fe(E, z,y) € L°(R x R),

8”'” Cx(n,l,m)

8xnay , x,y —*oo, m,n,l e NU{0}, (4.67)

where Cy (n,l, m) are positive constants (see Section for the details).
Representation (4.62) shows, that the Jost solutions inherit all singularities
of the background Weyl m-functions m4 (\). Hence we set (recall (4.43)))

d+(N,7) = 62 (N)dx (A, ) (4.68)

such that the functions (Z)i()\, x) have no poles in the interior of the gaps of the
spectrum o. Let
oa={M,..., 0} CR\o

be the set of eigenvalues of the operator L,. For every eigenvalue we introduce
the corresponding norming constants

= / L (i, z)dx. (4.69)
R
Furthermore, introduce the scattering relations

Tx(No=(\,2) = o (X 2) + R=(Ngx (N, z), Aeoy!,  (4.70)

where the transmission and reflection coefficients are defined as usual,

+(N)
+(N)

TL(N) = wg io\ :

, AE Ui’l.
(4.71)

T, 61 (V) WL,
Nooe) V= TR,

Lemma 4.11. Suppose (4.86). Then the scattering data
S:= {R+()\), To(N), A€ o™ R_(N), T_(N), A€ o™,
M, Ay ER\ 0, 7},...,7§6R+} (4.72)

have the following properties:

L (&) Te(A\Y) =T (\) for A € 0.

R4 /\u) = Ri(/\l) fO?” AEot.
Ti(A) _ )
(b) i )\)—Ri( ) for A € .

(© 1 1RO = 2T () for A€ o with g:(3) from (ETH).

97 ()
(d) Re(NTe(A )+R:F(>\) T:(\) =0 for A€ o®.
(e) TL(\) = 1+O(ﬁ) for A = oo.
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) RL(\) = O(W) for A — oo and for allm € N.
II. The functions Ty (\) can be extended as meromorphic functions into the
domain C\ o and satisfy
L 1w, (4.73)
T (Mg (A) - T-(N)g-(A)

where the function W () possesses the following properties:

(a) The function W(X) = 6, (N)d_(A\)W(X), where 6+ (\) is defined by
(4.43), is holomorphic in the domain C\ o, with simple zeros at the
points A\, where

(Grow) =6 (1.71)

In addition, it satisfies

WO =W, Aeo and W) eR for AeR\o. (4.75)

(b) The function W(X) = 64 (N)d_(NW(X), where 61(\) is defined by
[@.43), is continuous on the set C\ o up to the boundary o" U o'.
Moreover, the function W()\) is infinitely many times differentiable
with respect to A on the set (ou U 01) \ do and continuously differen-
tiable with respect to the local variable /X — FE for E € do. It can
have zeros on the set o and does not vanish at the other points of the
seto. IfW(E) =0 as E € 8o, then W(\) = VA — E(C(E) + o(1)),
C(E) #0.

III. (a) The reflection coefficients R1(\) are continuously differentiable in-
finitely many time functions on the sets int(ai’l).

(b) If E € 80 and W(E) # 0 then the functions R+ ()\) are also contin-

uous at . Moreover, in this case

-1 E¢M
R.(E) = for B¢ My, (4.76)
1 for E € My.
Proof. For the case m = 2 and n = 0 this lemma was proven in [I0]. In

particular, except for the differentiability properties of the scattering data and
item I.(f) everything follows from Lemma 3.3 in [10].
Differentiability of W(A) and R4 ()) is a direct consequence of differentia-

1
bility of the Jost solutions. In fact, since awii/\(f"y) = O(ly|") for X € intoy

as y — +oo, equations (4.62), (4.67)), and (4.2) imply, that ¢, (N, z) are con-
tinuously differentiable infinitely many times with respect to A € int oy since
¥+ (A, x) are. Moreover, note, that at the points EJjE these solutions are con-

tinuously differentiable with respect to the local parameter 4/ — E]i since this

holds for ¥4 (A, z). Furthermore, since Im 6 (\) > 0 for A € R\ o, we infer that
¥4 (A,y) are exponentially decaying together with all derivatives as y — oo if
AER \ O+.
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It remains to show I.(f). To this end, represent the Jost solutions in the
form

+oo
b (M) = s (A 2) exp (— / @(A,y>dy), (4.77)
where -
Re(hz) = i) (4.78)
— EVINL

To derive a differential equation for &4 (\, ) we substitute (4.77) into (4.61)
and use (4.31]) and (4.34). This yields the differential equations

() 4 RO 2) £ 20VA RO )R 1)+ pa(2) — () = 0, (4.79)

from which we obtain the recurrence formulas

Ry (@) = q(2)—ps (@), iy, (2) = Z () + 265, ().

- (4.80)
Using (4.71) we now derive an asymptotic formula for Ry (A) (for R_ the con-
siderations are analogous). By (4.77) and (4.78)

W(6- (A), 65 (N)) = 6 (A 064 (A, 0) (2M+ 0 (1)) — 2VA(L + o(1))

VA
(4.81)

and

W(6—(2), 3+ (V) = 6- (1,065 (A, 0] (- (1,0) - y- <A,o>) L (a8

where we have set y+ (A, ) := f+(\, z) + k1 (A, ). Equations (4.34) and (£.79)
imply

%yi()\, x) £ 21\5\1&(}\, x) + yi()\7 x) —q(z) =0. (4.83)

Therefore, the functions g4 (A, z) := y+ (A, z) and §_ (A, z) := y_(\, ) satisfy
one and the same equation. Moreover, ki (x)+ i (x) = q(z). Hence, since q(z)
is smooth, the functions g+ admit asymptotic expansions
o At

- 7 (2)
g\ o) =)  — ==,
= (—2iVA)F

where g (z) and g, () satisfy the same recurrence equations

@) =ale), Gl = i Zykl (). @8y

Therefore,
y+(X,0) — y—-(X,0) = O(A"/?)

for A\ = oo and for all n € N and the same is true for Ry (\) by (4.81] and
(14.82]).
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To complete the characterization of scattering data S, consider the associ-
ated Gelfand-Levitan-Marchenko (GLM) equations.

Lemma 4.12. The kernels Ky (x,y) of the transformation operators satisfy the
Gelfand-Levitan-Marchenko equations

+oo
Ki(x,y)-l—Fi(x,y):l: Ki(x,s)Fi(s,y)ds:O, ty > +x, (485)
where [
1
Peloy) = 5 § ReVes(ualbsOngeie (450)
1
oy e IT= (M) Py (A, )¢+ (A, y)g=(A)dA

+ () Ok, ) (Mg, ).

k=1

IV. The functions Fy(x,y) are differentiable infinitely many times with respect
to both variables and satisfy

Cy(m,n,l)

as x,y — oo, m,l,n=0,1,2,...
|z + y[™

(4.87)

Proof. Formulas (4.85) and (4.86) are obtained in [10], estimate (4.87) follows
directly from (4.85) and (4.67)). O

Properties I-IV from above are characteristic for the scattering data S, that

‘ aH—n

_— <
8xl8y" F:t(xvy)‘ =

is

Theorem 4.13 (characterization, [I0]). Properties I-IV are necessary and
sufficient for a set S to be the set of scattering data for operator L with a
potential q(x) from the class (4.2)).

In addition, we will now describe a procedure of solving of the inverse scat-
tering problem.

Let Ly be two one-dimensional finite-gap Schrédinger operators associated
with the potentials py(xz). Let S be given scattering data satisfying
I-IV and define corresponding kernels Fi(z,y) via . As it shown in
[10], condition IV the GLM equations have unique smooth real-valued
solutions K4 (z,y), satisfying estimate of type , possibly with some other
constants C1, than in . In particular,

+oo
d’ﬂ
:l:/ 1+ |z|™) ‘dani(z,x) dx < o0, vm,n € N. (4.88)
0
Now introduce the functions
d
g+ (z) = :FQ%KJE(JJ’JC) +pe(z), z€R (4.89)

IHere we have used the notation f(ri FN)dX := f”; FN)dX — ff’li F(A)dA.
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and note that the estimate (4.88]) reads

+oo

d’n

:I:/ dm—n(qi(x) —pi(@)|(1 4 |2|™)dx < 00, VYn,m € NU{0}. (4.90)
0

Moreover, define functions ¢+ (A, ) by formula (4.62)), where K4 (x,y) are the

solutions of (4.85)). Then these functions solve the equations

d2
( . qi<x>> b2 (N ) = A (A 2). (4.91)

da?
The only remaining difficulty is to show that in fact ¢_(x) = g (x):

Theorem 4.14 ([10]). Let the scattering data S, defined as in [{.72)), satisfy the
properties I-IV. Then the functions q+(z), defined by coincide, q_(x) =
q+(x) =: q(x). Moreover, the data S are the scattering data for the Schrédinger
operator with potential q(x) from the class (4.2)).

4.5 The inverse scattering transform

As our next step we show how to use the solution of the inverse scattering
problem found in the previous section to give a formal scheme for solving the
initial-value problem for the KdV equation with initial data from the class .

Suppose first that our initial-value problem has a solution ¢(z,t) satisfying
for each ¢ > 0. Then all considerations from the previous section apply
to the operator L,(t) if we consider ¢ as an additional parameter. In particu-
lar, there are time-dependent transformation operators with kernels K4 (x,y,t)
satisfying the estimates

otn Ci(m,n,l,t)

T Ky(ryt) < 220N s 400, Lnym=0,1,2,....
e st < S

(4.92)

and

gttt Cy(m,n,l,t)

O Ki(my )| < NN deo, Lnym=0,1,2,....
‘Oxnaylat i(xy)‘— wtym o YT b

(4.93)
These estimates follows from the fact that the kernels Dy (z,y,s,r,t) of the
time-dependent equations are smooth with respect to all variables, and
each partial derivative is uniformly bounded with respect to z,y,s,r,t € R.
Consequently, the Jost solutions

+oo
b+ (N2, t) = pr (N o, t) & Kyi(z,y, )+ (A y,t)dy, (4.94)

x

are also differentiable with respect to ¢t and satisfy

) B
a(bi()\,x,t) = &wi(/\, x,t)(1+ o(1)) as r — oo, (4.95)
ain br(N\ 2, t) = %z/)i()\,x,t)(l +o(l)  as @ — +oo. (4.96)
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By Lemma we know that the functions P, (t)¢+ (A, z,t) solves the equation

Ly(t)u = Au. Asymptotics (4.95) and (4.96) show, that
PQ(t)¢:|:()‘7 xZ, t) = B:I:()‘a t)(bzl:(Av x, t)a

where 4 (A, t) is the same factor as in Py ()L (A z,t) = B+ (A 6)vL(\ z,¢).
From Lemma [£.6] we obtain then

Lemma 4.15. Let at (A t) be defined by (4.36) and let q(x,t) be a solution of
the KdV equation satisfying (4.2)). Then the functions

dr(\ z,t) = =MD p L (N, 2, t) (4.97)
solve the system (4.8)), (4.9)).
Before we proceed further we note that equation (4.45)) implies

Corollary 4.16. The function q@i()\, x,t), defined by formula (4.97)), have sim-
ple poles on the set My (0), square root singularities on the set My (0), and no
other singularities.

Next, consider the time-dependent scattering relations
T;(A,t)¢i(A,£,t) = qu:(A,Z‘,t) +R:|:()\,t)¢:':(A,Z‘,t), A€ U;:J' (498)

Then, using the previous lemma in combination with Lemma [£.7] to evaluate
(4.71) we infer

Lemma 4.17. Let g(x,t) be a solution of the KdV equation satisfying (4.2)).
Then /\k(t) = )\k(O) = )\k;

Ri(A\t) = Re(A,0)e+0=000 ) e gy (4.99)
Tr (A1) = T (A, 0)e@=AD=az (A0 ) e ¢, (4.100)
2
£\ 2 22 2 (A6 0) o0 )
1) = =0 2o (s 4.101

where ay (N t), ar(\t), d1(A\t) are defined in (4.36), (4.40), (4.43)), respec-
tively.

Proof. First of all set W(A,t) = 64 (X, t)0_(\, t)W (A, t) (recall (£.73)). Then,
since W(o— (N t), ¢4 (A, t)) does not depend on ¢ by Lemma it follows from
(4.73) and (4.45) that

FOLHOW N E) = W(A0),  FNE) = F_(\8)fr(At) £0. (4.102)

This implies, that the discrete spectrum of the operator L(t), which is the set
of zeros of the function W (A, t) on the set R\ o, does not depend on ¢.

Similarly, if we replace the functions ¢4 by (ﬁi in all Wronskians of formulas
(4.71)), the result will be a constant with respect to ¢t. Together with (4.97) it im-

plies ([4.99) and (4.100). To obtain (&.101) we set ¢(\, z,t) = 6i(A,O)$i(A,x,t)

(which is continuous near ;) and compute
d [ - . .
— / G (A, x, 1) dx = 2/ G+ Ak, 2, )0y 9+ (Mg, @, ) da
dt Jg R

- / QS:I:(AIC; x,t)Pq(t)ng:(Ak,l',t)dx = 0,
R
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since P, is skew-adjoint and J)i(/\k, x,t) is real-valued. Note that interchanging
differentiation and integration is permissible by the dominated convergence the-
orem recall that the quasimoments 64 () are independent of t). Thus, (4.68)

and ((4.69)) imply
d 61 (Ag, 0) exxQCet)

=z =0,
dt (N, t) v (1)
which finishes the proof. O

Hence the solution ¢(z,t) can be computed from the time-dependent scat-
tering data as follows. Construct one of the functions Fy (x,y,t) or F_(z,y,t)
via

1
Falwnt) =g § RO 0020000 (g s (AN (4103
ot

1
2mi (1>,u

‘T¥ (Aa t) |2w:|: ()‘7 z, t)d):l: ()‘7 Y, t)g$ ()‘7 t)d/\

+Z Vi (0)* D (A, 2, 1) (M, 9, 1).

Solve the corresponding GLM equation

+oo
Ki(l‘,y,t)—f—Fi(l',y,t):t Ki(l', Sat)le:(S7yat)dSzO7 :l:y>:|:(E,
‘ (4.104)
and obtain the solution by
d
q(z,t) = F2 %Ki(x,x,t) +p+(x,t), zeR (4.105)

Theorem guarantees, that both formulas give one and the same solution.

Up to now we have assumed that g(x,t) is a solution the KdV equation
satisfying . Now we can get rid of this assumption. We will proceed as
follows. Suppose the initial condition g(x) satisfies with some finite-gap
potential py(z). Consider the corresponding scattering data S = §(0) which
obey conditions I-IV. Let p4 (z, t) be the finite-gap solution of the KAV equation
with initial condition py(z) and let my (A, t), ¥+ (N, z,t), and ax(A,t) be the
corresponding quantities as in Section

Introduce the set of scattering data S(t), where Ry (), ), T(\, ) and 7 (t)
are defined by formulas 7. In the next section we prove, that these
data satisfies conditions I-III, and the functions Fy (z,y,t), defined via ,
satisfy IV under the assumption that the respective bands of the spectra o
either coincide or otherwise do not intersect at all, that is

@ o) =0 and 05_1) no™ = 1. (4.106)

The typical situation is depicted in Figure
Then Theorem 5.3 from [I0] ensures the unique solvability for each of the
GLM equations (4.104)with the solutions K (z,y,t) that satisfy the estimate

of type (4.92). Moreover, since Fy(x,y,t) are differentiable with respect to ¢
with (4.87) valid for this derivative, then (4.85) implies (4.93). Consequently,
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0+

Figure 4.1: Typical mutual locations of o_ and o.

the function g(x, t), defined by formula (4.105)), has a continuous derivative with
respect to ¢ and satisfies (4.3)) and

+o0
i/o ‘gt( (2,t) - pi(m))‘ (1 + [a™)dz < oo. (4.107)

Moreover, the functions ¢ (A, z,t), defined via , solve equation with
q(z,t), defined by @ . To prove, that this ¢(z,t) solves the KdV equation,
we will apply Corollary [4.4] as follows.

Since ¢4 (A, x,t) and ¢_ (A, z,t) are independent for all A € C but a finite
number of values, it is sufficient to check that both functions (A,ds)(N, z,t)
solve , where A, is deﬁned by 1“) with q(a:,t) from (4.105)). But due to
and the estimates , (4.93) we have and (4.96)). This implies

one should show that

(Agd£) (N, z,t) = B (N, t)p+ (N, z, 1), (4.108)
for some B4 (A, t). Letting © — +o00 in and comparing with
Oday (At
(Apto) 1) = = 22200 (4.109)
(which is evident form Lemma , gives
Oat(\t Op+(0,t
gt = - 220D o 0.0+ 20maan + 220D )

Finally, as already pointed out before, ({#.108) is equivalent to the KAV equation
for q(x,t) by Corollary Equality (4.108) will be proved in the next section.

4.6 Justification of the inverse scattering trans-
form

Our first task is to check, that if S(0) satisfies I-III, then the time-dependent
scattering data S(t), defined by (4.99 - (4.101) satisfy the same conditions (with
g+ (A) = g+ (A 1)). Propertles I, (a)—(f) are straightforward to check. Using

g+ (A1) = gx (), 0)ecxMOFa=() (4.111)
which follows from (4.16)) and (4.44]), we see that W (A, t) defined as in (4.73))

satisfies
WA t) = W(A,0) e AD—ar(AD), (4.112)

Hence Lemma implies that properties I, (a) and (b) hold.
Property III, (a) is evident, and property III, (b) follows from (4.46). In
summary,
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Lemma 4.18. Let the set S(0) satisfy properties I-II1 and let the set S(t) be
defined by (4.99)—(4.101). Then the set S(t) satisfies I-IIT with g+ (A, t) defined

by (E111).

Now substitute formulas (4.99)—(4.101)), (4.35), (4.44), and (4.111]) into (4.103]),
then we obtain the following representation for the kernels of GLM equations

Fi(e,y,1) = f Re(00)ds Az, ) Ay, g (L 0)AA  (4.113)

T (X, 0) P (A, @, )9 (A, 9, £) g (A, 0)dA

2mi (1>,u

+Z fYk; ¢i Ak,f t)¢i(Akay7 )a

where the functions

Di(\2,t) =62 (N, 0)0s (N, 2, 1) (4.114)

are well-defined (bounded, continuous) for A € C\ o4. Recall that the functions
@i(A,x,t) inherit all singularities from the functions 4 (A, z,0), that is, they
have simple poles on the set My (0), square-root singularities on the set Mi(O),
and no other singularities. Therefore, formula consists of three well-
defined summands, the singularities of the integrands are integrable (cf. [10
Sect. 5]), and it remains to verify IV.

Due to our assumption the second and third summands in
(or (4.103)) satisfies IV for all m and n, and hence we only need to investigate

the first summand in (4.103). To this end, we use (4.18)—(4.20) to obtain the

representation
Finlo,.0)i= 2Re [ ReOu 0020050 252y
o
= Re /00O eii(x"'y)eipiwi,x,y,t)d@i, (4.115)
where
pi(Ox,2,y,t) = %‘I’ﬂ:(ei»fﬂayat)eai(/\’t)idi()\’t)Rﬁ:()\aO), (4.116)
Uy (0, 2,y,t) = ugp (A z,t)ug (N y,t) ﬁ lﬂi(t) (4.117)

+ 9
j=1 A= <j

and A = A(0+). We will integrate (4.115) by parts m times for arbitrary m.
Since the integrand is not continuous for 61 € [0, 00), we regard this integral as

T4 +
0+ (Edq1) .
F:t,R(xvyvt) = RGZ/ eil(ery)Gp:t(oaxay:t)daa (4118)
0+(B3,)
where we set Fi .41 = +oo for notational convenience. Then the boundary
terms during integration by parts will be

etif+ (B) (z+y) 8%p£ (A (01).2,y,t)
8 E]

6
Re lim e , 5=0,1,..., E€doy, (4.119)
AE (i + )"
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and we will prove that they vanish for all s=0,1,....

Lemma 4.19. Let E € 0oy. The following limits exists for all s =0,1,... and
take real or pure imaginary values:

S

)\*)él’rglegi @ Ri(}\(ﬁi), 0) €1 R, (4120)
S
+i04 (F) (z+y) 1; -8
e Jim 207 Vy(0s,2,y,t) €i°R, (4.121)
.00 . s
lim —— exp{at(\t) —ar(At)} € i°R. (4.122)

A—FE 59;1

Proof. The proof is the same for + and — cases, we will give it for 4+ case and
omit the sign 4 in notations, except of notation for spectrum o .
Let € be a positive value smaller than the minimal length of all bands in o
and abbreviate
OE)=(E—-¢,E4+¢e)Noy.
Let
F(E) = C*(O(E),R)

be the class of all functions f(\) which are smooth and real-valued on O(FE)
and let

G(B) = (h() +1%5 LN | fu, f2 € F(B)).

From (4.20) we see that % is a real-valued and bounded function on the set
o4 and %(E) = 0. This function is smooth with respect to 6 on the set O(E).
From (4.19) we conclude, that

N d <iY1/2(>\)> 1Y1/2())
do

>~ A \TIA-¢)) TI—G)

In particular, the last two formulas imply that G(E) is an algebra. Moreover,

from (4.123)) it follows, that
d2k)\ d2k+1)\

€ F(E) and (Cl)\>2 € F(E). (4.123)

g (B) ER, —o g (B) = 0. (4.124)
Now let i
9N = f1(A) +i-5 f(A) € G(B), (4.125)
then shows that
dg(\) [ dfs (d\\? Ax dfid) .
% =1 (df)\z (d9> Jrfzﬁ - Idf;d9> €ig(E). (4.126)

Hence (4.125)) and (4.126]) imply

d®g
des

(E) €i*R, s=0,1,..., (4.127)
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where the values are to be understood as limits at F from within the spectrum.
In particular, for any f(\) € F(E),

d2kf d2k+1f
d02k (E) € R’ d02k+1

The idea of the proof of (4.120) and (4.121)) is to write R(X,0) and

(B)=0, k=0,1,.... (4.128)

@(ﬁ,x,y,t) =Y\ z, )Ny, t H A)\ HJC (4.129)
J

in the form . We start with @(0) (where x,y,t play the role of parame-

ters). From (|4 28|) (4.22), (4.24), and ( we see, that the function G&gf))

is a holomorphic function in a vicinity of E even if 41;(t) = E. Thus,

H(),0,1)

o0 € F(E). (4.130)

Since ¢; € (E2j_1, Faj), then [[(A—¢;)~! € F. Also s(\, z,t), c(\, z,t) € F(E).

Using in (4.129) the representations (4.13)), (4.27)), and (4.28)) we conclude that
the function ¥ (4, z,y,t) admits a representation of the type (4.125). Therefore

S

/\h—%% (0,x,y,t) €i’R, s=0,1,.... (4.131)
Note that in this formula it is in fact irrelevant from what side the limit is taken.
Now consider the function W()\, z,y,t) defined by formula ([{.117). As is
known (cf.[3], [45]) for each ¢ and A this function is a quasiperiodic bounded
function with respect to x and y. Therefore, if its derivatives with respect to
the quasimomentum variable exist, then they will be bounded with respect to

x and y. Taking into account we obtain

S

lim U(0,z,y,t) = Us(E, x,y,t)e 0E)@+y)

A—=E 005
where Uy (E, z,y,t) € i*R, s = 0,1,..., are functions which are bounded with
respect to x,y € R for each t. This proves . Note that e 1(E)(@+y) hag
modulus one, but it is in general not real-valued.

To prove we will distinguish the resonant and nonresonant cases. We
start with nonresonant case W (E,t) # 0 (cf. I, (b) and note that by
this is independent of t).

Suppose, that E € doy N dc? is a left edge of the spectrum o, that is,

E=Ej; = E;. (4.132)
Consider the reflection coefﬁcient R, (A,0), defined by formula 1_' and let
9 = 9+ Suppose that pf(0) # E, p; (0) # E. Then from (4.13), (4.130),
[@62), [1.67),(.2), and (4.20) we see, that the Jost solution gf)+(/\ x) plus its

derlvatlve o ¢+ (A, z) is in G(E). Moreover, by ([4.20) and ([{.132)

dfy  dby dA \/()‘ — By )(A - E2_k+1)]__(
do_ — d\ do_ \/(/\—Ez_j)(/\ i)

E) = F(E)).
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Therefore, the same is true for ¢_ (A, z) and hence we also have
W(p—(A), ¢+ (A), W(p-(A), ¢+ (N)) € G(E)
Since W(¢_, ¢1)(E) # 0 we conclude R4 (A,0) € G(E) and (4.120)) is proven in

this case.
If u;r(O) # E but . (0) = E we replace ¢_ (A, ) by

oM\ z) = i% é_(\, )

which is in G(F) and proceed as before (observe that the extra factor cancels
in the definition of R4 (A,0)). The cases u;r(O) = E, pu (0) # E and ,u;r(O) =
. (0) = E can be handled similarly.

In the nonresonant case, when FE € 303_1) N do the consideration are even
simpler, because in this case (cf. (4.68)) é_(\,z) € F(E). We assume uj(O) #
E, if u;(O) = FE one only needs to replace ¢4 (A) by ¢9)(A) as pointed out
before. Thus

HiN) +i% (V)
fs(A) +i% f4(N)’
This finishes the proof of formula (4.120) in the nonresonant case, because in

this case we have f3(E) # 0 and, therefore Ry (A,0) € G(E).

In the resonance case we have W(E) = 0 but DE(E) # 0 (cf. II, (b)).
Hence we have (4.133]) with f1(E) = f3(E) = 0 and f4(F) # 0. Let us show
that the derivative of the right-hand side of (4.133) satisfies

d AN +i% (0
df f3(A) +i% f4(N)

Ry (A,0) = where fi(\) € F(E),i=1,2,3,4. (4.133)

€ig(E). (4.134)

Namely, denote by dot the derivative with respect to 8 and by prime - with
respect to A. Then

d 91()‘) i).‘92(>‘) AN N2/ 7 / / /
— =" = (A - + (A — + - +
36 g3 + haa() ( (9293 — 9a91) + (M) (9194 — 9392 + 9593 — 9191)

. . . . -1
+iA (gégh — 9193 + (A\)?(gh9a — gigz))) (—(A)2 g +95+ iA(2g493)> :

Functions g1, g3 and ()\)2 have zeros of the first order with respect to A at
the point E and g4(E)A(E) # 0. It means, that we can divide nominator and
denominator in the r.h.s. of the last equality by (\)? and using we arrive
at (4.134]). The last one implies for s > 1. To prove the remaining case
s = 0 we have to check that R, (F,0) € R in the resonance case. Since the

nominator and denominator in (4.133]) vanishes,

. (A Fif)A+iINL (B
fim By (2,0) = lim, (fi+ifor+iNfy  fa(E) e

this completes the proof of (4.120)).
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To prove (4.122)) we use the same approach. Again the prove will be done
for the 4+ case. From (4.46) it follows, that

Jlim exp (a (A1) —a5 (A, 1)) €R,
therefore it suffices to show that for

h(A) = (ay (A1) —a (A1)

the derivative h(\) = b satisfies
AN =if(N), f(\) e F(E). (4.135)

To simplify notations, we will omit sign + until the end of this lemma.
Suppose first, that

wi(t) # B = By, 15(0) # B (4.136)

Let 0 < t; < ... <ty <t be the set of points, where ;(tx) = E. Choose § > 0
so small, that

,u'j(E + 5) > max{/u‘j(o)a/u'j(t), (E2j—1 + E)/Q}

Denote
A =[0,] \ UN_, (ty, — 6, tx + 6).

Let A > E be a point in the spectrum, close to E. Then for s € A |p;(s) — A| >
const(E) > 0 we have (see (4.47))
0 2 :
4Y1/2(>\)/ PO £ 20 SR, e F(B). (4.137)
A G:I:()‘a S)

On the remaining set we use the representations (4.56) and (4.57)). Proceeding
as in (4.58]) we obtain

b 2 E—p(ty—96
4Y1/2(/\)/ Mds = —0oji (arctan (b )> +

s G+(N8) VA-FE
VA - E/k anG (s, N), 8)ds, oy € {—1, 11, (4.138)

where £(\, s) € F(E) such that pu;(ty —9) < &(A,s) < Aforty —0 < s <ty
Furthermore, note that the function

Y'2(¢)
V& — EH[;&j(g — )

is smooth with respect to £ in the domain p;(tx — ) < £ < X and takes pure
imaginary values there. Namely,

é(§7 S) =

Y12(¢) €iR, VE—E€R for E<E<,
Y2 eR, VE—E€iR for wi(ty —0) <ELSE.
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Thus,

aSé(g, s)

o6 €iR for pi(ty—9)<&E<A, s=0,1,.... (4.139)

The same considerations show

VA—E = Afo()) where fo(N) € F(E), f(E) #0. (4.140)
Combining this with we obtain
Nops E/ ZG5(E5(5,2), )ds =R [, fs(A) € F(EB).
te—6

Thus

;2( pp E/ GH(&i(s,0), 5)d ) ifi(N),  f1(\) € F(B).  (4.141)

Using (4.140]) one can also represent the argument of arctan in the first summand
of (4.138) as @, where f5(\) € F(E) and f5(E) # 0. Therefore,

B — ity —5)> _ _UjiM €iF(E). (4.142)

d
—0;i— | arctan .
7 a6 ( VA-E A2+ f2

The same is valid for the interval (¢,tx + ). Combining (4.137)), (4.141)), and

4.142)) we obtain (4.135)). These considerations also show that the restriction
4.136)) is unessential. O

Our next goal is to prove formula (4.108]). Since for any solution of the
equation L,(t)u = Au the equality A,u = u; — P,(t)u is valid, it suffices to
prove the following

Lemma 4.20. Let Ki(x,y,t) be the solutions of the GLM equations (4.104)

with the kernels (4.103), corresponding to the scattering data (4.99)—(4.101)).
Let the functions ¢4 (X, x,t) be defined by (4.94) and let q(x,t) be defined by

(4.105). Then ¢+ (N, x,t) satisfy

(% — Py(0) (A 2,1) = B\ 6= (V2. ), (4.143)

where B (A, t) is defined by (4.110)).

Proof. As before we prove this lemma only for the + case. To simplify notations,
set P = Pq(t)7 PO = P+(t)7 d) = ¢+(A,.’E,t)7 ¢ = ¢+()\79€,t)7 P =D+,
“+oo
(ICf)(CL’,t) = K+(£L’7y,t)f(y,t)dy

x

+oo
N = [ K0 (1.144)
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and denote by a dot the derivative with respect to ¢t and by a prime the derivative
with respect to spatial variables. Moreover, we will omit the variable ¢t whenever
it is possible and use the notations

o o™
Dmlym (Z‘) = <8xl + (9ym> D(.Z‘, y)|y:I7D:1;°y0 (x) = D(x)

Since ¢ — Pyt = 1), then
b — Pp = Bp+ (Py— P)ip + K + KPyp — PKp. (4.145)
Differentiating the last term and integrating by parts gives

(PK)(x) ={-2(¢'(z) — p'(z)) + 4Ky (2) + 8K,2(x) — 6q(x) K ()} ()
—{4lq(z) — p(x)) — 4K, ()} ¥ (2) + 4K (2)y)" () +

[T AR ) + 60 Kal) + 30 @)K ) w0y,
’ (4.146)

and
(KPyy) () = (4K 2 () — 6K (2)p(x)) (z) — 4Ky (2)¢ (2) + 4K (2)" (z)

+ /oo (4K s (,y) — 6Ky (2, y)p(y) — 3K (x,y)p'(y)) ¢ (y)dy.
! (4.147)

Besides,
(P = Po)(x) = 6(q(z) — p(x))¥'(x) + 3(¢'(z) — p'(2)) (). (4.148)
Combining (£.144)—(4.148) and taking into account the formula (cf. [38])
—Koa(z,y) + q(2)K(2,y) = —Kyy(,y) + p(y) K (2, y), (4.149)

where we put x = y, we arrive at the representation

(6= Po— 80)a) = Al)6(w) + B/ @) + [ K@)y =0,
’ (4.150)
where
Az) =p'(z) — ¢ () — 2K,2(x) — 4K,y () — 2K ,2(2),
B(z) =2(p(z) — q(x)) — 4K (z) + Ky(2)),
and
3
T = % +ri ATy, T = 4% — 6q(x)% — 3¢ (z). (4.151)
But according to
p(z) —q(x) = 2K, (2) +2K,(2), p'(2)—¢'(2) = 2K,2(2) + 4Ky (2) + 2K 2 (),
(4.152)
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and therefore, A(x) = B(x) = 0. Thus, to prove (4.143)) one has to check, that

D(z,y) ="K (z,y) = Ki(z,y) + 4Ky (2, y) + 4K 3 (2, y) — 69(z) Ky (2, y)
— 6p(y) Ky (2, y) — 3¢ (2) K (2,y) — 3p' (y) K (x,y) = 0. (4.153)

To this end, let us derive an equation for the function F' = F+ (z,y,t), defined
by formula (4.103). This function can be represented (see (4.113))) as

F(z,y,t) /1/1)\:1:15 (N, y, t)dp(N),
where the measure

ey =(i.R+<A,o>g+<A7o>xgi<A> T (L 0) g (4 0)x, 00 (Y

+ Z SO — Ae)or (A, O)Q)d/\
does not depend on t. Using (4.38|) we conclude, that

B)
70 Fr,y) =0, 7" =5 47+ 7). (4.154)

Now set V(z) = ¢(z) — p(x) and apply the operator 7*¥ to the GLM equation

(4.104)). Taking into account (4.153), (4.154) and the equality

T — ¥ = —6V(x)(%j - 3V'(x)

we obtain
D(z,y) = /00 {K(x, 8)7’; [F(s,y)] — K¢(z, s)F(s,y)} ds

| [ K@ Pes] + V@R ) + V@ F )

D(z,y) + /OO D(x,8)F(s,y)ds = r(z,y), (4.155)

where

r(z,y) / {r; K (s,y) + K(z, )7} [F(s,y)]} ds+ (4.156)

[T s - | [T K FGas|+

+6V (2) Fo,y) + 3V (2) F (2, y).

It is proved in [10], that the equation D(x, y)—i—fm D(xz,s)F(s,y)ds = 0, where x
plays the role of a parameter, has only the trivial solution in the space L*(x, c0).
Since the function D(z,-) evidently belongs to this space, then to prove
it is sufficient to prove that r(z,y) = 0.
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Taking into account, that V' (z) = fQ%K (z,x), direct computations imply

/:0 7q K (@, )] Fs,y)ds — g [/:O K(z,5)F(s,y)ds| + (4.157)

+6V (2)Fy(z,y) + 3V (2)F(2,y) = 4K (z, x) Fp2 (2, y)+
HAK, (2, 2)Fp(x,y) + 8K,z (z, 2) F(2,y) + 4K,y (z, ) F (2, y)+
+V (@) F (2, y) + 2V (2) Fo (2, y) — 6q(x) K (, 2)F (2, y).

From the other side, integration by parts gives
/ {T (5,9) + K(x,8)7, [F(s,9) )]} ds = (4.158)

= —4{Ko(z,s)F(z,y) + K(z,2)Fe (s,y) — Ks(x,8)Fo(5,y) } |s=a+
+6p(z)K (x,2)F(x,y).
Substituting last to formulas to gives
r(z,y) = Fp(z,y) (4K (z, ) + 4K, (z, z) + 2V (z))+
+F(z,y) (—6V(2)K (z,2) + 8K,2(x,2) + 4Ky (z, ) — 4K,2(z, ) + V' (2)) .
Taking into account we obtain
r(z,y) = F(z,y) (=6V (2)K (z,z) + 6K,2(z,z) — 6K,2(z,2)) ,

and (4.149) implies r(z,y) = 0. O

4.7 Appendix

In this section we thoroughly investigate the integral equations for the kernels
Ky (x,y,t) of the transformation operators. We will obtain the necessary esti-
mates for them and their derivatives with respect to ¢, x and y. This will allow
us to state the necessary and sufficient conditions on the functions Fy(z,y,t)
and to solve the scattering problem in the prescribed class of perturbations

2.

Throughout this section we will assume that
a’ﬂ
:I:/ ‘axn(q(m,t) - pi(x,t))’ (1+]z|™)dx < 00, ¥m,n € NU{0}, (4.159)
0

for all t € R. First we recall some facts for the operator kernel K4 (z,y,t) which
have been proved in [I0]:

Lemma 4.21. The kernels Ki(x,y,t) of the transformation operators satisfy
the integral equation

400
Ki(e.yt) = —2 / 41 (5, 00D (.5, 5,5, 8)ds

:I:oo y+z—s
= / s / (2,5, 7,5, ) K1 (5, 7, ) (5, 1)ds, %y > +a,
Yy

+s—x
(4.160)
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where
(E t E t
D(x,y,7,5,1) Z BRI LD (4.161)
Eeaai EYZ‘:(E)
with y
f+(E,z,y,t) = hn}; Gi(z,0,)01(z, 2, )0+ (2,y,1), (4.162)
z—
q+(z,t) = q(z,t) — px(x,t). (4.163)
In particular,
1 +o0
Ki(z,z,t) = ii/ (q(s,t) —ps(s,t))ds. (4.164)

Lemma 4.22. Assume (4.159). Then

an-{-l

Wfi(E,x,y,t) € L®(R x R),

for any fixed t € R.

Proof. Tt is well known that the background Weyl solutions can be represented
as
Yy(z,m,t) = cx(z,2,t) + ma(2z,t)s4(z, 2, 1), (4.165)

where ¢+ (2, z,t) and s4(z, z, t) satisfy the initial conditions ¢(z,0,t) = s,(z,0,t) =
1 and ¢,(z,0,t) = s(z,0,t) = 0. Furthermore they are solutions of
d2
—@yi(a:, t) + p(x, t)y+(z,t) = zys(x, t) (4.166)

Thus one can conclude by differentiating this expressions that

D (z,2,1) = (pe (@) — 2)ex(z, 2, 1), (4.167)
D (z,2,t) = (p(z) — 2)eD (2,2, 8) + Pl (2, t)ew (2, 2, 1), (4.168)
sﬁf)(z, ) = (p+(z) — 2)s+ (2, 3, ¢), (4.169)
s (2, 2,t) = (p () — 2)s8 (2,2,8) + pla(z, )52 (2, 2, 1), (4.170)

which also implies that every derivative of cy(z,x,t) (resp. si+(z,x,t)) with
respect to = can be written as a combination of c4(z,z,t), ¢ )(z,:n,t) (resp.
s+(z,x,t), i)(z, x,t)) and the derivatives of py(x,t) with respect to x. Thus
knowing that all derivatives with respect to x of pL(z,t) are uniformly bounded

for z € R and ¢ € R fixed which can be obtained from

2r4

ZEifzzu] ,t), (4.171)

we only have to show that f(E, z,y,t), M , and M are uniformly

bounded with respect to x and y for any ﬁxed tlme t. Therefore we will use the
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following representation of the background Weyl solutions
’l/)i(Z,iL’,t) = €xp (/ m:l:(zvyat)dy> ) (4172)
0
&uax¢>—ema(/ mi@%hﬂﬁo- (4.173)
0

This can be rewritten as

Ga(zz,t)\ " * Y(2)

Yilz o) <Gi(z0t>) e"p<i/o wdT)’ (4.174)
([ Ga(zm )\ © V()

V(a2 1) <G<0t>) exp(% G(t)d> (4.175)

v}/
In the next step we want to show that f N de is purely imaginary as z —

Ezj; (the case z — E2j71 can be handled in the same way). For fixed t € R we
can separate the interval [0, z] into smaller intervals [0, z1]U[x1, 23] U- - - Uz, 2]

such that z; € {EQJ 1,E§j} and z; # x;41. On each of these intervals the
function o;(z,t) is constant, thus we can conclude

Tit1 Yl/z(z) Tit1 Yi (z,7,t) Tit1 Yi (z,7,t)
/ T dT:/ =/z —EQJ/ L dr
o G(z,7t) P u] T, t

l zfu]Tw

L () = uy(r.1)

—— w1 Y (4 7', T, t w1 Y 2, T, t) — Y (i T,t , T, 1
T z

dpT (7,t)

Ti41 _ J i
:Q/Z—EQiJ(/ j:( dr dr

o 20—;t(Ta t) ps AT, t) - E2:|;(Z - /i;'t(ﬂ t))

Ti41 d -1
+/x %YJ (Z’Tat)|zzﬂji(syt))

l

wE (@i st)
_ Z_E:t'(_/ 141 1 dy
V5T LE e 20E(r )y Jy — Bf (2 —y)
i \Fh 3 \Ts () 22 — Y

Tit1 g
+/w d—Y (2,7 t)|Z:Hji(s7t))

L

Ei E+

—\/Ei—z / o 1 ds —&—\/z—EiM
2 0 O'ji(T, t)(z—EQij + 52) 2
VEs — By,

T
z—Ezj

= ajiiarctan +4/z— E;;M,

where we define Yi(z,x,t) =4/z— E;;Yi(z x,t). This implies that fm“ )

G(z,7,t)

%O';tl’ﬂ' asz — EjE and thus fw Yi (z) d’T € iR. Combining all the informations

we have proved that

|fe (B z,y,t)| = |(GL(E, z,t)G+(E,y,1))"/?| (4.176)
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and thus fi(E,z,y,t) is uniformly bounded with respect to z and y for fixed
t € R. Returning to our representation we can conclude that

%wi(zw,y) =mx(z,2,t) (2, 2,1)

_ (Hea ) £Yi%@) (Galzat))? © v )
_< Gi(z,2,t) )(Gi(z,(),t)) exp | £ ; de .

Thus we can write

1/2

T 1/2
difi(zwvy’t) = (Hi(z,x,t) SR (Z)> Gi(zy,1)"/ exp (:t/ RN
! y

Gi(z,,t)1/2 G+ (z,7,t

which also implies that % f+(E,z,y,t) is uniformly bounded with respect to

Hy(z,a,0)4Y}?(2)
Gy (z,x,t)1/2

is uniformly bounded. Thus the claim follows by combining all the informations

we obtained so far. O

and y for any fixed t € R, where we use the well known fact that

Lemma 4.23. Assume (4.159)). Then
8n+l+1
_— E t LR xR x[0,T

axlaynatfi( 7x7y? )E ( X X [ ) ))7

for some constant T € [0, c0).

Proof. We already know that every derivative with respect to x and y is uni-
formly bounded for any fixed ¢ € R. To proof our assumption remember the
following lemma. The functions

z/?i(z,ac,t) = eo‘i(z’t)wi(z,x,t), (4.177)
where
t
ay(z,t) = / (2(pi(07 s)+2z)ma(z,s) — W} ds, (4.178)
0

satisfy the system of equations

Ly(t)s = 2i)s, (4.179)
ol .
% = P ()¢, (4.180)
where
Ly, (t) = =02 + p+(x,1), (4.181)
Py, (t) = —403 + 6p+(,1)0x + 3px (2, 1). (4.182)
This implies
di(z,x,t
% = 4P (z,2,) + 6ps (2, )0 (2, 2, 1) (4.183)

+3p (2, )0 (2,2, 1) — Gz, ) (2, 2, 1),
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with Bos (0.4
&z, t) = (2po(0,) + 42)ma (2, 1) — %. (4.184)
Similarly one obtains: The functions
@[CJi(z,x,t) = e‘v“i(z’t)ﬁi(,zya:,t)7 (4.185)
where
! Ap+(0
ay(z,t) = / (2(pi(0, 8) + 22)ma(z,s) — pia(x’s)) ds, (4.186)
0
satisfy the system of equations
Ly (t)s = 2y, (4.187)
9y °
% = Py ()Y, (4.188)
where
Ly, (t) = =82 + ps(x,1), (4.189)
P, (t) = —402 + 6p(x, )0, + 3p+ 4 (2, 1). (4.190)

Thus we can conclude that the only critical term of %wi(E,x,t) is given
by 2(p+(0,t) + 2E)Ymy(E,0,t)4 (E,z,t) and of %Ji(E,x,t) it is given by
2(p+(0,¢) + 2E)mi(E,0,t)z/in(E,a:,t). Using now (|4.23) and (4.25)), we obtain

that the critical terms cancel out in W and therefore we obtain that

E
w € LR xR x [0,T)). (4.191)
Computing now “YEEUD yging (4.183) yields
d> Lzt
TOLEDT  Oe,0,0) + 6, 002 2, 1) + 30 (2, 00 (2,2, )

— &z, )00 (2,2, 8) + 6p0 (2, )0 (2, 2, 1) + 32 (2, ) pa (2, 7, 8).

Hence tl;ev critical term of W is given by 2(p+(0,t)+2E)m(E, 0,t) 5[1) (B, z,t)
and of % is given by 2(p+(0,t)+2E)m+(E,0,t) vg)(E, x,t). This again

implies, using (4.23)) and (4.25)), that the critical terms cancel out in W.
Thus we obtain )
d*f+(E,z,y)

Jedl e LR xR x[0,7)) (4.192)

Again knowing that the derivatives with respect to z and t are bounded,
and combining all the informations we obtained so far, proofs the claim. O

Lemma 4.24. Let

Q+(z,t) = i/

+oo

x

+oo
lgx-(s,t)|ds and Qi (z,t) = j:/ lgx .+ (s, t)|ds.
’ ’ (4.193)
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Then Ky(x,y,t) has partial derivatives of any order with respect to both vari-
ables x and y. Moreover, for large x the following estimates are valid

gm+n m+n—1 0, T+y

[ < -4

|Gy K (@90 SCtmano@ Qe +y,1) + ; g (=5=.1)
(4.194)

where Cx m n.0(x,t) are positive continuous functions for x € R which depend on
the corresponding background data, on the first moment and on the derivatives
of g+ (z,t) for large x. For every such function there exists an xy € R such that
Cyx mom,0(z,t) is decreasing for all x > xo.

Furthermore for large x we have

m—+n—+1
g K (00001 < Comna (2, 0(Qa 4 .0) + Qo+ 1)+
(4.195)
m+n—1
3 (S e D)
=0

where Cy m.n,1(x,t) inherit the same properties as Cx mon.0(x,1).

Proof. We restrict our considerations to the + case and omit for the proof of
the first part the time dependence. After the following change of variables

2:=s+7r, 20:=r—35, 2u:=c+y, 20:=y—ux, (4.196)

(4.160)) yields

H(u,v) = —2/00 q+(s)D1(u,v, s)ds

4 [ da [ qia- pDauv.a PH @A, (1197

0
with
H(u,v) = Ki(u—v,u+v), Di(u,v,8)=Di(u—wv,s,s,u+v),

DQ(U,'U,CY,ﬁ) = DJF(U—’U,Ck—ﬁ,OZ—i—ﬁ,'LL—F’U).
(4.198)

A simple calculation shows that

om+n 1 "2 iman omtn
- — < S S — . .
|8xm3y” Ki(@,y)l < 2mtn JZ:;J |( J ) Oud Hyn+m—j H(u,v)| (4.199)
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Moreover, by induction one can formally show,

gntm > ot
WH(U, v) = fQ/U q+(5)WD1(u,v,s)ds
an71+mfl
+2 Z 5t 1+ ) gt D1 (00, 8))s=)
oo v 8n+m
—4 ’ da i qs(a—f) Unau’mDQ(U’U’Q’ﬂ)H(a,ﬂ)dﬂ
o — 5' gmin—1-k
4 / g o 4410~ A) G Dot .0 )= H(, )
- (4.200)
vm—1 o n+m—1—1
+ /0 ; %m(u—6)(%%@%a,ﬂ))a:umu,ﬂ))dﬁ
m—1ln—-1 g m—1—k+n—1-1

As the functions D; and D are bounded uniformly with respect to all their
variables, we can apply the method of successive approximation to estimate
H (u,v), which is given by

|H (u,v)| < C(u—v)Q4(2u). (4.201)

To obtain the other estimates observe that the partial derivatives with respect
to all variables exist for D; and Ds and they are again bounded with respect to
all variables. Thus one can show

|2 H ()] < Gl =) (g ()] + Q- (20), (4.202)

| H ()| < st — ) ()] + Q4 (20),

where C'(u — v) is a positive continuous function for z = v — v € R, which
decreases for large x and depends on the corresponding background data. This
is the starting point for the induction to show the claim for arbitrary derivatives
with respect to  and y. Here we use that q( )( ) — 0 as ¢ — oo, which implies
that there exists an zg € R such that q( )( ) is decreasing for all > z¢, with
n € N. Thus we obtain

an

‘ 8umavn—m

H(u,v)] < Crnn—mo(u — 0)(Qx(2u) +Z|q(l) W), (4.203)
1=0

where C'(u — v) has the same properties C(u — v), but also depends on the
derivatives of ¢4 (z) up to order n—1 for large z. Thus combining these estimates
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we arrive at (4.199)). The same method can be used to obtain

8n+1
|m (u, v, 1) < Croyn—m (v — v, 8)(Q4 (2u,t) + Q4 +(2u, )+

(4.204)
n—1

S (16 ()] + ¢y (u, 1)),

=0

which proves the second part of the claim, where again the function Cy, y—m, 1 (u—
v,t) is decreasing. O

As an immediate consequence of the last lemma we obtain

Corollary 4.25. The functions Ki(x,y,t) are infinitely many times differen-
tiable with respect x and y, and

on Ci(m,n,l,t)
7 K ) 7t §#7 ) — = ) lv ) :071721"'7
‘3331311" =0y )’ |+ y™ HY T LI
(4.205)
Moreover they are also differentiable with respect to t and satisfy
8”“ Ci(m,n,l,t)
< =27 — =+ l =0,1,2,....
‘8 n ot ($7y7 )’ — |I+y|m ) T,y 00, y 1L, M ) Ly &y
(4.206)

Proof. Again we restrict our considerations to the + case. We only need to

apply (4.159) as follows

o0 27” oo
Wlds < o | (s t)|ds < oo, 4.207
/“”Xy gy (s,t)|ds |$+y|m/0 (14 |5]™)] g4 (s, 8)|ds < oo ( )
and
(n) 1 = my| (n+1)
o (y’t”fw (L +1s™)lay (s, t)|ds < oo, (4.208)
)

where we used that q(n) (x,t) — 0 as  — oo. Analogously we can show
() 1 gD
|2 (v i 1+ [s[™)q}" ™ (s,1)|ds < o0, (4.209)
y

if we assume that

/ (1—|—|x\m)| (x t)|dr < oo, Vn,méeNandteR. (4.210)
0

This proves the claim. [

With the help of this lemma we can now derive the corresponding estimates
for the GLM equation.
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Lemma 4.26. The kernel Fy(x,y,t) of the GLM equation (4.104]) has partial
derivatives of any order with respect to each variable. Furthermore, for large x
it satisfies the following estimates

m+n—1

F:I:(‘Tayvt”SC:‘:,O(xat)(Qi($+yvt)+ Z |qj:(

=0

aern
| ox™y™

L)), (21)
and
am+n+1

< .
|3mm8y"8t (:C Y, )| = Oi,l(x7t)(Qi(x + y7t) + Qi,t(x + y7t)+ (4 212)

m+n—1
l) aery o, Tty
t
+ Z D+ ol (=50

where the functions qu.(z,t), Q4 (x,t) and Q4 +(z,t) are defined as in Lemmam
Again Cy o(x,t) and Cx 1(z,t) are positive continuous functions which decrease
as r — $00.

Proof. Again we restrict our consideration to the 4+ case and omit for the proof
of the first part the time dependence. We consider the GLM equation

Kilo)+ Fele) + [ Ko(os)Pals, s (4.213)
Furthermore
n an e an
8—ynF+(a:,y) = —a—ynKJr(x,y) -/ K(x7s)WF+(s,y)ds, (4.214)

which implies that we must use in this cases the method of successive approxi-
mation to obtain

| F+(x )| < C@)(Q+(z+y) +Z|q(” Y1), W¥neNy. (4.215)

For the other derivatives one can show by induction that

8n+m 6n+m on— 1-k gm
W e, y) = - dxndy™ (,9) +Zaxk 91— k:K"F(x?y))y:wayimF-‘r(x)y))

_/»U (%K+(£C7S))8y7mF+(87y)d8. (4.216)

Therefore one can now show by induction with respect to n that the statement
is true for every fixed y € Ny . The same method can be used to proof the
second part of the lemma. O

Remark 4.27. Note the result of this lemma is in some sense invertible, as
we can obtain the properties of the kernels K1 (x,y,t) from the properties of the

functions Fy(x,y,t) by using (4.213) and (4.216)).
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Chapter 5

Lipschitz metric for the
periodic Camassa—Holm
equation

5.1 Introduction
The ubiquitous Camassa—Holm (CH) equation [18] [19]
Up — Ugpt + Ky + Uy — 2UgpUpy — Ulgrr = 0, (5.1)

where k£ € R is a constant, has been extensively studied due to its many in-
triguing properties. The aim of this paper is to construct a metric that renders
the flow generated by the Camassa—Holm equation Lipschitz continuous on a
function space in the conservative case. To keep the presentation reasonably
short, we restrict the discussion to properties relevant for the current study.

More precisely, we consider the initial value problem for with periodic
initial data wu|;—o = wp. Since the function v(t, z) = u(t, z — kt/2) + k/2 satisfies
equation with k = 0, we can without loss of generality assume that s
vanishes. For convenience we assume that the period is 1, that is, ug(z + 1) =
ug(x) for x € R. The natural norm for this problem is the usual norm in the
Sobolev space H;er as we have that

d ) d !
_ t -
e, = 5 ;

1
(u2 + ui)dm = 2/ (uut + uq,uwt)dx =0 (5.2)
0
(by using the equation and several integration by parts as well as periodicity)
for smooth solutions w. Even for smooth initial data, the solutions may de-
velop singularities in finite time and this breakdown of solutions is referred to
as wave breaking. At wave breaking the H' and L norms of the solution re-
main finite while the spatial derivative u, becomes unbounded pointwise. This
phenomenon can best be described for a particular class of solutions, namely
the multipeakons. For simplicity we describe them on the full line, but similar
results can be described in the periodic case. Multipeakons are solutions of the
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Chapter 5. Stability for the periodic Camassa—Holm equation

Figure 5.1: The dashed curve depicts the antisymmetric multipeakon solution
u(t,x), which vanishes at t*, for ¢ = 0 (on the left) and ¢ = ¢* (on the right).
The solid curve depicts the multipeakon solution given by u® (¢, x) = u(t — ¢, x).

form (see also [55])

u(t,x) = Zpi(t)e_lr_qi(t”. (5.3)
i=1

Let us consider the case with n = 2 and one peakon p;(0) > 0 (moving to the
right) and one antipeakon p2(0) < 0 (moving to the left). In the symmetric case
(p1(0) = —p2(0) and ¢1(0) = —¢2(0) < 0) the solution u will vanish pointwise
at the collision time t* when g;(t*) = g2(t*), that is, u(t*,z) = 0 for all z € R.
Clearly the well-posedness, in particular, Lipschitz continuity, of the solution
is a delicate matter. Consider, e.g., the multipeakon u® defined as u®(t,z) =
u(t — €, z), see Figure[5.1] For simplicity, we assume that ||u(0)z: = 1. Then,
we have

lim||u(0) = w(0) [l = 0 and [Ju(t”) = w* () [ ar = =) ][ =1,

and the flow is clearly not Lipschitz continuous with respect to the H! norm.

Our task is here to identify a metric, which we will denote by dp for which
conservative solutions satisfy a Lipschitz property, that is, if v and v are two
solutions of the Camassa—Holm equation, then

dD(u(t),v(t)) < CTdD(UO,'UO), te [O,T]

for any given, positive T. For nonlinear partial differential equations this is in
general a quite nontrivial issue. Let us illustrate it in the case of hyperbolic
conservation laws

us+ f(u)e =0, ult=o = uo.

In the scalar case with v = u(x,t) € R, x € R, it is well-known [52] that the
solution is L!-contractive in the sense that

u®) =o)L ) < lluo — vollLrw), ¢ € [0,00).
In the case of systems, i.e., for u € R"™ with n > 1 it is known [52] that

[u®) = vl @) < Clluo = vollLrw), ¢ € [0,00),
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Chapter 5. Stability for the periodic Camassa—Holm equation

for some constant C. More relevant for the current study, but less well-known,
is the recent analysis [16] of the Hunter—Saxton (HS) equation

x

1 oo
Up + Uty = 1(/ u? da — / u? dx), U|t=0 = uo, (5.4)

—o0
or alternatively

1
(ug + uty), = §u2 ult=0 = uo, (5.5)

€T

which was first introduced in [58] as a model for liquid crystals. Again the
equation enjoys wave breaking in finite time and the solutions are not Lipschitz
in term of convex norms. The Hunter—Saxton equation can in some sense be
considered as a simplified version of the Camassa—Holm equation, and the con-
struction of the semigroup of solutions via a change of coordinates given in [16]
is very similar to the one used here and in [56] for the Camassa—Holm equation.
In [I6] the authors constructed a Riemannian metric which renders the conser-
vative flow generated by the Hunter—Saxton equation Lipschitz continuous on
an appropriate function space.

For the Camassa—Holm equation, the problem of continuation beyond wave
breaking has been considered by Bressan and Constantin [13 14] and Holden
and Raynaud [54] [56, [57] (see also Xin and Zhang [95] [06] and Coclite, Karlsen,
and Holden [20] 21]). Both approaches are based on a reformulation (distinct in
the two approaches) of the Camassa—Holm equation as a semilinear system of or-
dinary differential equations taking values in a Banach space. This formulation
allows one to continue the solution beyond collision time, giving either a global
conservative solution where the energy is conserved for almost all times or a
dissipative solution where energy may vanish from the system. Local existence
of the semilinear system is obtained by a contraction argument. Going back
to the original function u, one obtains a global solution of the Camassa—Holm
equation.

In [15], Bressan and Fonte introduce a new distance function J(u, v) which is
defined as a solution of an optimal transport problem. They consider two mul-
tipeakon solutions u(t) and v(t) of the Camassa—Holm equation and prove, on
the intervals of times where no collisions occur, that the growth of J(u(t), v(t))
is linear (that is, %% (u(t),v(t)) < CJ(u(t),v(t)) for some fixed constant C)) and
that J(u(t),v(t)) is continuous across collisions. It follows that

J(u(t),v(t)) < eCTJ(u(O), v(0)) (5.6)

for all times ¢ that are not collision times and, in particular, for almost all
times. By density, they construct solutions for any initial data (not just the
multipeakons) and the Lipschitz continuity follows from . As in [I5], the
goal of this article is to construct a metric which makes the flow Lipschitz
continuous. However, we base the construction of the metric directly on the re-
formulation of the equation which is used to construct the solutions themselves,
and we use some fundamental geometrical properties of this reformulation (rela-
beling invariance, see below). The metric is defined on the set D which includes
configurations where part of the energy is concentrated on sets of measure zero;
a natural choice for conservative solutions. In particular, we obtain that the
Lipschitz continuity holds for all times and not just for almost all times as in
[15].
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Let us describe in some detail the approach in this paper, which follows
[56] quite closely in setting up the reformulated equation. Let u = u(t,x)
denote the solution, and y(t, §) the corresponding characteristics, thus y:(¢,£) =
u(t,y(t,€)). Our new variables are y(¢,§),

y(t,€)
U(t,€) = ult,y(t,€)),  H(t,€) = / INGRELE (5.7)
y(t,

where U corresponds to the Lagrangian velocity while H could be interpreted as
the Lagrangian cumulative energy distribution. In the periodic case one defines

Q= 1)/ sinh(y(€) — y(1) (U?ye + He)(n) dny (5.8)
i/o sign(¢ —n) exp (— sign(& — ) (y(&) —y(1))) (Uye + He)(n) dn,
P= m /0 cosh(y(€) — y(n))(U?ye + He)(n) dn (5.9)

+ i / exp (= sign(& — n)(y(&) — y(1))) (U>ye + He)(n) dn.
0

Then one can show that

Yt = U7
U= -Q, (5.10)
H, = [U® —2PU;,

is equivalent to the Camassa—Holm equation. Global existence of solutions
of is obtained starting from a contraction argument, see Theorem
The issue of continuation of the solution past wave breaking is resolved by
considering the set D (see Definition which consists of pairs (u,u) such
that (u,u) € Dif u € H},, and p is a positive Radon measure with period
one, and whose absolutely continuous part satisfies prac = (u? + u2)dz. With
three Lagrangian variables (y, U, H) versus two Eulerian variables (u, ), it is
clear that there can be no bijection between the two coordinate systems. If
two Lagrangian variables correspond to one and the same solution in Eulerian
variables, we say that the Lagrangian variables are relabelings of each other.
To resolve the relabeling issue we define a group of transformations which acts
on the Lagrangian variables and lets the system of equations invariant.
We are able to establish a bijection between the space of Eulerian variables and
the space of Lagrangian variables when we identify variables that are invariant
under the action of the group. This bijection allows us to transform the results
obtained in the Lagrangian framework (in which the equation is well-posed) into
the Eulerian framework (in which the situation is much more subtle). To obtain
a Lipschitz metric in Eulerian coordinates we start by constructing one in the
Lagrangian setting. To this end we start by identifying a set F (see Definition
that leaves the flow invariant, that is, if Xy € F then the solution

) of with X (0) = X, will remain in F, ie., X(t) € F. Next, we
identify a subgroup G, see Definition [5.6] of the group of homeomorphisms on
the unit interval, and we interpret G as the set of relabeling functions. From
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this we define a natural group action of G on F, that is, ®(f,X) = X e f
for f € G and X € F, see Definition and Proposition We can then
consider the quotient space F/G. However, we still have to identify a unique
element in F for each equivalence class in F/G. To this end we introduce the
set H, see , of elements in F for which fol y(£)d§ = 0 and ye + He =
1+ |[He||z1. This establishes a bijection between F/G and H, see Lemma [5.10]
and therefore between H and D. Finally, we define a semigroup S:(Xg) = X ()
on H (Definition [5.12)), and the next task is to identify a metric that makes the
flow S; Lipschitz continuous on H. We use the bijection between H and D to
transport the metric from H to D and get a Lipschitz continuous flow on D.

In [56], the authors define the metric on H by simply taking the norm of the
underlying Banach space (the set H is a nonlinear subset of a Banach space).
They obtain in this way a metric which makes the flow continuous but not
Lipschitz continuous. As we will see (see Remark , this metric is stronger
than the one we construct here and for which the flow is Lipschitz continuous.
In [I6], for the Hunter—Saxton equation, the authors use ideas from Riemannian
geometry and construct a semimetric which identifies points that belong to the
same equivalence class. The Riemannian framework seems however too rigid
for the Camassa—Holm equation, and we have not been able to carry out this
approach. However, we retain the essential idea which consists of finding a
semimetric which identifies equivalence classes. Instead of a Riemannian metric,
we use a discrete counterpart. Note that this technique will also work for the
Hunter-Saxton and will give the same metric as in [16]. A natural candidate
for a semimetric which identifies equivalence classes is (cf. (5.71))

JXY) = inf X ef =Y eg],

which is invariant with respect to relabeling. However, it does not satisfy the tri-
angle inequality. Nevertheless it can be modified to satisfy all the requirements
for a metric if we instead define, see Definition the following quantity{]

d(X,Y) = infiJ(Xn,l,Xn) (5.11)

where the infimum is taken over all finite sequences {X,,}_, € F which satisfy
Xo = X and Xy =Y. One can then prove that d(X,Y) is a metric on H,
see Lemma, Finally, we prove that the flow is Lipschitz continuous in this
metric, see Theorem [5.21] To transfer this result to the Eulerian variables we
reconstruct these variables from the Lagrangian coordinates as in [56]: Given
X € F, we define (u,pu) € D by (see Definition u(z) = U(&) for any &
such that z = y(£), and p = yx(vd€). We denote the mapping from F to D
by M, and the inverse restricted to H by L. The natural metric on D, denoted
dp, is then defined by dp((u, u), (4, 1)) = d(L(u, p), L(@, 1)) for two elements
(u, ), (@, 1) in D, see Definition The main theorem, Theorem then
states that the metric dp is Lipschitz continuous on all states with finite energy.
In the last section, Section[5.6] the metric is compared with the standard norms.
Two results are proved: The mapping u +— (u, (u? + u2)dx) is continuous from
H].. into D (Proposition . Furthermore, if (un, pr,) is a sequence in D that

converges to (u,u) in D. Then u, — u in L33, and py, X i (Proposition .

IThis idea is due to A. Bressan (private communication).
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The problem of Lipschitz continuity can nicely be illustrated in the simpler
context of ordinary differential equations. Consider three differential equations:

& = a(x), 2(0) = zg, a Lipschitz, (5.12a)
t=14aH(z), x(0)=u2x9, H the Heaviside function, o >0, (5.12b)
i = |x|Y?, 2(0) = xo, t — x(t) strictly increasing. (5.12¢)

Straightforward computations give as solutions

z(t) = xo —l—/o a(x(s)) ds, (5.13a)

x(t) = (1+aH(t —to))(t —to), to= —zo/(1+ aH(xo)), (5.13Db)
x(t) = sign (% ) (% + Uo)2 where vg = sign(zo)|zo|*/2. (5.13¢)
We find that
z(t) — 2(t)| < e"|zo — Zol, L = llallLip, (5.14a)
|lz(t) — 2(t)] < (1 + a)|zo — Zol, (5.14b)
x(t) — 2(t) = t(xo — To)? + |xo — To|, when Ty =0, t > 0, 29 > 0.

(5.14c¢)

Thus we see that in the regular case (5.12a) we get a Lipschitz estimate with
constant e’ uniformly bounded as ¢ ranges on a bounded interval. In the second
case we get a Lipschitz estimate uniformly valid for all ¢ € R. In the
final example , by restricting attention to strictly increasing solutions
of the ordinary differential equations, we achieve uniqueness and continuous
dependence on the initial data, but without any Lipschitz estimate at all near
the point xp = 0. We observe that, by introducing the Riemannian metric

_ T odz
d(z,z) = |/x W\y (5.15)
an easy computation reveals that
d(z(t),z(t)) = d(xo, Zo). (5.16)

Let us explain why this metric can be considered as a Riemannian metric. The
Euclidean metric between the two points is then given

1
I — Fo| :inf/ lo(s)| ds (5.17)
z Jo

where the infimum is taken over all paths z: [0,1] — R that join the two points
xo and ZTo, that is, (0) = zo and z(1) = Z;. However, as we have seen, the
solutions are not Lipschitz for the Euclidean metric. Thus we want to measure
the infinitesimal variation x4 in an alternative way, which makes solutions of
equation Lipschitz continuous. We look at the evolution equation that
governs xs and, by differentiating with respect to s, we get

_ sign(x)x,
s — T 5

2¢/lz|
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and we can check that

d ||
‘(1) o o

Let us consider the real line as a Riemannian manifold where, at any point
x € R, the Riemannian norm is given by |v|/+/]z| for any tangent vector v € R
in the tangent space of x. From , one can see that at the infinitesimal
level, this Riemannian norm is exactly preserved by the evolution equation. The
distance on the real line which is naturally inherited by this Riemannian is given
by

[
d(xg,To) = inf ds
( 05 0) p /0 \/m
where the infimum is taken over all paths z: [0,1] — R joining x¢ and Zg. It is
quite reasonable to restrict ourselves to paths that satisfy s > 0 and then, by
a change of variables, we recover the definition .

The Riemannian approach to measure a distance between any two distinct
points in a given set (as defined in ) requires the existence of a smooth
path between points in the set. In the case of the Hunter—Saxton (see [16]), we
could embed the set we were primarily interested in into a convex set (which is
therefore connected) and which also could be regularized (so that the Rieman-
nian metric we wanted to use in that case could be defined). In the case of the
Camassa—Holm equation, we have been unable to construct such a set. How-
ever, there exists the alternative approach which, instead of using a smooth path
to join points, uses finite sequences of points, see . We illustrate this ap-
proach with equation (5.12d). We want to define a metric in (0, co) which makes
the semigroup of solutions Lipschitz stable. Given two points z, Z € (0, 00), we
define the function J: (0,00) x (0,00) — [0,00) as

2 ifx >z,
J(z,7) =

s e <z

The function J is symmetric and J(x,Z) = 0 if and ounly if z = Z, but J does
not satisfy the triangle inequality. Therefore we define (cf. (5.11))

N
d(z,z) = inf Y J (2, Tns1) (5.19)

n=0

where the infimum is taken over all finite sequences {x,}Y_, such that zq = x
and zy = Z. Then, d satisfies the triangle inequality and one can prove that
it is also a metric. Given z,,z,+1 € E such that z,, < x,,41, we denote z,,(t)
and 2,41(t) the solution of with initial data x, and x,41, respectively.
After a short computation, we get

d

1
%J(xn(t),xnﬂ(t)) = fg(:vn + Tpt1 — 24/TpTnr1) < 0.

Hence, J(z(t), 2pn+1(t)) < J(2p, Tpni1) so that

d(x(t), (1)) < d(z,7)
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and the semigroup of solutions to (5.12d)) is a contraction for the metric d. It
follows from the definition of J that, for x1,x9,x3 € F with z1 < 22 < 3, we
have

J(xl,l‘g) +J(x2,x3) < J(x1,$3). (520)

It implies that d(x, Z) satisfies

N
d(z,T) = 11(}f nz:% J( Ty Trt1)

where 0 = min,, |z, +1 — 2|, which is also the definition of the Riemann integral,

so that -
1

and the metric we have just defined coincides with the Riemannian metric we
have introduced. Note that if we choose

- T ifr>7
Jwz)y=qz> T
s e <z,

then (5.20) does not hold; we have instead J(x1,23) < J(x1,22) + J (22, 73),
which is the triangle inequality. Thus, for d as defined by (5.19) with J replaced
by J, we get

d(2,7) = J(2,7) + / % dz.

It is also possible to check that, for .J, we cannot get that J(xy, (), zny1(t)) <
CJ(xy, Tpy1) for any constant C' for any @, and 41 and t € [0, T (for a given
T), so that the definition of J is inappropriate to obtain results of stability for

(B-129).

5.2 Semi-group of solutions in Lagrangian coor-
dinates

The Camassa—Holm equation for k = 0 reads
Ut — Uggt + 3UUy — 2UglUgy — Ulgyy = 0, (5.21)
and can be rewritten as the following systenﬂ

up + uty + Py = 0, (5.22)

—_

P—P,=u’+ §u§. (5.23)

We consider periodic solutions of period one. Next, we rewrite the equation
in Lagrangian coordinates. Therefore we introduce the characteristics

2For x nonzero, equation (5.22)) is simply replaced by P — Pyy = ku + u? + %ui
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We introduce the space V; defined as
Vi={fe WL R) | f(6+1) = f(€) + 1for all € € R}.

Functions in Vi map the unit interval into itself in the sense that if u is periodic
with period 1, then wo f is also periodic with period 1. The Lagrangian velocity
U reads

U(t, &) = u(t,y(t,€)). (5.25)

We will consider y € Vi and U periodic. We define the Lagrangian energy
cumulative distribution as

y(t,€)
H(t,€) = / . (2 + u2)(t, o) da. (5.26)
y(t,

For all ¢, the function H belongs to the vector space V defined as follows:

V ={f € WL (R) | there exists o € R
such that f(€4+ 1) = f(§) + « for all £ € R}.

Equip V with the norm

I £1lv = 1l e oy + I fellzr o1

As an immediate consequence of the definition of the characteristics we obtain

Ui(t,§) = Ut(tvy) + yt(tvg)uz(ta y) = —Pyoy(t,§). (5-27)

This last term can be expressed uniquely in term of U, y, and H. We have the
following explicit expression for P,

P(t,x) = %/Re_lg”_zl(uz(t,z) + %ui(t,z))dz. (5.28)
Thus,
Proy(t.€) = — [ sign(y(t.) - 2)e MO 2) + G0l (e, ) d,
R

and, after the change of variables z = y(t,7),

Ppoy(t,§) = *%/

[sign(u(t,€) — y(t.m))e~ O -wen)
R

x (uQ(ty(t,n)) + ;ufi(t,y(tm))) ve(t.n)| dn. (5.29)

We have
He = (u* +u2) o yye =: v. (5.30)

Note that v is periodic with period one. Then, (5.29) can be rewritten as

Poy(€) :—%/Rsign(y(é)—y(n))exp(—ly(f)—y(n)\)(Uzstrl/)(??) dn, (5.31)
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where the t variable has been dropped to simplify the notation. Later we will
prove that y is an increasing function for any fixed time ¢. If, for the moment,
we take this for granted, then P, oy is equivalent to @) where

Q(t,¢) = _— /Rsign(é‘ —n)exp (—sign(& — n)(y(€) —y(m)) (Uye + v)(n) dn,

4
(5.32)
and, slightly abusing the notation, we write

P(t,§) = i/ﬂ{@m (—sign(€ =)&) —ym)) (UPye +v)(n)dn.  (5.33)

The derivatives of ) and P are given by

1

1
Qe = —51/ — <2U2 — P) ye and Pz = Que, (5.34)

respectively. For ¢ € [0,1], using the fact that y(§ + 1) = y(£) + 1 and the
periodicity of v and U, the expressions for @) and P can be rewritten as

Q=1 | / sinh(y(€) — y(n) (Uye + v)(n) dny
0

2(e—1
— %/0 sign(¢ — n) exp (— sign(€ — n)(y(€) —y(n)) (U?ye +v)(n)dn, (5.35)

and

1

P= m/o cosh(y(&) — y(m)(U?ye + v)(n) d

+ % /O exp (- sign(& —n)(y(€) — y(m))(Uye +v)(n) dn.  (5.36)

Thus P, oy and P oy can be replaced by equivalent expressions given by (|5.32))
and (5.33)) which only depend on our new variables U, H, and y. We obtain a
new system of equations, which is at least formally equivalent to the Camassa—

Holm equation:
Yt = U7

Uy =-0Q, (5.37)
H, = [U® —2PUJ;,.
After differentiating (5.37)) we find
Yer = Ug,
1 1,
Hep = —2Q Uye + (3U° — 2P) Ue.
From (|5.37) and (5.38)), we obtain the system
Yt = Ua

Uy = —Q, (5.39)
vy = —2QUyg + (3U% — 2P) U,.
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We can write (5.39) more compactly as

X, =F(X), X=@Uv). (5.40)
Let
Woa = {f € Wil (R) | f(€+1) = f(€) for all £ € R}.
We equip Wl with the norm of V, that is,

per

I fllwaa = I lzes o, + I fell 1o,y

per

which is equivalent to the standard norm of Wgéi because || f|z1(0.1]) < [ fllz(0,17) <

£z o)) + I fellLi(o,17)- Let E be the Banach space defined as

E=VxWhl x !

per per*
We derive the following Lipschitz estimates for P and Q.

Lemma 5.1. For any X = (y,U,v) in E, we define the maps Q and P as
9(X) = Q and P(X) = P where Q and P are given by (5.32)) and (5.33),

respectively. Then, P and Q are Lipschitz maps on bounded sets from E to
WL More precisely, we have the following bounds. Let

per*

By ={X =, Uv) € E| Uy + lyeller + vl < M} (5.41)
Then for any X, X € By, we have

12(X) = QX [l < CurllX — Xl (5.42)

per

and
IP(X) = PX) e < CullX — Xl (5.43)

where the constant Cpy only depends on the value of M.

o0

Proof. Let us first prove that P and Q are Lipschitz maps from Bjys to Lyg,.
Note that by using a change of variables in and , we obtain that
P and Q are periodic with period 1. Let now X = (y,U,v) and X = (3,U, D)
be two elements of Bj;. Since the map x — coshz is locally Lipschitz, it is
Lipschitz on [—M, M]. We denote by Cj; a generic constant that only depends
on M. Since, for all £, 7 in [0, 1] we have |y(§) — y(n)| < ||yel|L1, we also have

|cosh(y (&) —y(n)) — cosh(g(§) — y(n)| < Cumly(€) — 4(§) —y(n) +7(n)|
< Cumlly = 9llzee-

It follows that, for all £ € [0, 1],

lleosh(y(€) = y(-)(Uye +v)(+) = cosh(§(€) = G(- )T ge + ) (-) | 2
< Oum(lly = gllze + 1U = Ullzee + llye = Gellzr + Il = #ll20)

and the map X = (y,U,v) —~ 2@%1 fol cosh(y(&) —y(n))(U?ye + v)(n) dn which
corresponds to the first term in (5.36)) is Lipschitz from By to L35, and the

Lipschitz constant only depends on M. We handle the other terms in (5.36) in

the same way and we prove that P is Lipschitz from By to Lg,. Similarly,
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one proves that Q: Bj; — LSS is Lipschitz for a Lipschitz constant which

per

only depends on M. Direct differentiation gives the expressions ([5.34) for the
derivatives P and Q¢ of P and ). Then, as P and Q are Lipschitz from By,

to Lpg,, we have

|20~ Q(X)ell.
= lyeP(X) ~ 5P(X) — 5

< Cu(IIP(X) = P(X)llzee + 1U = Ul + llye — Gellor + Iy — 7))
< Cu|X = X|e.

(U%ye = Ufie) —v + ||

Hence, we have proved that Q: By, — WI}; is Lipschitz for a Lipschitz constant
that only depends on M. We prove the corresponding result for P in the same

way. O

The short-time existence follows from Lemma [5.1] and a contraction argu-
ment. Global existence is obtained only for initial data which belong to the set
F as defined below.

Definition 5.2. The set F is composed of all (y,U,v) € E such that

y € Vi, (,U) € Wi (R) x Wi (R), v € L™, (5.44a)

ye >0, v >0, ye +v > c almost everywhere, for some constant ¢ > 0,
(5.44b)

Yel = ygU2 + Ug almost everywhere. (5.44c)

Lemma 5.3. The set F is preserved by the equation (5.39), that is, if X (t)
solves (5.39)) for t € [0,T] with initial data Xo € F, then X(t) € F for all
te0,T].

Proof. The proof is basically the same as in [56], and we will repeat this proof
with the necessary adaptions here for completeness. Solutions of (5.40) can be
rewritten as

X(t) =X+ /0 t F(X(r))dr, (5.45)

where X denotes the initial condition. Proceeding as in the proof of Lemma
one obtains that F' is Lipschitz on bounded sets from E — E, which implies the
existence of short time solutions.

Next we want to show that for initial data in [W1>°]? x L> we have short
time solutions in [W1*°]2 x L°°. Therefore observe first that y, U, P,Q € W11
implies that y,U, P,Q € L*, and we therefore have to consider the following
system of ordinary differential equations for y¢, Ue, and v:

d
%a(tv f) = 5(t’ g)a
G000 = 300+ (507 P) (O +a(t.©) (5.46)

SA0,6) = ~2QU(L (1 + a(t, ) + (307 ~ 2P) (1,6)5(1,).
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where we substituted (¢, Ug, and v by «, 3, and 7. We specify the initial
conditions for this system by defining A as the following set

A={§ € R[] < 1Tl [Ce(E)] < (@l [7(E)] < 7]~ }-

Since we assume X € [IW1°]2 x L* we have that A has full measure, that is,

meas(A°) = 0. For £ € A, we define (a(0,€), 8(0, ), 7(0,€)) = (Ce(€), Ue(€), 7()).
For £ € A° we take («(0,£),8(0,£),7(0,£)) = (0,0,0). This allows us to work in

the Banach space of everywhere bounded periodic functions Bpg,, whose norm

is given by [|f|[Bs, = supgejoq)[f(§)]. We define (a, 3,7) as the solutions of
(5.46) in [Bge,]* with initial data as given above. As to any function in L%,
we can find a function in B¢, so that the two functions coincide almost ev-
erywhere, it is no problem to work in this slightly different setting. As before
we can use a contraction argument to show the short time existence of solu-
tions in [Bpe,]* and applying Gronwall’s lemma yields that this solution exists
on [0, 7], the interval on which (¢,U,v) exist. For showing that («, 8,7) coin-
cide with ((¢, Ue, v) almost everywhere for any ¢ € [0, T], we need the following

proposition, which is adapted from [94, p.134, Corollary 2].

Proposition 5.4. Let R be a bounded linear operator on a Banach space X into
a Banach space Y. Let f be in C([0,T],X). Then, Rf belongs to C([0,T],Y)
and therefore is Riemann integrable, and f[O,T] Rf(t)dt = Rf[o,T] f(t)dt.

For any given &, the map f — f(§) from By, to R is linear and continuous.
Hence after applying this map to each term in (5.46)) written in integral from
and using Proposition [5.4] we recover the original definition of «, 8, and v
as solutions, for any given £ € R, of the system ([5.46) of ordinary differential
equations in R®. The derivation map d% is continuous form Wl}éi to L}Der. We

can apply it to (5.39)), written in integral form, and by Proposition this map
commutes with the integral. Thus we end up with

t

szgﬁlwwm,

Ue(2) :U£+/Ot (%I/-‘r (;U2 —P) (1+C§))(T)d7', (5.47)

v(t) =7 — /Ot (zo U1+ Ce) + (3U2 — 2P) Ug) (r)dr.

The map from Bj, to L},er is also continuous, we can apply it to (5.46]) written in
integral from, and again use Proposition[5.4] Then, we subtract each equation in
from the corresponding one in , take the norm and add them. After
introducing Z(t) = [la(t,.) —=Ce(t, )|+ B(E, ) =Ue (&, ) o+ v (@, ) —v(t, )l o,

we end up with the following equation
t
Z(t) < Z(0) + C / Z(r)dr, (5.48)
0

where C' is a constant which again, only depends on the C([0,T], W) norms
of U, P, and Q. By assumption we have Z(0) = 0 and therefore by Gronwall’s
lemma, we get Z(t) = 0 for all ¢ € [0,7]. Thus we showed that is
preserved.
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Denote by B the set where the absolute values of Zg (€), Ue(€), and p(€) all
are smaller than || X || (1,224 1 and where (5.44b)) and (5.44c) are satisfied for
Yes Ug, and 7. By assumption we have that meas B¢ = 0, and we set (Zg,Ugj)
equal to zero on B°.

Using that B C A, we obtain that X (t) satisfies for all ¢ € [0,7].
Next we will show that (5.44b)) and (5.44c) hold for any £ € B and hence almost

everywhere. We consider a fixed £ in B and drop it in the notation when there
is no ambiguity. From (/5.39)), we have, on the one hand,

(e)i = Yerv + viye = Uev + (3UUg — 2ycQU — 2PU¢ )y,
and, on the other hand,
(EU? + U2y = 2yeyeU? + 2y¢ U U + 2Ue, U
= 3U:U?ye — 2PUcye + vUe — 2y QU.

Thus (yev — ygU2 - Ug)t = 0, and since y:v(0) = (ygU2 - Ug)(()), we have
proved ([5.44c). Let us introduce t* given by

t* = sup{t € [0, T]|ye(t') > 0 for all t’ € [0, ¢]}.

Here we recall that we consider a fixed £ € B and drop it in the notation.
Assume t* < T. Since ye(t) is continuous with respect to time, we have

ye(t*) = 0. (5.49)
Hence, from ([5.44c)), that we just proved, we get Ug(t*) = 0 and by (5.39),
Yee(t*) = Ue(t*) = 0. (5.50)
Form ([5.39), since ye(t*) = Ug (t*) = 0, we get
1
Yer (t*) = Ut (t*) = ilj(t*)' (5.51)

If v(t*) = 0, then (ye,Ue,v) = (0,0,0) and, by the uniqueness of the solution
of , seen as a system of ordinary differential equations, we must have
(ye,Ug,v) = 0 for all t € [0,7]. This contradicts the fact that y¢(0) and v(0)
cannot vanish at the same time. If v(t*) < 0, then y¢y(t*) < 0, and because of
and (5.50)), there exists a neighborhood U of ¢* such that ye(t) < 0 for all
t € U\{t*}. This contradicts the definition of ¢*. Hence, v(t*) > 0, and, since
we now have ye (t*) = ye(t*) = 0 and yeyu (t*) > 0, there exists a neighborhood
of t*, which we again denote by U such that ye(¢) > 0 for all t € U\{¢*}. This
contradicts the fact that t* < T, and we have proved the first inequality in
(5.44d), namely that ye(t) > 0 for all ¢ € [0,T]. Let us prove that v(t) > 0
for all t € [0,7]. This follows from when y¢(t) > 0, Now if ye(t) = 0,
then Ug(t) = 0 from and we have seen that v(¢) < 0 would imply that
ye(t') > 0 for some ¢’ in a punctured neighborhood of ¢, which is impossible.
Hence v(t) > 0 and we have proved the second inequality in . Assume
that the third inequality in does not hold. then, by continuity, there
exists a time ¢t € [0,7] such that (ye + v)(t) = 0. Since y¢ and v are positive,
we must have y¢(t) = v(t) = 0 and , by (5.44d), Ue(t) = 0. Since zero is a
solution of ([5.39)), this implies that y¢(0) = Ug(0) = v(0) = 0, which contradicts
(ye + He)(0) > 0.

O
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global solution X(t) = (y(t),U(t),v(t)) in C'(Ry, E) with initial data X =
(5,U,v). We have X(t) € F fo times. Let the mapping S: F x Ry — F be
defined as

Theorem 5.5. For any X = (3,U,v) € F, the system (5.39) admits a unique
y(0), U(),
rall

S,(X) = X (4).

Given M >0 and T > 0, we define Bys as before, that is,

By ={X = (y,U,v) € E[ Ul + llgellr + [lvlor < M} (5.52)

per

Then there exists a constant Cay which depends only on M and T such that, for
any two elements X, and Xg in By, we have

181X — $:Xs 5 < Car[ X — X5 (5.53)
for any t € [0,T).

Proof. By using Lemma [5.1] we proceed using a contraction argument and ob-
tain the existence of short time solutions to (5.39). Let T" by the maximal
time of existence and assume 7' < co. Let (y,U,v) be a solution of in
C([0,T), E) with initial data (yo, Uy, ). We want to prove that

sup H(y(ta ')v U(t7 : )7V(ta ))HE < oo. (554)
te[0,T)

From ([5.39)), we get

1 1 1ot
/0 V(t,f)dfz/ V(O,f)d&Jr/ /(—2QUyg+(3U2—2P) Ue)(t, &) dtde

:/0 0,¢) d£+// 3 _9PU)(t, €) dédt

- /0 v(0,€) dt. (5.55)

Hence, ||v(t, - )||pr = ||[#(0, - )||z:. This identity corresponds to the conservation
of the total energy. We now consider a fixed time ¢ € [0,7) which we omit
in the notation when there is no ambiguity. For £ and 75 in [0, 1], we have

ly(€) —y(n)| < 1 because y is increasing and y(1) — y(0) = 1. From (5.44d|), we
infer U%ye < v and, from (5.35)), we obtain

@l < = [ sinhlu(©) ~ wnhimdn+ [ e ODlug) an

Hence,
1Q(, Mz < Cllu(t, )z = Cllv(0, )z (5.56)

for some constant C. Similarly, one prove that |P(¢, - )|z < C|lv(0, - )| 11
and therefore sup,¢jo ) [|Q(t, - )|z and supycpo 1| P(%, - )|~ are finite. Since
U, = —Q), it follows that

1UE L < U0, )|z + CT[w(0, )]l (5.57)
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and sup, o, 7)[|U (%, - )|z < 0o. Since y; = U, we have that sup,cio 1 [ly (¢, - )| L
is also finite. Thus, we have proved that

Ci1= sup {[|U(t, )|z~ + |PE )llee + Q@ )llL<}
te[0,T)

is finite and depends only on T and ||U(0, - )||r=~ + ||[#(0, -)||z1. Let Z(t) =

llye(t, s +|Ue(t, -)|lzr + || (t, - )| r2. Using the semi-linearity of (5.38)) with
respect to (ye, Ug, V), we obtain

Z(t) < Z(0) JrC'/ltZ(T)dT
0

where C' is a constant depending only on C. It follows from Gronwall’s lemma
that sup,¢jo ) Z(t) is finite, and this concludes the proof of the global existence.
Moreover we have proved that

1O ) wr + lye @ )l +[lv@, - )ller < Cwm (5.58)

per

for a constant Cp; which depends only on 7" and ||U(0, - )[04+ [|ye(0, - )|z +

per

[lv(0, -)||z1. Let us prove (5.53). Given T and X,, X3 € By, from Lemma
and (5.58)), we get that

[Ua(t, -) = Us(t; )L + [Qalt; -) = Qp(t, )z < Cuml[Xa(t) = Xp(t)lm

where C)s is a generic constant which depends only on M and T. Using again
(5.38) and Lemma we get that for a given time ¢ € [0, T,

1 1 1 1
|Uag — Upellr + ||§Va + (2U§ - Pa) Yag = 5V8 (QUE - Pﬂ) Ysell L

+ [1-2Qa UaYae + (3UZ — 2Py) Uag + 2Q3 Usype — (3U5 — 2P3) Upe | 11
<Oyl Xa — XgllE-

Hence, |[F(Xo(t)) — F(Xs(t)|le < Cum || Xa(t) — X5(t)|| g where F is defined as
in (5.40). Then, (5.53) follows from Gronwall’s lemma applied to (5.40). O

5.3 Relabeling invariance

We denote by G the subgroup of the group of homeomorphisms on the unit
interval defined as follows:

Definition 5.6. Let G be the set of all functions f such that f is invertible,

FEWSE(R), f(E+1)=f(€)+1 for all € €R, and (5.59)
f =T and f~1 =1 both belong to W2°. (5.60)

per

The set G can be interpreted as the set of relabeling functions. Note that
f € G implies that

1 < fe<1+
—_— o
1+oz_£_
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for some constant « > 0. This condition is also almost sufficient as Lemma 3.2
n [56] shows. Given a triplet (y,U,v) € F, we denote by h the total energy
||| We define the subsets F, of F as follows

1
= <
Fo={X= (y,UV)E]:\ _1+h(5+1/) 1+ al.
The set Fy is then given by
Fo={X=w,Uv)eF|y+v=1+h} (5.61)

We have F = Ua>0F,. We define the action of the group G on F.
Definition 5.7. We define the map ®: G x F — F as follows

y=yof,
U=Uof,
v=voffe,

where (3,U,v) = ®(f, (y,U,v)). We denote (3,U,v) = (y,U,v) e f.
Proposition 5.8. The map ® defines a group action of G on F.

Proof. By the definition it is clear that ® satisfies the fundamental property
of a group action, that is X e f1 e fo = X e (f1 o fo) for all X € F and f,
J2 € G. It remains to prove that X e f indeed belongs to F. We denote
X (4,0, 7) = X e f, then it is not hard to check that §(§ + 1) = §(§) + 1,

UE+1) =U(€), and 2(€ +1) = p(€) for all ¢ € R. By definition we have
¥ =wvo ffe, and we will now prove that

Je =yeo ffe, and Ug=Ugo ffe,

almost everywhere. Let B; be the set where y is differentiable and By the set
where ¢ and f are differentiable. Using Rademacher’s theorem, we get that
meas(B$) = meas(B§) = 0. For £ € By = BoN f~(By), we consider a sequence
&; converging to £ with & # £ for all i € N. We have

y(f(&)) —y(f(§) f(&) = f(&) _ 9(&) —9(&)
f(&) = (&) & —¢§ &—¢
Since f is continuous, f(§;) converges to f(£) and, as y is differentiable at f(¢),

the left-hand side of (5.62)) tends to y¢ o f(§) fe(§), the right-hand side of ([5.62)
tends to g¢(£), and we get

(5.62)

Ye(F(€)) [ (&) = 9¢(E), (5.63)

for all ¢ € Bs. Since f~! is Lipschitz continuous, one-to-one, and meas(B¢) = 0,
we have meas(f~1(B1)¢) = 0 and therefore holds almost everywhere. One
proves the other identity similarly. As f¢ > 0 almost everywhere, we obtain
immediately that (5.44b)) and (5.44c]) are fulfilled. That is also satisfied
follows from the following considerations: ||gellr: = ||yellzr, as ye is periodic
with period 1. The same argument applies when considering ||Ug||z: and ||#]| .
As U is periodic with period 1, we can also conclude that |||z~ = ||U]|p~. As
f € G, one obtains that |||z is bounded, but not equal to ||y||pe-. O
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Note that the set B, is invariant with respect to relabeling while the E-norm
is not, as the following example shows: Consider the function y(§) = £ € Vi,
and f € G, then this yields

||y(f(f))HL°°([0,1]) = ||f(f)||L°°([0,1])-

Hence, the L>-norm of y(f(£)) will always depend on f.

Since G is acting on F, we can consider the quotient space F/G of F with
respect to the group action. Let us introduce the subset H of F( defined as
follows

1
H={Ur) e R /0 y(€) de = 0}. (5.64)

It turns out that H contains a unique representative in F for each element of
F /G, that is, there exists a bijection between H and F/G. In order to prove
this we introduce two maps II; : F — Fg and Ily: Fy — H defined as follows

M(X)=Xef ! (5.65)
with f = =7 (y + fo n)dn) € G and X = (y,U,v), and
I (X) = X(§ —a) (5.66)

with a = fol y(&) d¢. First, we have to prove that f indeed belongs to G. We
have

1 £+1
fle+1) = e+ D+ [ vindn)
1

3
— 1+7}1(@,(5)+1+/0 v(n)dn+h) = f(&) +1

and this proves Since (y,U,v) € F, there exists a constant ¢ > 1
such that 1 < fe S c for almost every & and therefore follows from an
application of Lemma 3.2 in [56]. After noting that the group action lets the
quantity h = ||v||p: invariant, it is not hard to check that IT; (X) indeed belongs
to Fo, that is, p%h(?& + 7) = 1 where we denote (7,U,7) = II;(X). Let us
prove that (7, U, ) = Ia(y, U, v) belongs to H for any (y,U,v) € Fo. On the
one hand, we have ﬂ(yﬁ +7) = 1 because h = h and 1+h(yg +v)=1as
(y,U,v) € Fy. On the other hand,

/Oly(f)dﬁz €)d¢ = / d£+/ (f)d§+/11_ay(§)dg (5.67)

and, since y(§ + 1) = y(&) 4+ 1, we obtain

/ d&/ d§+/ (f)d&/o_ay@)dg—a:/Oly@)dw—a:o.

(5.68)
Thus II2(X) € H. Note that the definition (5.66) of IIz can be rewritten as

L(X)=XeT,

where 7, : £ — £ — a denotes the translation of length a so that IIo(X) is a
relabeling of X.
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Definition 5.9. We denote by 11 the projection of F into H given by I1; o Ils.

One checks directly that IT o IT = II. The element II(X) is the unique
relabeled version of X which belongs to H and therefore we have the following
result.

Lemma 5.10. The sets F/G and H are in bijection.

Given any element [X] € F/G, we associate II(X) € H. This mapping is
well-defined and is a bijection.

Lemma 5.11. The mapping St is equivariant, that is,
Si(X e f)=5(X)ef. (5.69)

Proof. For any Xy = (yo,Up, ) € F and f € G, we denote Xy = (%o, Up, 7o) =
Xoeof, X(t) = Si(Xp), and X(t) = S¢(Xp). We claim that X(t) e f satis-
fies and therefore, since X (t)  f and X (t) satisfy the same system of
differential equations with the same initial data, they are equal. We denote
X(t) = (4(t),U(t),>(t)) = X(t) @ f. Then we obtain

1

0 = 5 [ sien(€ —n)exp (—sign(é — n)(a(€) ~ y(m)) [V + ] (n)dn.
R

As Ge(§) = ye(f(§) fe(§) and D(&) = v(f(€))fe(§) for almost every £ € R, we
obtain after the change of variables n = f(n’),

0 = 5 [ sien(€ —n)exp (= sign(€ — n)(a(€) ~ 5(1)) [0 + 7] (n)dn.
R

Treating similarly the other terms in , it follows that (g, U , V) is a solution
of . Thus, since (g, U, 7) and (7, U, 77) satisfy the same system of ordinary
differential equations with the same initial conditions, they are equal and
is proved. O

From this lemma we get that
[MoS;oll=1I05;. (5.70)
Definition 5.12. We define the semigroup S; on H as
S; =10 S,.

The semigroup property of S follows from (5.70). Using the same approach
as in [56], we can prove that S; is continuous with respect to the norm of E.
It follows basically of the continuity of the mapping II but II is not Lipschitz
continuous and the goal of the next section is to improve this result and find a
metric that makes S; Lipschitz continuous.

5.4 Lipschitz metric for the semigroup S,
Definition 5.13. Let X,, X3 € F, we define J(Xo,X3) as
J(Xo, Xp)= inf [|[Xpef—Xgeg|g. (5.71)
f.9€G
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Note that, for any X,, Xg € F and f,g € G, we have
J(Xapof,Xpeg)=J(Xa,Xp). (5.72)

It means that J is invariant with respect to relabeling. The mapping J does
not satisfy the triangle inequality, which is the reason why we introduce the
mapping d.

Definition 5.14. Let X, X3 € F, we define d(Xq, Xg) as
N
d(Xo,Xp) =1inf Y J(Xp_1,X,) (5.73)
i=1
where the infimum is taken over all finite sequences {X,, })_, € F which satisfy
Xo =X, and Xy = Xpg.
For any X, Xg € F and f,g € G, we have
d(Xye f,Xpeg)=d(X,,Xs), (5.74)
and d is also invariant with respect to relabeling.

Remark 5.15. The definition of the metric d(Xq, Xpg) is the discrete version
of the one introduced in [16]. In [16], the authors introduce the metric that we
denote here as d where

1
d(Xo, X5) = inf /0 1X4(5) ey s

where the infimum is taken over all smooth path X (s) such that X (0) = X, and
X (1) = X and the triple norm of an element V is defined at a point X as

VIl = infl]V" — g Xe]

where g is a scalar function, see [16)] for more details. The metric d also enjoys
the invariance relabeling property , The idea behind the construction of d
and d is the same: We measure the distance between two points, in a way where
two relabeled versions of the same point are identified. The difference is that in
the case of d we use a set of points whereas in the case of d we use a curve to
join two elements X, and Xg. Formally, we have

1
lim I (X(5), X (s + ) = 1 X, (o) (5.75)

We need to introduce the subsets of bounded energy in Fy.

Definition 5.16. We denote by FM the set
FM={X=(y,Uv) e F|h=|p|n <M}

and let HM = H N FM,
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The important property of the set FM is that it is preserved both by the
flow, see (5.55)), and relabeling. Let us prove that

BunHcCHM c BynH (5.76)

for M = 6(1+ M) so that the sets Byy NH and HM are in this sense equivalent.

From (5.61)), we get ||ye||p~ < 14+ M which implies ||ye|L: < 1+ M. By (5.44c]),
we get that UZ < yev < 3(yZ + %) < §(ye +v)* < 5(1+ h)? and therefore

|Uellr <14 M. Since fol ye(n)dn =1 and ye > 0, the set {£ € [0,1] | ye(&) >
%} has strictly positive measure. For a point &y in this set, we get, by (5.44c)),

that U2(&o) < A8 < 2(1+M). Hence, |U]| = < [U(&)|+||Uel|zr < 3(1+M)

and, finally,
Ul + llyellzs + vl < 6(1+ M),

per

which concludes the proof of ([5.76]).

Definition 5.17. Let dy; be the metric on HM which is defined, for any
Xa, Xp € HM | qs

N
dar(Xa, Xg) = inf Y (X1, X,,) (5.77)
i=1
where the infimum is taken over all finite sequences {X,}N_, € HM which
satisfy Xo = Xo and Xy = Xg.
Lemma 5.18. For any X, Xg € HM | we have
1Yo = ysllee + [Ua — UsllLe + |ha — hg| < Crydr(Xa, Xp) (5.78)
for some fixed constant Cp; which depends only on M.
Proof. First, we prove that for any X,, Xg € HM, we have
190 = ygllee + [[Ua = Ul + |ha — hp| < CrrJ (Xa, Xp) (5.79)

for some constant C'; which depends only on M. By a change of variables in
the integrals, we obtain

1 1
lho =l =1 [ varo fcde ~ [ vaoggeds
0 0
<|| Xqof—Xpgog|E.
We have

[y — ygllzee + [[Ua — Upll Lo
<[ Xaof—Xpegllg+llysof—ysogllre +|Uso f—Usoglr
<|[[Xaof—Xpgegle+ (lysellre + [Usell L)l f — gllpe--
(5.80)

From the definition of HM we get that, for any element X = (y,U,v) € HM,
we have [|yellr= + [v[lLe < 2(1 + M). Since UZ < yev, from (5.44d), it follows
that ||Ug||z < 2(1+ M). Thus, (5.80) yields

Yo —yslle +[[Ua—UsllLe < [[Xaof—Xpoglp+4(1+M)|[f—gllL~. (5.81)
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We denote by C)j; a generic constant which depends only on M. The identity
(5.79) will be proved when we prove

If —9glle~ < Cuml||Xaof—Xgeg|E. (5.82)

By using the definition of H, we get that

1 1
Ife = gellr =I5 " (Yag o f +vao f)fe— 57, (yse © 9+ vg 0 g)gell
< Xo - X
S v 1Jrhﬁll of—Xgeglr
S CullXaof—Xgogle. (5.83)

Let 6 = g(0) — f(0). Similar to (5.67) and (5.68), we can conclude that

1 F(0)+146
/ ys o (f +6) fedé = / ypde
0 f

(0)+6

0 1 14+ £(0)+5
- / yadé + / ysdé + / ysde
F(0)+06 0 1

0 1 F(0)+5
— [ e [ypder [ ade )49
F(0)+6 0 0
= f(0) +é.
Thus we have § = fol yg o (f + 8)fedé — f(0) and analogously 0 = fol yp o
(f)fed€ — f(0). Hence,
1 1
=1 wso+0)feds— [ oo ficdel. (5.84)

By (5.83), we get that
lg = f =l <Ilfe — gellr < Cul|Xa o f—Xpeg|s. (5.85)

Then, since

lys o (f +6) —ypogllLe < llysellpe|f+06 —gllL=
< CulXaof—Xgeglg,

we obtain that

lya o f —yso (f +0)lre <|lyaof —ysogllL=+lysog—yso (f+ )L
SCMHXaof—Xﬁ e g|E. (5.86)

Then, (5.84) yields
0] < Cuml|Xo o f — Xpoglls. (5.87)

From (5.85) and (5.87)), (5.82)) and therefore (5.79) follows. For any ¢ > 0, we
consider a sequence {X,}2_, in HM such that Xy = X, and Xy = X3 and
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Zij\; J(Xp—1, Xn) < dp(Xa, Xp) + €. We have

lYa = ysll+1Ua = UsllLoe + [ha — D]
N
< ZHyn—l —Ynlloe + |Un—1 — Unllze + [hn—1 — hy|

n=1

N
<Cu Y J(Xno1,Xn)

n=1

< CM(dM(Xa,Xg) +€).

Since € is arbitrary, we get . O
From the definition of d, we obtain that
d(Xa, Xp) < | Xa — X5l 5, (5.88)
so that the metric d is weaker than the F-norm.
Lemma 5.19. The mapping dps : HM x HM — R is a metric on HM.

Proof. The symmetry is embedded in the definition of J while the construction
of dp; from J takes care of the triangle inequality. From Lemma [5.18] we get
that da(Xa, Xg) = 0 implies that y, = yg, Uy = Us and hy = hg. Then, the
definition of Fy implies that v, = v3. O

Remark 5.20. In [56], a metric on H is obtained simply by taking the norm
of E. The authors prove that the semigroup is continuous with respect to this
norm, that is, given a sequence X, and X in H such that lim, || X» — X| &,
we have lim, o ||S: X,y — S;X||g = 0. However, S; is not Lipschitz in this
norm. From , we see that the distance introduced in [56] is stronger than
the one introduced here. (The definition of E in [50] differs slightly from the
one employed here, but the statements in this remark remain valid).

We can now prove the Lipschitz stability theorem for S;.

Theorem 5.21. Given T' > 0 and M > 0, there exists a constant Cpy which
depends only on M and T such that, for any Xo, Xz € HM and t € [0,T], we
have

A (81X, SiXp) < Crvdpyr (Xo, X3). (5.89)

Proof. By the definition of djy, for any £ > 0, there exists a sequences {X,, })_,
in #M and functions {f,,}N"', {9,231 in G such that Xo = Xo, Xy = X5
and

N
S I Xn-1 0 fu1—Xnognale < dy(Xa,Xp) +e. (5.90)
=1

Since HM C By; for M = 6(1 + M), see (5.76), and By; is preserved by
relabeling, we have that X,, e f,, and X,, e g,_1 belong to Bj;. From the
Lipschitz stability result given in (5.53|), we obtain that

”St(anl.fnfl) _St(Xn.gnfl)HE S CM”anl .fnfl _Xn.gnfl‘IEa (59]—)
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where the constant C'; depends only on M and T'. Introduce

Xo=X,0f,, X! =85,(X,), forn=0,...,N—1,

and y 3 y
X, =X,009,-1, X! =5,(X,), forn=1,...,N.
Then (5.90) rewrites as
N
S 1Kot Kalle < dar (Xay X5) + ¢ (5.92)
i=1
while (5.91)) rewrites as
1K1 = Xllp < Col| Koy = Xl - (5.93)
We have

I(X}) =To Sy (Xo e fo) = o (Si(Xo) ® fo) = o S (Xo) = Si(Xa)

and similarly TI(X%) = S;(Xj3). We consider the sequence in H™ which con-
sists of {IIX:}N-1 and S;(Xjs). The set FM is preserved by the flow and by
relabeling. Therefore, {TIX!}N-! and S;(X3) belong to HM. The endpoints
are S;(X,) and S;(Xj). From the definition of the metric dys, we get

N—

dr(81(Xa), 5:(Xp)) < D (JLX, 1 IIX7)) + J(ILXR ., 51(X5))

i

n=1
N-1 B B B )
=D (J(X, 1, X)) + J(Xy 1. XR)) by (.72).
n=1
(5.94)
By using the equivariance of Sy, we obtain that
Xt =5,(X,) =S (X0 f 1) eg,_
L= SuKa) = Su(Xu e 1) @ g0m1) 595)

= St(Xn) b (fn_l Ognfl) = sz ° (fn_l Ogn71)~

Hence, by using (5.72)), that is, the invariance of J with respect to relabeling,
we get from ([5.94]) that

=

-1

A (S1(Xa). $1(X5) < 3 (J(X1 1. X0)) 4+ (X1 X5)

3
Il
_

D_ﬁz

X} =X lle by (5-89)
n=1
N — ~
<Cu ) I Xn1—Xulle by (5.93)
n=1

< Cum(dp(Xa, Xp) + €).

After letting ¢ tend to zero, we obtain (5.89)). O
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5.5 From Lagrangian to Eulerian coordinates

We now introduce a second set of coordinates, the so—called Eulerian coordi-
nates. Therefore let us first consider X = (y,U,v) € F. We can define the
Eulerian coordinates as in [56] and also obtain the same mappings between Eu-
lerian and Lagrangian coordinates. For completeness we will state the results
here.

Definition 5.22. The set D consists of all pairs (u, ) such that
(i) we H. ., and

per’

(i) w is a positive Radon measure whose absolute continuous part, fiac, satis-

fies
fac = (u? + u2)dz. (5.96)

We can define a mapping, denoted by L, from D to H C F:
Definition 5.23. For any (u,p) in D, let

h = u([0,1)),
y(§) =sup{y | Fl.(y) +y < (1 + h)E},

V(€)= (1+ ) — 1e(6), (597
U(§) =uoy(é),
where
u([0,z)) ifx >0,
Fu(z) = 0 ifx=0, (5.98)
—u([2,0))  ifz <0

Then (y,U,v) € Fy. We define L(u, p) = 1(y, U, v).

Thus from any initial data (ug, o) € D, we can construct a solution of ([5.39)
in F with initial data Xo = L(uo, o) € F. It remains to go back to the original
variables, which is the purpose of the mapping M, defined as follows.

Definition 5.24. For any X € F, then (u,pu) given by

u(z) = U(&) for any & such that x = y(§),

1= yy (vdg), (5.99)

belongs to D. We denote by M the mapping from F to D which for any X € F
associates the element (u, u) € D given by (5.99).

The mapping M satisfies
M = M oll. (5.100)
The inverse of L is the restriction of M to H, that is,
LoM=II, and MoL=1L (5.101)

Next we show that we indeed have obtained a solution of the CH equation.
By a weak solution of the Camassa—Holm equation we mean the following.
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(Id7 u, ffzx d”)

' 777777777777777777
T (uo)
N 7 (1d, wo, [* duo)

Lagrangian coordinates (F) Eulerian coordinates (D)

Figure 5.2: A schematic illustration of the construction of the semigroup. The
set F where the Lagrangian variables are defined is represented by the interior
of the closed domain on the left. The equivalence classes [X] and [Xo] (with
respect to the action of the relabeling group G) of X and X, respectively, are
represented by horizontal curves. To each equivalence class there corresponds a
unique element in A and D (the set of Eulerian variables). The sets H and D
are represented by the vertical curves.

Definition 5.25. Let u: Ry x R — R. Assume that u satisfies

(i) w € L=([0,00), Hyey ).
(i) the equations

/ /]R ()0 {t)+ (ult, e (1) + ot )00, )l

:/Ru((Lx)(b(Qx)dx, (5.102)

and
5 T

/ /R R(P(t,x)—ug(t,x)—1u2(t,x))q§(t,a:)+Pw(t,x)q§m(t,x)d:vdt:0, (5.103)

hold for all ¢ € C§°(]0,00),R). Then we say that u is a weak global solution of
the Camassa—Holm equation.

Theorem 5.26. Given any initial condition (uo, o) € D, we denote (u, p)(t) =
Ti(ug, o). Then u(t,x) is a weak global solution of the Camassa—Holm equation.
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Proof. After making the change of variables x = y(¢,£) we get on the one hand

- / / ult, 2)be(t, 2)dedt = — / / wlty (6, €)n(t, (1, €))ye (1, €)dedt
R4 xR Ry xR
=[] U000 000, €)1~ ba(tu(t. ity Dl € s
—— [ W vt ) - bele, U e € e
— [ U0.96(0.40.9c(0, )¢ (5.104)
+f /R U () + U0 e N0 o4,
[ v e
z/u(O,m)¢(0,x)dx
R
-/ /R QU u(t.€) + Ue(t. U (1, €))ot.y(t. €)) s,

while on the other hand

// (u(t, 2)uy (t, ) + Py(t, x))o(t, x)dzdt
R4 xR

- // (UEUE(L) + Palty(t: )y ) (t y(, €) el
+ (5.105)

- //R UV + QU e (1) (4, (1, €) el

which shows that (5.102)) is fulfilled. Equation (5.103)) can be shown analogously

// P.(t, )¢, (t, z)dxdt
R+><]R
— //R XRQ(t,E)ys(t,g)%(t,y(t,ﬁ))dgdt

- / /R Q) (1. y(0.€)dses (5.106)
_ / / Qe(t, )(t, y(t, €))dedt
R4 xR
— [ Greo+ GUHEO - Pt )uet. Dot u(t.€)deds
Ry xR

= / / [%ui(tw) + u?(t,x) — P(t,z)]p(t, x)dxdt.
Ry xR
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In the last step we used the following

Lo oL L, v o,
/ u —l—uxdx:/ u —|—uxdz:/ u” 4 urdx (5.107)
0 y(0) y(0)
U2 !
:/ U2y5+—§d§:/ vdz, (5.108)
{£€[0,1]]ye (+,6)>0} Ye 0

the last equality holds only for almost all ¢ because for almost every ¢t € R, the
set {€ €10,1] | ye(t, &) > 0} is of full measure and therefore

1 1
/ (u? +u2)dx :/ vdé = h, (5.109)

0 0

which is bounded by a constant for all times. Thus we proved that u is a weak
solution of the Camassa—Holm equation. O

Next we return to the construction of the Lipschitz metric on D.

Definition 5.27. Let

Note that, by the definition of S; and (5.100)), we also have that
T, = MS;L.

Next we show that T; is a Lipschitz continuous semigroup by introducing a
metric on . Using the bijection L transport the topology from H to D.

Definition 5.28. We define the metric dp: D x D — [0,00) by

The Lipschitz stability of the semigroup 7} follows then naturally from The-
orem The stability holds on sets of bounded energy that we now introduce
in the following definition.

Definition 5.29. Given M > 0, we define the subsets DM of D, which corre-
sponds to sets of bounded energy, as

DM = {(u,) € D | u([0,1)) < M}. (5.112)
On the set DM | we define the metric dpn as

where the metric dyy is defined in (5.77).

The definition ((5.113)) is well-posed as we can check from the definition of L
that if (u, ) € DM then L(u,p) € HM. We can now state our main theorem.

Theorem 5.30. The semigroup (T3,dp) is a continuous semigroup on D with
respect to the metric dp. The semigroup is Lipschitz continuous on sets of
bounded energy, that is: Given M > 0 and a time interval [0, T, there exists a
constant C' which only depends on M and T such that, for any (u, ) and (4, 1)
in DM, we have

d]DJM (Tt(u7 .UJ)a ,Tt(flﬂ ﬂ)) < CdDM ((ua M)’ (ﬂa ﬂ))
for allt € 10,T).
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Proof. First, we prove that T} is a semigroup. Since S; is a mapping from H to
H, we have

TtTt/ = MgtLMgt'L = MS}S’yL = M5t+t/L = Tt+t’

where we also use ([5.101)) and the semigroup property of S;. We now prove the
Lipschitz continuity of T;. By using Theorem we obtain that

dpn (Ty (u, ), T, 1)) = dar (LM Sy L(u, 1), LM S, L(, i)
= dm(SeL(u, p), S L(a, 1))
< Cdp (L(u, i), L(a, 1))
= Cdpa ((u, ), (@, 1))

O
5.6 The topology on D
Proposition 5.31. The mapping
u s (u, (u? 4+ u?)de) (5.114)

s continuous from ngr into . In other words, given a sequence u, € H;;er
converging to u € H}. ., then (un, (u2 + ul,)dx) converges to (u, (u® 4 u2)dz)
i D.

Proof. Let Xy, = (yn,Un,vn) be the image of (un, (uj + uj ,)dz) given as in
(5.97) and X = (y,U,v) the image of (u, (u? + u2)dz) given as in (5.97). We

will at first prove that wu, converges to u in H;er implies that X, converges
against X in E. Denote g, = u2 +u2, and g = u? + u2, then g,, and g are
periodic functions. Moreover, as X,,, X € Fy, we have y, ¢ + v, = 1+ h,, and
Y¢ +v = 1+ h, where hy, = |[vp|[1 and h = ||v||z1. By Definition [5.23] we have

that y,(0) = 0 and y(0) = 0, and hence

/ gn(x)dx + Yy, () = / Un(x)dz + y, (&) = (1 + hy)E, (5.115)
0 0

y(€&) £
/ o(2)de + y(€) = / v(@)de + y(€) = (1 + h)e.
0 0

By assumption u, — u in H;er, which implies that v, — » in L*°, g, — ¢ in

L', and h,, — h. Therefore we also obtain that 1, — vy in L. We have
Up—U=upoy, — U0y =1U,0Y, —UO Yy +UOY, — UOY. (5.116)

Then, since u,, = u in L*°, also u, oy, — uoy, in L> and as w is in ngr, we
also obtain that woy, — uwoy in L>°. Hence, it follows that U,, — U in L*°. By
definition, the measures (u? + u2)dz and (u2 + u2,)dz have no singular part,
and we therefore have almost everywhere

1+h 1+ hy,

=———  and yp=-—"2>—. 5.117
1+goy Yn 1+gnoyn ( )

Ye
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Hence
1+ 9n O Yn 1+ govy
Ye — Yne = YelYn ( - ) 5.118
3 ¢ = Ye¥ne\ Ty 47 ( )
_ (1+gnoyn_1+gnoyn)
YU\ 1+ 1+h
+ ﬁl&_‘z",i(gnoyn —goyYn+goys—goy).
In order to show that (, ¢ — (¢ in Lll)er, it suffices to investigate
1
/ 190 Yn — g ° YlYeyn,eds, (5.119)
0
and
1
/ |9n © Yn — G0 Yn|Yeyn,edE, (5.120)
0

as we already know that h,, — h and therefore y,, ¢ and y¢ are bounded. Since
0 <ye <14 h, we have

1
/ |g OYn — Ggn© yn|y6yn,§df < (]— + h)Hg - gn||L1- (5121)
0

For the second term, let C' = sup,,(1+ hy) > 1. Then for any € > 0 there exists
a continuous function v with compact support such that ||g—v||z: < e/3C? and
we can make the following decomposition

(goy —9goyn)yneye = (90Y — VO Y)Yn eYe (5.122)
+ (U oYy —vo yn)yn,fyﬁ + (v OYn —go yn)yn,£y§~

This implies
1 1
/ g0y —voylyneyedf < C/ lgoy —voylyedl < /3, (5.123)
0 0

and analogously we obtain fol g0 yn — Vo ynlyneyed < /3. As y, — y
in L*° and v is continuous, we obtain, by applying the Lebesgue dominated
convergence theorem, that voy,, — voy in L', and we can choose n so big that

1
/ [V 0 Yn — Vo Ylyneyedé < C3luoy —voyy,|r <e/s. (5.124)
0

Hence, we showed, that fol g0y — goynlyneyed§ < € and therefore, using

F.129),
1
lim / |90y — g0 Ynlyn,ecyedé = 0. (5.125)
0

n—roo

Combing now (5.118), (5.121)), and (5.122)), yields (¢ — ¢ in L', and therefore
also v, — v in L'. Because (, ¢ and v, are bounded in L™, we also have that
Cne — Ce in L? and v, — v in L%, Since yy, ¢, vy, and U, tend to ye, v and U in
L? and ||Uy| |z~ and ||yn.¢|lL=, are uniformly bounded, it follows from
that

T ([T el = |Ue] (5.126)
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Once we have proved that U, ¢ converges weakly to Ug, this will imply that
Une — Ue in L?. For any smooth function ¢ with compact support in [0, 1] we
have

/ U, epdé = / s © Y e SE = / a0y V. (5.127)
R R R

By assumption we have u,¢ — u¢ in L?. Moreover, since y, — y in L,
the support of ¢ oy, ! is contained in some compact set, which can be chosen
independently of n. Thus, using Lebesgue’s dominated convergence theorem,
we obtain that ¢p oy, ' — ¢poy~! in L? and therefore

lim [ U, epdé = / ugp oy tdé = / Uepd€. (5.128)
Form ([5.44c|) we know that U, ¢ is bounded and therefore by a density argument
(5.128) holds for any function ¢ in L? and therefore U, ¢ — Ug weakly and hence
also in L2. Using now that

|Une = Uellpr < |Un,e — Uell 12, (5.129)

shows that we also have convergence in L'. Thus we obtained that X,, — X
in E. As a second and last step, we will show that II5 is continuous, which
then finishes the proof. We already know that y, — v in L°° and therefore
ay, = fol Yn(§)d€ converges to a = fol y(€)d¢. Thus we obtain as an immediate
consequence

[Un(§ = an) —U(& —a)llz~
<UL (€ = an) —U(E —an)||pe + |UE —an) —U(E —a)|p=, (5.130)

and hence the same argumentation as before shows that U, (§ —a,) = U(§ —a)
in L°°. Moreover,

/0 U (€ — an) — Uel€ — a)lde (5.131)

1 1

< [ Wnele = an) ~ Uele — anldg + [ [Uele — an) = Usle -
0 0

< NUne = Uellr + [Ue(€ — an) = Ue(€ = a)l[ L1,

and again using the same ideas as in the first part of the proof, we have that
Une(€ —an) = Ug(§ —a) in L', which finally proves the claim, because of
(15.88]) O

Proposition 5.32. Let (u,, pn) be a sequence in D that converges to (u, ) in
D. Then
Up = uin Loo, and pp = (5.132)

T

Proof. Let X, = (Yn, Un,Vn) = L(tn, pn) and X = (y,U,v) = L(u, p) . By the
definition of the metric dp, we have lim, o, d(X,, X) = 0. We immediately
obtain that

X, = X in L*=(R), (5.133)
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by Lemma Denote by C' = sup,,(1 + hy,). For any = € R there exists &,
and &, which may not be unique, such that = y,(&,) and z = y(§). We set
Xy, = Yn(§). Then we have

(@) — ule) = (@) =t (20) + Un(€) = U(E), (5.134)

and hence
&n
i () — tn(20)] = | / Uy e (n)en) (5.135)
3
&n 1/2
<Vig—d( [ v2etnan)
13

< Ve ([ " pnerntnin)”

< CVIE = &l Iyn(&n) — yn ()]
= CVIE = &IV IY(E) — yn(©)]
< OVIE=&llly — yall 2.

W.l.o.g., we can assume that ||y, —y||re~ < 1, and [§, —&| < 1 as y,, is increasing.
Thus

[t (@) = un(@n)| < Cllyn — yll /2. (5.136)

Since y,, — y and U,, — U in L*°, it follows that w,, — w in L*°.
By weak-star convergence, we mean that

lim [ ¢du, :/(;Sd,u7 (5.137)
R R

n—oo

for all continuous functions with compact support. Using Definition it
follows that

/Rcédun:/R¢oynyndf and /qud,u:/R¢oyud§. (5.138)

Since y,, — y in L, the support of poy,, is contained in some compact set, which
can be chosen independently of n and from Lebesgue’s dominated convergence
theorem, we obtain that ¢ oy,, — ¢ oy in L2. As v, — v in L?, we have

lim | ¢oy,v,dé = / ¢ o yvdE. (5.139)
R

n—oQ R

This finishes the proof. O

120



Bibliography

[1]

[11]

V. B. Baranetskii, V. P. Kotlyarov, Asymptotic behavior in a back front
domain of the solution of the KAV equation with a “step type” initial
condition, Teoret. Mat. Fiz., 126, no. 2, 214-227 (2001).

V. Batchenko and F. Gesztesy, On the spectrum of Schrédinger operators
with quasi-periodic algebro geometric KdV potentials, J. Anal. Math. 95,
333-387, (2005).

E. D. Belokolos, A. 1. Bobenko, V. Z. Enolskii, A. R. Its, and V. B.
Matveev, Algebro Geometric Approach to Nonlinear Integrable Equa-
tions, Springer, Berlin, 1994.

R.F. Bikbaev, Time asymptotics of the solution of the nonlinear
Schrédinger equation with boundary conditions of “step-like” type, Teo-
ret. Mat. Fiz.,.81:1, 3—-11 (1989).

R.F. Bikbaev, Structure of a shock wave in the theory of the Korteweg-de
Vries equation, Phys. Lett. A 141:5-6, 289-293 (1989).

R.F. Bikbaev and R. A. Sharipov, The asymptotic behavior ast — oo of
the solution of the Cauchy problem for the Korteweg-de Vries equation
in a class of potentials with finite-gap behavior as © — +o0o, Teoret. Mat.
Fiz. 78:3, 345-356 (1989).

I. N. Bondareva, The Korteweg—de Vries equation in classes of increasing
functions with prescribed asymptotic behavior as || — oo, Mat. USSR
Sb. 50:1, 125-135 (1985).

I. Bondareva and M. Shubin, Increasing asymptotic solutions of the
Korteweg—de Vries equation and its higher analogues, Sov. Math. Dokl.
26:3, 716-719 (1982).

A. Boutet de Monvel and 1. Egorova, The Toda lattice with step-like
initial data. Soliton asymptotics, Inverse Problems 16:4, 955-977 (2000).

A. Boutet de Monvel, I. Egorova, and G. Teschl, Inverse scattering the-
ory for one-dimensional Schrodinger operators with steplike finite-gap
potentials, J. d’Analyse Math. 106:1, 271-316, (2008).

A. Boutet de Monvel, A. Kostenko, D. Shepelsky, and G. Teschl, Long-
time asymptotics for the Camassa—Holm equation, (preprint).

121



BIBLIOGRAPHY BIBLIOGRAPHY

[12]

[13]

[14]

[15]

A. Bressan, A. Constantin, Global solutions of the Hunter—Sazton equa-
tion, STAM J. Math. Anal. 37, 996-1026 (2005).

A. Bressan and A. Constantin, Global conservative solutions of the
Camassa—Holm equation, Arch. Rational Mech. Anal. 183, 215-239
(2007).

A. Bressan and A. Constantin, Global dissipative solutions of the
Camassa—Holm equation, Analysis and Applications 5, 1-27 (2007).

A. Bressan and M. Fonte, An optimal transportation metric for solu-
tions of the Camassa—Holm equation, Methods Appl. Anal. 12, 191-220
(2005).

A. Bressan, H. Holden and X. Raynaud, Lipschitz metric for the Hunter—
Sazxton equation, J. Math. Pures Appl. (to appear).

V. S. Buslaev and V. N. Fomin, An inverse scattering problem for
the one-dimensional Schrodinger equation on the entire axis, Vestnik
Leningrad. Univ. 17:1, 56-64 (1962).

R. Camassa and D. Holm, An integrable shallow water equation with
peaked solitons, Phys. Rev. Letters 71, 1661-1664 (1993).

R. Camassa, D. Holm, and J. M. Hyman, A new integrable shallow water
equation, Adv. Appl. Mech. 31, 1-33 (1994).

G.M. Coclite, H. Holden, and K.H. Karlsen, Well-posedness for a
parabolic-elliptic system, Discrete Contin. Dyn. Syst. 13, 659-682 (2005).

G.M. Coclite, H. Holden, and K.H. Karlsen, Global weak solutions to
a generalized hyperelastic-rod wave equation, STAM J. Math. Anal. 37,
1044-1069 (2005).

A. Cohen, Solutions of the Korteweg-de Vries equation with steplike ini-
tial profile, Comm. Partial Differential Equations 9:8, 751-806 (1984).

A. Cohen and T. Kappeler, Solutions to the Korteweg—de Vries equation
with initial profile in L1 (R) N LY (R'), SIAM J. Math. Anal. 18:4, 991
1025 (1987).

A, Constantin and J. Escher, Wave breaking for nonlinear nonlocal shal-
low water equations, Acta Math. 181, 229-243 (1998).

A. Constantin and J. Escher, Global existence and blow-up for a shallow
water equation, Annali Sc. Norm. Sup. Pisa 26, 303-328 (1998).

A. Constantin and J. Escher, On the blow-up rate and the blow-up set
of breaking waves for a shallow water equation, Math. Z. 233, 75-91
(2000).

A. Constantin and D. Lannes, The hydrodynamical relevance of the
Camassa—Holm and Degasperis—Procesi equations, Arch. Rat. Mech.
Anal., (to appear).

122



BIBLIOGRAPHY BIBLIOGRAPHY

28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[42]

[43]

W. Craig, The trace formula for Schrédinger operators on the line,
Comm. Math. Phys. 126, no.2, 379-407, (1989).

E. Coddington and N. Levinson, Theory of Ordinary Differential Equa-
tions, Mc Graw-Hill, New York, 1955.

P. Deift, S. Kamvissis, T. Kriecherbauer, and X. Zhou, The Toda rar-
efaction problem, Comm. Pure Appl. Math. 49, no. 1, 35-83 (1996).

J. Delsarte, Sur certaines transformations fonctionnelles relatives aux
equations lineaires aux derivees partielles du second ordre, C. R. Hebd.
Acad. Sci. 206, 17801782, (1938).

W. Eckhaus and A. Van Harten, The Inverse Scattering Transforma-
tion and Solitons: An Introduction, Math. Studies 50, North-Holland,
Amsterdam, 1984.

I. Egorova, K. Grunert, and G. Teschl, On the Cauchy Problem for
the Korteweg—de Vires equation with Steplike Finite-Gap Initial Data,
Nonlinearity 22, 1431-1457 (2009).

I. Egorova, J. Michor, and G. Teschl, Inverse scattering transform for
the Toda hierarchy with quasi-periodic background, Proc. Amer. Math.
Soc. 135, 1817-1827 (2007).

V. D. Ermakova, The inverse scattering problem on the whole axis for
the Schrédinger equation with nondecreasing potential of special form,
Vestnik Khar’kov. Univ. 230, 50-60 (1982).

V. D. Ermakova, The asymptotics of the solution of the Cauchy problem
for the Korteweg-de Vries equation with nondecreasing initial data of
special type, Dokl. Akad. Nauk Ukrain. SSR Ser. A 7, 3-6 (1982).

L. D. Faddeev, L. A. Takhtajan, Hamiltonian Methods in the Theory of
Solitons, Springer, Berlin, 1987.

N. E. Firsova, An inverse scattering problem for the perturbed Hill op-
erator, Mat. Zametki 18:6, 831-843 (1975).

N.E. Firsova, Resonances of a perturbed Hill operator with exponentially
decreasing extrinsic potential, Mat. Zametki 36, no. 5, 711-724, (1984).

N.E. Firsova, The direct and inverse scattering problems for the one-
dimensional perturbed Hill operator, Math. USSR, Sbornik 58, no.2, 351—
388, (1987).

N. E. Firsova, Solution of the Cauchy problem for the Korteweg-de Vries
equation with initial data that are the sum of a periodic and a rapidly

decreasing function, Math. USSR-Sb. 63:1, 257265 (1989).

B. Fuchssteiner and A. Fokas, Symplectic structures, their Biklund trans-
forms, and hereditary symmetries, Phys. D 4, 47-66 (1981).

C. S. Gardner, J. M. Green, M. D. Kruskal, R. M. Miura, Method for
solving the Korteweg-de Vries equation, Phys. Rev. Lett., 19, 1095-1097
(1967).

123



BIBLIOGRAPHY BIBLIOGRAPHY

[44]

[45]

[46]

[47]

[48]

[49]

I.M. Gel’fand and B.M. Levitan, On the determination of a differential
equation from its spectral function, Am. Math. Soc. Trans. 1, 253-304,
(1962).

F. Gesztesy and H. Holden, Soliton Fquations and Their Algebro-
Geometric Solutions. Volume I: (1 4+ 1)-Dimensional Continuous Mod-
els., Cambridge Studies in Advanced Mathematics, Vol. 79, Cambridge
University Press, Cambridge, 2003.

F. Gesztesy, R. Ratnaseelan, and G. Teschl, The KdV hierarchy and as-
sociated trace formulas, in “Proceedings of the International Conference
on Applications of Operator Theory”, (eds. I. Gohberg, P. Lancaster,
and P. N. Shivakumar), Oper. Theory Adv. Appl., 87, Birkhéuser, Basel,
125-163 (1996).

F. Gesztesy and P. Yuditskii, Spectral properties of a class of reflection-
less Schradinger operators, J. Funct. Anal. 241, no.2, 486-527, (2006).

K. Grunert, The transformation operator for Schrodinger operators on
almost periodic infinite-gap backgrounds, (Preprint).

K. Grunert, Scattering theory for Schrodinger operators on steplike, al-
most periodic infinite-gap backgrounds, (Preprint).

K. Grunert, H. Holden, and X. Raynaud, Lipschitz metric for the peri-
odic Camassa—Holm equation, arXiv:1005.3440.

H. Holden, K. H. Karlsen, and N.H. Risebro, Convergent schemes for
the Hunter—Sazton equation, Mathematics of Computations 76, 699-744
(2007).

H. Holden, N.H. Risebro, Front Tracking for Hyperbolic Conservation
Laws., Springer-Verlag, New York, 2007.

H. Holden and X. Raynaud, Global conservative solutions of the gen-
eralized hyperelastic-rod wave equation, J. Differential Equations 233,
448-484 (2007).

H. Holden and X. Raynaud, Global conservative solutions of the
Camassa—Holm equation — a Lagrangian point of view, Comm. Partial
Differential Equations 32, 1511-1549 (2007).

H. Holden and X. Raynaud, Global conservative multipeakon solutions of
the Camassa—Holm equation, J. Hyperbolic Differ. Equ. 4, 39-64 (2007).

H. Holden and X. Raynaud, Periodic conservative solutions of the
Camassa-Holm, Ann. Inst. Fourier (Grenoble) 58, 945-988 (2008).

H. Holden and X. Raynaud, Dissipative solutions for the Camassa—Holm
equation, Discrete Contin. Dyn. Syst. 24, 1047-1112 (2009).

J.K. Hunter, R. Saxton, Dynamics of director fields, SIAM J. Appl.
Math. 51, 1498-1521 (1991).

124


http://arxiv.org/1005.3440

BIBLIOGRAPHY BIBLIOGRAPHY

[59]

[60]

[61]
[62]

[63]

[64]

[65]

[66]

A. R. Its and A. F. Ustinov, Time asymptotics of the solution of the
Cauchy problem for the nonlinear Schridinger equation with boundary
conditions of finite density type, Dokl. Akad. Nauk SSSR 291:1, 91-95
(1986).

R. S. Johnson, Camassa—Holm, Korteweg—de Vries and related models
for water waves, J. Fluid Mech. 455, 63-82 (2002).

S. Kamvissis, On the Toda shock problem, Physica D 65, 242-266 (1993).

S. Kamvissis and G. Teschl, Stability of periodic soliton equations under
short range perturbations, Phys. Lett. A, 364:6, 480-483 (2007).

S. Kamvissis and G. Teschl, Stability of the periodic Toda lattice under
short range perturbations, arXiv:0705.0346.

S. Kamvissis and G. Teschl, Stability of the periodic Toda lattice: Higher
order asymptotics, arXiv:0805.3847.

T. Kappeler, Solutions of the Korteweg de Vries equation with steplike
initial data, J. Differential Equations 63:3, 306-331 (1986).

T. Kappeler, P. Perry, M. Shubin and P. Topalov, Solutions of mKdV in
classes of functions unbounded at infinity, J. Geom. Anal. 18, 443-477
(2008).

E. Ya. Khruslov, Asymptotics of the Cauchy problem solution to the KdV
equation with step-like initial data Matem.sborn. 99, 261-281 (1976).

E. Ya. Khruslov and V. P. Kotlyarov, Soliton asymptotics of nonde-
creasing solutions of nonlinear completely integrable evolution equations,
Advances in Soviet Mathematics 19, 129-181 (1994).

E. Ya. Khruslov and V. P. Kotlyarov, Time asymptotics of the solution
of the Cauchy problem for the modified Korteweg- de Vries equation with
nondecreasing initial data, Dokl. Akad. Nauk Ukrain. SSR Ser. A |10,
61-64 (1986).

E. Ya. Khruslov and V. P.Kotlyarov Solitons of the nonlinear
Schréodinger equation, which are generated by the continuous spectrum,
Teoret. Mat. Fiz., 68:2, 172-186 (1986).

E. Ya. Khruslov and H. Stephan, Splitting of some nonlocalized solutions
of the Korteweg-de Vries equation into solitons, Mat. Fiz. Anal. Geom.
5:1-2, 49-67 (1998).

H. Kriiger and G. Teschl, Effective Priifer angles and relative oscillation
criteria, J. Diff. Eq. 245, 3823-3848 (2008).

H. Kriiger and G. Teschl, Long-time asymptotics for the periodic Toda
lattice in the soliton region, arXiv:0807.0244.

E. A. Kuznetsov and A. V. Mikhailov, Stability of stationary waves in
nonlinear weakly dispersive media, Soviet Phys. JETP 40:5, 855-859
(1975).

125


http://arxiv.org/0705.0346
http://arxiv.org/0805.3847
http://arxiv.org/0807.0244

BIBLIOGRAPHY BIBLIOGRAPHY

[75]

[76]

[77]

P. D. Lax, Integrals of nonlinear equations of evolution and solitary
waves, Comm. Pure and Appl. Math., 7, 159-193 (1968).

B. Levin, Fourier and Laplace types of transformations by means of dif-
ferential equations of the second order, Dokl. Akad. Nauk. SSSR 106,
no. 2, 187-190, (1956), (Russian).

B.M. Levitan, Inverse Sturm-Liouville problems, VNU Science Press,
Utrecht, 1987.

B.M. Levitan, Almost periodicity of infinite-zone potentials, Math.
USSR-Izv 18, no. 2, 249-273, (1982).

B.M. Levitan, Approximation of infinite-zone potentials by finite-zone
potentials, Math. USSR-Izv 20, no. 1, 55-87, (1983).

B.M. Levitan and V.V. Zhikov, Almost Periodic Functions and Differ-
ential Equations, Cambridge University Press, Cambridge, 1982.

V. A. Marchenko, Sturm-Liouville Operators and Applications,
Birkh&auser, Basel, 1986.

V.A. Marchenko and 1.V. Ostrovskii, A characterization of the spectrum
of the Hill Operator, Math. USSR Sb. 26, no.4, 493-554, (1975).

N.I. Muskhelishvili, Singular Integral FEquations, P. Noordhoff Ltd.,
Groningen, 1953.

S. P. Novikov, S. V. Manakov, L. P. Pitaevskii, and V. E. Zakharov,
Theory of Solitons. The Inverse Scattering Method, Springer, Berlin,
1984.

V. Yu. Novokshenov, Time asymptotics for soliton equations in problems
with step initial conditions, J. Math. Sci. 125:5, 717-749 (2005).

A. Povzner, On differential equations of Sturm-Liouville type on a half-
azis, Mat. Sbornik 23, no. 1, 3-52. (1948).

F.S. Rofe-Beketov and A.M. Kohlkin, Spectral Analysis of Differential
Operators; Interplay Between Spectral and Oscillatory Properties, World
Scientific Monograph Series in Mathematics 7, World Scientific, Singa-
pore, 2005.

M. Sodin and P. Yuditskii, Almost periodic Sturm-Liouville operators
with Cantor homogeneous spectrum, Comment. Math. Helv. 70, no.4,
639658, (1995).

M. Sodin and P. Yuditskii, Almost periodic Jacobi matrices with homoge-
neous spectrum, infinite-dimensional Jacobi inversion, and Hardy spaces
of character—automorphic functions, J. Geom. Anal. 7, no.3, 387435,
(1997).

E.M. Stein and R. Shakarchi, Complex Analysis, Princeton Lectures in
Analysis IT, Princeton University Press, Princeton, 2003.

126



BIBLIOGRAPHY BIBLIOGRAPHY

[91]

[92]

[93]

[94]

G. Teschl, Mathematical Methods in Quantum Mechanics; With Appli-
cations to Schrédinger Operators, Graduate Studies in Mathematics,
Volume 99, Amer. Math. Soc., Providence, 2009.

E.C. Titchmarsh, Figenfunction FExpansions Associated with Second-
Order Differential Equations, Vol. 2, Clarendon Press, Oxford, 1958.

S. Venakides, P. Deift, and R. Oba, The Toda shock problem, Comm. in
Pure and Applied Math. 44, 1171-1242 (1991).

K. Yosida, Functional Analysis, Classics in Mathematics, Reprint of the
sixth edition, Springer, Berlin, 1995.

Z. Xin and P. Zhang, On the weak solutions to a shallow water equation,

Comm. Pure Appl. Math. 53, 1411-1433 (2000).

Z. Xin and P. Zhang, On the uniqueness and large time behavior of the
weak solutions to a shallow water equation, Comm. Partial Differential
Equations 27 1815-1844 (2002).

127



BIBLIOGRAPHY BIBLIOGRAPHY

128



Appendix A

Zusammenfassung

Im ersten Teil dieser Dissertation untersuchen wir den Kern von Transforma-
tionsoperatoren fiir eindimensionale Schrodingeroperatoren mit Potentialen, die
asymptotisch nahe bei Bohr fast-periodischen Potentialen sind, deren Schrédinger-
operatoren Spektren mit unendlich vielen Liicken besitzen. Darauf basierend
werden wir direkte Streutheorie fiir den Fall von stufenartigen Hintergriinden
entwickeln.

Auflerdem prasentieren wir eine Anwendung von direkter und indirekter Streuthe-
orie auf die Korteweg—de Vries Gleichung, in der wir das zugehorige Cauchy-
Problem fiir Anfangsbedingungen 16sen, die Stérungen vom Schwartz-Typ von
quasi—periodischen Potentialen sind, deren Schrodingeroperatoren ein Spektrum
mit endlich vielen Liicken besitzen, unter der Voraussetzung, dass die zugehorigen
Teile der Spektren gleich oder disjunkt sind.

Im zweiten und letzten Teil beschéftigen wir uns mit der Camassa—Holm Gle-
ichung und studieren die Stabilitdt von Losungen des zugehorigen Cauchy-
Problems in dem wir eine Lipschitz Metrik konstruieren.
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