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Chapter 0

Introduction

One of the most famous examples of nonlinear wave equations is the Korteweg—
de Vries (KdV) equation

qi(x,t) = 6q(z,t)qe (2, t) — quaa (2, ). (0.1)

(z,t) € R x R. Here the subscripts denote the differentiation with respect
to the corresponding variables. We will consider real-valued solutions ¢(z,t)
corresponding to rapidly decaying initial conditions, for example,

q(x,0) € S(R) = {f € C(R)| Sup |z%(9sf)(x)| <o0,a,8 € No}.  (0.2)

The KdV equation occurs in the context of models for small amplitudes, long
(water) waves, collision-free hydromagnetic waves and ion-acoustic waves in
plasmas.

It is well-known that the KdV equation can be solved by the inverse scat-
tering method applied to the associated Schrodinger operator

2
T dz?
The scattering data (see e.g. [7], [15]) consists of the reflection coefficient R(k,t),
a finite number of eigenvalues —Ii? with 0 < k1 < Ko < -++ < Ky and norming
constants vy, (t).

The aim of my diploma thesis is to compute the long-time asymptotics for
the KdV equation in the soliton and the similarity region. Our approach is
based on the nonlinear steepest descent method for oscillatory Riemann—Hilbert
problems from Deift and Zhou [9]. We closely follow the recent review article
[13], where Kriiger and Teschl applied this method to compute the long-time
asymptotics for the Toda lattice. One of the many differences here is the fact
that the jump contour of the associated Riemann—Hilbert problem is no longer
bounded.

For computing the long-time behavior of the KdV equation there are four
cases to distinguish.

H(t) = + q(z,1). (0.3)

(i) Soliton Region:
For z/t > C for some C' > 0,

q(z,t) ~—2Z

2

cosh? (kjz — 4/-@3t —pj)
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Chapter 0. Introduction

2 N 2
where the phase shifts p; = 4 log[5- [] (:i;?) | and ~; = ,(0)
j =541 j

This result, which will be proven in Theorem has an interesting phys-
ical interpretation:

In general every term in our asymptotic formula describes a wave. Con-
sidering only two of them, with the smaller one to the right, after a certain
time the waves will overlap (i.e. the bigger one catches up) and next the
bigger one will separate from the smaller one. Then gradually the waves
regain their initial speed and shape. The only permanent effect of this
interaction is that the bigger one is shifted to the right and the smaller
one to the left.

A proof using inverse scattering based on the Gel’fand-Levitan-Marchenko
equation can be found in Eckhaus and Schuur [11] (see also [18]).

(ii) Self-Similar Region:
|z/(3t)1/3| < C for some C >0
The solution in this region is connected with the Painléve II transcendent.
The investigation of this connection can be found in Segur and Ablowitz
[19].

(iii) Collisionless Shock Region:
x<0andforC’1<W<C, for some C > 1
This region only occurs in the generic case (i.e., when R(0) = —1) and the
long-time asymptotic is investigated in Deift, Venakides and Zhou [g].

(iv) Similarity Region:
For 2/t < —C for some C > 0,

1/2
q(z,t) ~ (A‘”Ugg)ko) sin(16tky — v(ko) log(192tk3) + 6(ko)), (0.5)

with

(ko) =~ 5 log(1 ~ |R(ko)l),
N

8(ko) :% —arg(R(ko)) + arg(T'(iv(ko))) + 4Zarctan (:—j)

=1 0

ko
=+ l/ log(|¢ — ko|)dlog(1 — |R(C)[).
™ —ko

Here ko = \/—15; denotes the stationary phase point, R(k) = R(k,t = 0)
the reflection coefficient, and I' the Gamma function.

This will be proven in Theorem

An analytic discussion can be found in Ablowitz and Segur [I] and in
Buslaev and Sukhanov [4].

Note that if ¢(z,t) solves the KdV equation, then so does g(—z, —t). There-
fore it suffices to investigate the case ¢t — oo.

The content of this thesis is as follows:

In Chapter[I]we derive the Riemann—Hilbert problem from scattering theory,
where the eigenvalues are added by appropriate pole conditions, which are then
turned into jumps.

iii



Chapter 0. Introduction

Chapter [2| proves a uniqueness result for symmetric Riemann—Hilbert prob-
lems. In general, there is a well-known non-uniqueness issue for the involved
Riemann-Hilbert problems (see e.g. [3, Chap. 38]).

Chapter [3]demonstrates how to conjugate our Riemann-Hilbert problem and
deform our contour such that the jumps are exponentially decreasing away from
the stationary phase points. Moreover, the asymptotics in the soliton region are
computed.

In Chapter [4] we compute the asymptotics in the similarity region. The
crucial step is to reduce the given Riemann—Hilbert problem to one or more
Riemann—Hilbert problems localized at the stationary phase points. These local
Riemann—Hilbert problems can be analyzed and controlled individually.

In Chapter [5| we consider the case where the reflection coefficient has no
analytic extension to a neighborhood of the real axis and so we show how to
split it in an analytic part plus a small rest.

Appendix [4] investigates the solution on a small cross, which occurs in the
neighborhood of the stationary phase points.

In Appendix [B] we have a close look at the connection between singular inte-
gral equations and Riemann—Hilbert problems, which is needed for computing
the asymptotics.

Thanks

I wish to thank my advisor Gerald Teschl for all the support I had, when writing
this thesis, and my friends and colleagues Ira Egorova, Alice Mikikits-Leitner
and Helge Kriiger for many discussions and proof reading.

This work was supported by the Austrian Science Fund (FWF) under Grant
No. Y330 and the Faculty of Mathematics of the University of Vienna which
provided me with excellent working conditions.

Errata

This version differs a bit from the one, I submitted as my diploma thesis, since
I have corrected some small mistakes.
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Chapter 1

The Inverse scattering
transform and the
Riemann—Hilbert problem

In this chapter we want to derive the Riemann—Hilbert problem from scattering
theory. The eigenvalues will be added by appropriate pole conditions which are
then turned into jumps following Deift, Kamvissis, Kriecherbauer, and Zhou [6]
in the case of the Toda lattice (see also Kriiger and Teschl [I4]).

1.1 Results from scattering theory

For the necessary results from scattering theory respectively the inverse scat-
tering transform for the KdV equation we refer to [7] and [I5].
We consider real-valued solutions ¢(z,t) of the KdV equation (0.1), which

decay rapidly, that is

Inax/(l +|z]) |q(x, )| dx < oo, for all T > 0, (1.1)
[tI<T JRr

for ¢q together with its first three derivatives q., ¢z, and ¢, with respect to x.
For existence of solutions with such initial data we refer to Section 4.2 in [I5].
Associated with the KdV equation is the following Lax-pair:

L(t) = =02 + q(., 1), (1.2)
P(t) = _483 +6q(., )0z + 3¢z (., 1), (1.3)
and p
L) = [P(t), L()] = P()L(t) — L() P(t) on H°(R),

which is equivalent to the KdV equation. Moreover, P(t) is skew adjoint with
D(P(t)) = H3(R). We are more interested in the self-adjoint Schrodinger oper-
ator

L(t) = H(t) = ——— +q(.,1), D(H) = H*(R) C L*(R). (1.4)
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L?(R) denotes the Hilbert space of square integrable (complex-valued) functions
over R. By our assumption the spectrum of H consists of an absolutely
continuous part [0,00) plus a finite number of eigenvalues —lﬁ? € (—00,0],1 <
j < N. In addition, there exist two Jost solutions ¥ (k, z,t), which solve the
differential equation

H(t) Yy (kyx,t) = K2y (k,z,t),  Im(k) >0, (1.5)
and asymptotically look like the free solutions

lim eF*y (k,2,t) = 1. (1.6)

z—+o0

Both ¢4 (k, x,t) are analytic for Im(k) > 0 and continuous for Im(k) > 0.

Theorem 1.1. The asymptotics of the two Jost solutions are given by

Yl 0) = (14 Qule 1) 5 +0(55) ). (17)

as k — oo with Im(k) > 0, where

Q+@¢w:—/mq@¢m% Q_@Jw:—/wq@JMy (18)

— 00

Proof. The Jost solutions 14 (k,x,t) are the unique solutions of the following
integral equation for all k with Im(k) > 0

+oo _: .
valha,n) = ette— [ g gjay (19)

We furthermore know that lim, 1o eT*%¢y(k,z,t) = 1+ O(k™'). We will
proof the asymptotic only for ¢ (k, z,t):

71’(326,(/} L ox t)

(5,
/MZMyw a(y. D)oV (k. y. 1)y
/

00 o2ik(y—=z) _ 1 1 o Q2ik(z—y) _ 1
t)d z s 4y, td
(y,)y+0<k)/$ Sk q(y, t)dy

. N 0 e2ik(y7w) J 0 1
1 e 1
717% g Q(y,t)dy+0<k2)
ik_ —ik

as k — oo. For the first equality we used sin(k) = “—=—. O

Considering the Wronskian W (¢4, ¥+) = ¥tp. — Y1 by, where ! denotes
the derivation with respect to z, we see that it is independent of x and ¢ along the
real axis. Thus we can compute W (11,11 )(k) = +2ik, which shows that these
two functions are linearly independent, but the Schrodinger equation can have
at most two linearly independent solutions, which in our case are represented
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by 14 and 1_. Therefore we can write ¢ as a linear combination of the given
Jost solutions. In particular, one has the scattering relations

Tk (k,2,t) = ¥s (b, 2, 0) + R (b, )os (k,2,t),  keR,  (1.10)

where T'(k), Ry (k,t) are the transmission respectively reflection coefficients.
The transmission and reflection coefficients have the following well-known prop-
erties:

Lemma 1.2. The transmission coefficient T(k) is meromorphic for Im(k) > 0

with simple poles at iky,...,ikny and is continuous up to the real line. The
residues of T'(k) are given by
Resi, T(k) = ipj(t)v+,5(8)* = iniv3 5, (1.11)
where
Y (07 = [P+ (w5, 1)l (1.12)
and @/J+ (i"{jv €, t) = Hyj (t)’l/}* (i"ijv €, t) .
Moreover,

T(k)Ry(k,t)+ T(k)R_(k,t) =0,  |[T(k)]>+|Re(k,t)?=1.  (1.13)

The functions ¢(z,t), = € R for fixed t € R are uniquely determined by their

right scattering data, that is, by the right reflection coefficient Ry (k,t),k € R

and the eigenvalues k; € (0,00),7 = 1,..., N, together with the corresponding

norming constants v4 ;(t) > 0,5 = 1,...,N. So in particular, one reflection

coefficient, say R(k,t) = R1(k,t), and one set of norming constants, say v;(t) =
v+, (t), suffices. Moreover, the time dependence is given by:

Lemma 1.3. The time evolutions of the quantities Ry (k,t), T'(k,t) and 4 ;(t)
are given by

R(k,t) = R(k)eS*", (1.14)
7i(t) = e, (1.15)
T(k,t) = T(k), (1.16)

where R(k) = R(k,0), T(k) = T(k,0) and v; = 7;(0).

1.2 The Riemann-Hilbert problem for the KdV
equation

We will define a Riemann—Hilbert problem as follows:

k2, 1) = (T(k:)@b_(k,_:c,t)e”“z 1/J+(k,x,t)e*ikz_) , Im(k) > 0,
B (z/g(—k:,x,t)e"“” T(—k)i/z,(—k:,a:,t)e_lk’”) , Im(k) <0.
(1.17)
We are interested in the jump condition of m(k,z,t) on the real axis R
(oriented from negative to positive). To formulate our jump condition we use
the following convention: When representing functions on R, the lower subscript
denotes the non-tangential limit from different sides. By m (k) we denote the
limit from above and by m_(k) the one from below. Using the notation above
implicitly assumes that these limits exist in the sense that m(k) extends to a
continuous function on the real axis away from 0.
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Theorem 1.4 (Vector Riemann—Hilbert problem). Let S (H(0)) = {R(k), k >
0; (kj,75), 1 < j < N} the right scattering data of the operator H(0). Then
m(k) = m(k,z,t) defined in is meromorphic away from the real axis with
simple poles at ik, —ik; and satisfies:

(i) The jump condition

mo (k) = m_(Ko(k),  v(k) = (1‘|R(k)|2 ‘Wet@(k)>, (1.18)

R(k)et®®) 1
for k e R,
(ii) the pole conditions
. 0 0
o e (1.19)
Res_y m(k) = lim m(k) (O 07T
OB—in; MAR) = kit 0 0 ’
(iii) the symmetry condition
m(=k) = m(k) (O 1) , (1.20)
1 0
(iv) and the normalization
lim m(ik) = (1 1). (1.21)
Here the phase is given by
o (k) = 8ik3 + m% (1.22)

Proof. (i) For the proof of the jump condition we need the scattering relations

and (T13)

1 R(k)e_t@(k)> (1.23)

07 = (oo 10 gy
and so we can also show m, (k)v(k)™t = m_(k).
T (k) (k,z,t)e*® — R(k)e!* B, (k, z,t)e™
= T(k)y_(k,z,t)e*® — R(k,t)el* e (k, x,t)
= Uy (k,z, )™ =iy (—k, 2, )",

hence we have proven the jump condition for the first component of m_ (k).
For the second component of m_ (k) we compute

T(k)p—(k, 2, )™ R(k)e ™ ™) + (1 — [R(k)[*)ip (k, , t)e ™

= T(k)y—(k, 2, t)e” "Rk, t) + [T (k)" o (k, , t)e ™

= ¢y (k, 2, ) "Rk, 1) + |R(k, 1)|* e ¥ (k, 2,1) + [T (k)" e~y (k, 2, 1)
=, (k, 2, t)R(k, t)e " 4 ap (k, x,t)e 1+

= T(k)Y—(k,z, )" = T(=k)p_(=k,z, t)e .
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(ii) First of all note that the Jost solutions ¢4 (k, z,t) are analytic for Im(k) >
0 and that the transmission coefficient T'(k) has only simple poles at ix;.
Hence Res;., m2(k) = 0 and Res_j.; m1(k) = 0. Moreover

Resix, m1(k) = Resix, T(k)y_(ikj, z,t)e” """
= ipy (t)’Yj (t)Qq/}— (i’ijv T, t)e”" "
= i7;(t)* ¥+ (inj, 2, )e ™"

= i'y?et@(i"‘f)er(inj, x,t)e™i”,

Similarly Res_i.; ma(k) can be computed. Here m;(k) denotes the I'th
component of m(k).

(iii) The symmetry condition is obvious from the construction of our function
m(k,x,t).

(iv) The normalization follows immediately from the next Lemma

O

Remark 1.5. Observe that the pole condition at ik; is sufficient since the one
at —ik; follows by symmetry as the following calculation shows

Res_ix, m(k) = lim (k+ir;)m(k)

k——ik;

~ lim (k- in,)m(k) (2 é)

k—>il€j

: 0 0) (0 1
~ i m(k) (iﬁe@(iw) 0) (1 0)

: 01 0 0\ (0 1
== dm m(=k) (1 0) (iﬁetq’(i”i) 0> (1 0>

L 0 —i’yj?etq’(i"‘f)
= m(k) <0 0 '

Moreover, we have the following asymptotic behavior as k — oo with Im(k) >
0:

Lemma 1.6. The function m(k,z,t) defined in satisfies
1 1
m(k,z,t) = (1 1)+ Q(amf)ﬂ (-1 1)+0 (k2> : (1.24)
Here Q(z,t) = Q4 (x,t) is defined in (1.8).

Proof. This follows from 1' and T(k)y_(k,z, )4 (k,x,t) = 1+q§z;t)+0(k—ﬂ).
For details we refer to [12].

For our further analysis it will be convenient to rewrite the pole condition as
a jump condition and hence turn our meromorphic Riemann—Hilbert problem
into a holomorphic Riemann-Hilbert problem following [6]. Choose ¢ so small
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that the discs |k —ik;| < € lie inside the upper half plane and do not intersect.
Then redefine m(k) in a neighborhood of ix; respectively —ix; according to

1 0
m(k) ipZet®ny) e |k —ik;| <e,

k—ik;

m(k) = inget™ ) (1.25)
m(k) (1 R,k rikg] <e,
0 1
m(k), else.

Note that for Im(k) < 0 we redefined m(k) with respect to our symmetry (1.20)).
Then a straightforward calculation using Resi, m(k) = limg_ix(k — ik)m(k)
shows:

Lemma 1.7. Suppose m(k) is redefined as in . Then m(k) is holomorphic
away from the real axis and the small circles around ik; and —ir;. Furthermore
it satisfies (1.18), (1.20), (1.21]) and the pole condition is replaced by the jump
condition

1 0
m+<k>=m<k>< 1), Ik —in| =,

k irj

ert@(mj) (126)
my (k) =m_(k) (1 T kiR ) .k +iki| =e,
0 1

where the small circle around ik is oriented counterclockwise and the one around
—ik; clockwise.

Proof. (1.18]),(1.20), and (1.21)) still hold, because m(k) is only redefined with
respect to our symmetry condition on the small circles around ik;,1 < j < N. A
simple calculation inserting the definition of the new m(k) and using the former

pole condition shows that the pole condition is replaced by the jump condition
(1.26)). O

Next we turn to uniqueness of the solution of this vector Riemann—Hilbert
problem. This will also explain the reason for our symmetry condition. We
begin by observing that if there is a point k; € C, such that m(k;) = (O O),
then n(k) = kf—lklm(k) satisfies the same jump and pole conditions as m(k).
However, it will clearly violate the symmetry condition! Hence, without the
symmetry condition, the solution of our vector Riemann—Hilbert problem will
not be unique in such a situation. Moreover, a look at the one soliton solution
verifies that this case indeed can happen.

Lemma 1.8 (One soliton solution). Suppose there is only one eigenvalue and
that the reflection coefficient vanishes, that is, S (H(t)) = {R(k,t) =0, k €
R; (x, 'y(t)) K > 0,v > 0}. Then the unique solution of the Riemann—Hilbert

problem (1.18 (-) is given by
mo(k) = (f(k) f(=k)) (1.27)

1 k+ik .
k) = i 1 2 —1,.2 t®(ix) )
1 (k) 1+ (2K)~Ly2et®(ix) ( + k— iH( k) e
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In particular,
2’)/26“1) (ir)

t) = —. 1.2
Q-‘r(w? ) 1+(2I€)_172€t¢(ln) ( 8)

Proof. By assumption the reflection coefficient vanishes and so the jump along
the real axis disappears. Therefore and by the symmetry condition, we know
that the solution is of the form mo(k) = (f(k) f(—k)), where f(k) is mero-
morphic. Furthermore the function f(k) has only a simple pole at ik, so that
we can make the ansatz f(k) = C + D’;f% Then the constants C' and D are
uniquely determined by the pole conditions and the normalization. O

In fact, observe f(ki) = f(—k1) = 0 if and only if k; = 0 and 2k = y2e!®(%),
Furthermore, even in the general case m(k;) = (O O) can only occur at k1 =0
as the following lemma shows.

Lemma 1.9. If m(k;) = (0 0) for m defined as in , then k1 = 0.
Moreover, the zero of at least one component is simple in this case.

Proof. By the condition m(k;) = (0 0) implies that the Jost solutions
Y_(k,x) and ¢4 (k, z) are linearly dependent or that the transmission coefficient
T'(k1) = 0. This can only happen, at the band edge, k1 = 0 or at an eigenvalue
kl = i:‘ij.

We begin with the case k1 = ix;. In this case the derivative of the Wronskian
W(k) = (g (k,2)0"(k,x) — ' (k,2)y_(k,x)) does not vanish by the well-
known formula =W (k)|=p, = —2k1 [ ¥4 (k1,2)¢—(k1,2)dz # 0. Moreover,
the diagonal Green’s function g(z,x) = W (k)19 (k,x)¢_(k,z) is Herglotz as
a function of z = —k? and hence can have at most a simple zero at z = —k%.
Since z — —k? is conformal away from z = 0 the same is true as a function of
k. Hence, if ¢ (ikj, ) = ¢_(ikj,z) = 0, both can have at most a simple zero
at k = irk;. But T'(k) has a simple pole at ix; and hence T'(k)y_(k,x) cannot
vanish at k = ixk;, a contradiction.

It remains to show that one zero is simple in the case k1 = 0. In fact, one
can show that -=-W (k)|x—r, # O in this case as follows: First of all note that
wi(k;) (where the dot denotes the derivative with respect to k) again solves
Hipy (k1) = —k?v1 (k1) if ky = 0. Moreover, by W (k;) = 0 we have 9 (k;) =
c_ (k1) for some constant ¢ (independent of z). Thus we can compute

W (ki) = W (g (k), - (k1)) + W (b4 (K1), ¥— (k1))
= W (g (k1), ¥y (k1)) + W (- (K1), ¥ (k)

by letting & — +oo for the first and x — —oo for the second Wronskian (in
which case we can replace ¢4 (k) by e¥*) which gives

W(ki) = —i(c+ch).

Hence the Wronskian has a simple zero. But if both functions had more than
simple zeros, so would the Wronskian, a contradiction. O




Chapter 2

A uniqueness result for
symmetric vector
Riemann—Hilbert problems

In this chapter we want to investigate uniqueness for the holomorphic vector
Riemann—Hilbert problem

m(—k) = m(k) (? (1)) (2.1)
lim m(ik) = (1 1).

K— 00
Hypothesis H.2.1. Let X consist of a finite number of smooth oriented curves
in C such that the distance between Y and {iyly > yo} is positive for some
Yo > 0. Assume that the contour ¥ is invariant under k — —k and v(k) is

. o(—k) = (? (1)) o(k) ™! <? (1)> o hex -

Moreover, suppose det(v(k)) = 1.

Now we are ready to show that the symmetry condition in fact guarantees
uniqueness.

Theorem 2.2. Suppose there exists a solution m(k) of the Riemann—Hilbert

problem for which m(k) = (0 O) can happen at most for k = 0 in which

case limsup,,_, mi(k) 18 bounded from any direction for j =1 or j = 2.
J

Then the Riemann—Hilbert problem with norming condition replaced by
lim m(ix) = (o «) (2.3)

for given a € C, has a unique solution mq (k) = am(k).
Proof. Let mq (k) be a solution of (2.1) normalized according to (2.3). Then

we can construct a matrix valued solution via M = (m,m,) and there are two
possible cases: Either det M (k) is nonzero for some k or it vanishes identically.
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We start with the first case. By Lemma [1.7] we can rewrite all poles as
jumps with determinant one. Hence, the determinant of this modified Riemann—
Hilbert problem has no jump. Next consider a triangle, which intersects our
contour Y. We can now apply the same method as in the proof of the Schwarz
reflection principle to conclude that the function det M (k) is holomorphic on C.
Since, it is bounded at infinity, we can apply Liouville’s theorem and hence the
determinant is constant. But taking determinants in

m-m =) (7 ).

gives a contradiction.

It remains to investigate the case where det(M) = 0. In this case we have
me (k) = 6(k)m(k) with a scalar function §. Moreover, §(k) must be holomor-
phic for k € C\X and continuous for k € ¥ except possibly at the points where
m(ky) = (O O). Since it has no jump across X,

5. (k) (k) = My (k) = ma,—(k)o(k) = 5_(Kym_ (k)v(k) = 6_(k)m. (k).

we can conclude by the same method as in the first case that it is even holo-
morphic in C\{0} with at most a simple pole at k¥ = 0. Hence it must be of the
form

B

o(k)=A+ —.

(=a+2
Since ¢ has to be symmetric, 6(k) = 6(—k), we obtain B = 0. Now, by the
normalization, we obtain §(k) = A = «. This finishes the proof. O

Furthermore, the requirements cannot be relaxed to allow (e.g.) second
order zeros instead of simple zeros. In fact, if m(k) is a solution for which both
components vanish of second order at, say, k = 0, then m(k) = 5m(k) is a
nontrivial symmetric solution of the vanishing problem (i.e. for o = 0).

By Lemma [I.9] we have

Corollary 2.3. The function m(k,z,t) defined in (1.17) is the only solution of
the vector Riemann—Hilbert problem (1.18)-(1.21]).

Proof. The function m(k, x,t) defined in (1.17)) satisfies the assumptions of The-
orem [2.2] and therefore, is the unique solution of our Riemann-Hilbert prob-
lem. O

Observe that there is nothing special about k& — oo where we normalize, any
other point would do as well. However, observe that for the one soliton solution

(1.27), f(k) vanishes at

1— (2ﬁ)272€t@(i1€)
T (2m) 27 20t®GR)

and hence the Riemann—Hilbert problem normalized at this point has a non-
trivial solution for @ = 0 and hence, by our uniqueness result, no solution for
« = 1. This shows that uniqueness and existence are connected, a fact which
is not surprising since our Riemann—Hilbert problem is equivalent to a singular
integral equation which is Fredholm of index zero (see Appendix .




Chapter 3

Conjugation and
deformation

This chapter demonstrates how to conjugate our Riemann-Hilbert problem and
how to deform our jump contour, such that the jumps will be exponentially
decreasing away from the stationary phase points. Furthermore the asymptotics
in the soliton region are computed. We will further study how poles can be dealt
with in this chapter, because solitons are represented in a Riemann-Hilbert
problem by pole conditions.

3.1 Conjugation

For easy reference we note the following result:
Lemma 3.1 (Conjugation). Assume that Y C %. Let D be a matriz of the

form
D(k) = <d<k0) d(ok)> ; (3.1)

where d : (C\i — C is a sectionally analytic function. Set
m(k) = m(k)D(k), (3.2)
then the jump matrixz transforms according to
o(k) = D_(k) " *v(k) Dy (k). (3.3)

If d satisfies d(—k) = d(k)™! and d(k) = 1 + O(‘—il) as k — oo. Then the
transformation m(k) = m(k)D(k) respects our symmetry, that is, m(k) satisfies
if and only if m(k) does, and our normalization condition..

In particular, we obtain

~ V11 ’U12d2 e
= o , keX\%, 3.4
v (Ugld 2 Va9 ) \ ( )

respectively

d_
a’Ull U12d+d_

i} =
—1 -1 d
<021d+ d_ i’l}gg



Chapter 3. Conjugation and deformation

Proof. For k € ¥ we compute
i (k) = my (k) Do (k) = m_(k)v(k) D+ (k) = m—(k)D— (k) D_ (k) ~"v(k) Dy.(k)
=m_(k)o(k)

and thus 9(k) = D_ (k)" tv(k) Dy (k).
The symmetry condition follows by the next calculation

CIHECE

m(—k) =m(—k)D(k)"' =m
=m(k)D(k)D(k)~! (? é) D(k)~! = m(k) ((1) (1)) .

O

In order to remove the poles there are two cases to distinguish. Some jumps
are already exponentially decaying and in this case there is nothing to do.

Otherwise we use conjugation to turn the jumps into exponentially decaying
ones, again following Deift, Kamvissis, Kriecherbauer, and Zhou [6]. It turns
out that we will have to handle the poles at ix; and —ik; in one step in order
to preserve symmetry and in order to not add additional poles elsewhere.

Lemma 3.2. Assume that the Riemann—Hilbert problem for m has jump con-
ditions near ik and —ik given by

1 0
m+(k) = m*(k) <_ iy? 1> y |k - IK‘ =g,
(3.6)

i’y2
T k+ik , k +ik| = €.
Lo ) -+

Then this Riemann—Hilbert problem is equivalent to a Riemann—Hilbert problem
for m which has jump conditions near ik and —ik given by

1 - (k+ir)?
my (k) = m_(k) iy?(k—ik) | | |k —ik| = ¢,
0 1
- N 1 0 :
my (k) = m—(k) (=in)* ] |k +ik| =€,
T iy2(k+ir)
and all remaining data conjugated (as in Lemma by
k?—%li 0
D0 = (7 4 ) (37)
0 k—ik
Proof. To turn 42 into y~2, introduce D by
1 _ k‘—im k:—in 0
2 iy? k+ik i |0 |k. _ ll<3| <e,
k—ir 0 0 k—ir
0 . iy? k—ik 0
— k+ik k+ik :
D(k) = ktis 1+ B i |0 1R IRl <e
iy2 k—ik
k—ik
: 0
ki . else
k+ik |7 ’
0 ktin>

11



Chapter 3. Conjugation and deformation

and note that D(k) is analytic away from the two circles. Now set m(k) =
m(k)D(k). The new jump conditions can be verified with the same method as
in the previous Lemma. O

3.2 The phase and the partial transmission co-
efficient

The jump along the real axis is of oscillatory type and our aim is to apply a
contour deformation such that all jumps will be moved into regions where the
oscillatory terms will decay exponentially. Since the jump matrix v contains
both exp(t®) and exp(—t®) we need to separate them in order to be able to
move them to different regions of the complex plane.
We recall that the phase of the associated Riemann—Hilbert problem is given
by
®(k) = 8ik® + 211% (3.8)

and the stationary phase points, ®' (k) = 0, are denoted by

/ x / x T
k()— _ﬁ’ —]fo—— —T%7 )\O—T% (39)

For ¥ > 0 we have kg € iR, and for ¥ < 0 we have kg € R. For £ > 0 we will
also need the value iky € iR defined via Re(®(ikg)) = 0, that is,

% = 4K2. (3.10)

We will set ko = 0 if ¥ < 0 for notational convenience. A simple analysis shows
that for § > 0 we have 0 < ko/i < Ko.

As mentioned above we will need the following factorization of the jump
condition (T.18). The correct factorization for Re(ko) < |k is given by

o(k) = b_ (k)b (), (3.11)

b(k):<(1) Mit@(k))’ b+(k):<R(k)it‘b(k) (1)>

For |k| < Re(ko) the factorization is given by

where

v(k) = B_ (k)™ (1 - Ifg(k)l ?W> B (k), (3.12)

where
1 0 | R
B,(k‘) = R(k)e!®®) E B+(k) = 1—|R(k)|? .
T I [RB)P 0 1

To get rid of the diagonal part in the factorization corresponding to |k| <
Re(kp) and to conjugate the jumps near the eigenvalues we need the partial
transmission coefficient.

12



Chapter 3. Conjugation and deformation

We define the partial transmission coefficient with respect to ko by
T(k,ko) =
[ e ko € iR*,
' (3.13)

N ik ko o 2
1:[1 IZJ—rmZ exp (2171-1 f lg(lgT—(lg)l)dC> 9 kO S R+

—ko

for k € C\X(ko), where X(ko) = [-Re(ko), Re(ko)]. Note that T'(k, ko) can be
computed in terms of the scattering data since |T(k)|> =1 — | Ry (k,t)|%
Moreover, we conclude that

i 1
T(k, ko) = 1 +T1(k0)% +0 <k2> . ask— oo

where
Z 2’<'3j ’ ko € iRT R

ki€ (Ko,00)
Ty (ko) = § ™° k
Y 2k + & [0 log(IT(Q)1))dC, ko € RT.

Kj€ (HO 700)
For the next theorem, we need the Plemelj formula

Theorem 3.3 (Plemelj). Let L be a simple smooth oriented arc. If ¥(t) is a
function satisfying a Hélder condition on L, then

1 [ v

27l LT_t

W (1) = %w(t) + dr, (3.14)

or, equivalently

Wy (t) — V() = 9(1), (3.15)
1
v, +v )=~ [ L0, (3.16)
m JpT—1
Here the connection between 1 and U is given by
L[ (7)
U(t) = — dr. 3.17
O =5 | 7= (3:.17)
Proof. A proof can be found in Muskhelishvili [16]. O

Theorem 3.4. The partial transmission coefficient T'(k, ko) is meromorphic in
C\X(ko), where X(ko) = [-Re(ko), Re(ko)], with simple poles at ik; and simple
zeros at —ir; for all j with ko < kj, and satisfies the jump condition

Ty (k, ko) = T (k, ko) (1 — |R(k)[?), for k € S(ko). (3.18)
Moreover,

(i) T(—k, ko) = Tk, ko)~*, k € C\S(ko) and limy_o0 T(k, ko) > 0

(ZZ) T(E, k()) = T(k‘, k‘o)_l.

Proof. That ix; are simple poles and —ik; are simple zeros is obvious from
the Blaschke factors and that T'(k, ko) has the given jump follows from Plemelj
formula. (i) and (ii) are straightforward to check. O

13



Chapter 3. Conjugation and deformation

3.3 Deformation

Now we are ready to perform our conjugation step. Introduce

iﬁetqi(mﬁ I . Dy(k), |k—ik;| <e, ko < Kj,
i 1 Do(k), |k+ikj| <e, ko < Ky,
iﬁe”(“"ﬁ
Dy(k), else,
where Tl gy~
out = ("0 )

Note that we have

D(—k)z(? é) D(k) (? é)

Now we conjugate our problem using D(k) and set m(k) = m(k)D(k).
Then using Lemma [3.1] and Lemma [3.2] the jump corresponding to o < £
(if any) is given by

1 _ -kf—i}{j
o(k) = iy2e" 0T (ko) =2 | | k —irj| = e,

0 ! (3.19)

(k) ; X | | |
(k) =1 _ k+ir; , k+ik;| =€,
ify]?etq)ﬁxj)T(k,koV 1 /
and corresponding to ko > k; (if any) by

~ 1 0 .
’U(k) = i’y?etq)(mﬂT(k,ko)fz 1 R ‘k — 1/€j| =g,

o k—ik;

’ 2

| et T k) (3:20)
o(k) = ktin; , |k +ik;| = €.

0 1

In particular, all jumps corresponding to poles, except for possibly one if xk; =
Ko, are exponentially decreasing. In this case we will keep the pole condition
which now reads

~ : o~ O O
Rebi,@j m(k) = hm v m(k) <i’)/j26t¢‘(inj)T(i/fja ko)*Q O) )

0 7i’nget<1>(iﬁj)T(iI€j, k0)72
0 0 |

(3.21)
Res_j,, m(k) = kiign_j m(k) <
Furthermore, the jump along R is given by

oy Jo (k)T (k),  Re(ko) < [K],
o= {B(k)‘lé+(k), Re(ko) > |k, (3.22)

14



Chapter 3. Conjugation and deformation

ko € iR ko €R

Y
S ZNY

Figure 3.1: Sign of Re(®(k)) for different values of ko

where
- 1 R(—k)e '™ - 1 0
b_(k) = T(—k,ko)? s b+(k) = R(k)ef‘q’(k) 1 5 (323)
0 1 T(k,ko)?
and
B ) 1 0 1 0
_ = T_ (k,ko) ™2 = T_(—k,k 5
- 1—(\R(Z;|2 R(k)e®™ 1 - T,((k,kog)R(k)et@(k) 1

. T (h:ko)” —t@(k _ Te(kko) ppgya—td(k
Bi(k) = 1 —ﬁR(—k)e o _ (1! T:(fk,lfc)o)R( k)et® k) .
+ 0 . . X

Here we have used
Ti(—k‘, k‘o) = T:F(k, ko)il, ke E(k‘o)

and the jump condition for the partial transmission coefficient T'(k, ko) along
(ko) in the last step, which shows that the matrix entries are bounded for
k eR.

Note also that we have used T'(k,ko)~* = T(k, ko) and R(—k) = R(k) for
k € R to show that there exists an analytic continuation into the neighborhood
of the real axis.

Now we deform the jump along R to move the oscillatory terms into regions
where they are decaying. There are two cases to distinguish:

Case 1: kg € iR, kg # O:

We set £1 = {k € C|Im(k) = £e} for some small € such that ¥ lies in the
region with +Re(k) < 0 and such that the circles around =+ix; lie outside the
region in between ¥_ and ¥;. Then we can split our jump by redefining m(k)
according to

m(k)by (k)™ 0<Im(k) <e,

m(k) =< m(k)b_(k)~, —e <Im(k) <0, (3.24)
m(k), else.
Thus the jump along the real axis disappears and the jump along > is given
by
b (K kex
) = e RE (3.25)
b_(k)™, keX_.

15



Chapter 3. Conjugation and deformation

Re(®) > 0
Re(®) <0
(@) .
A TR
hI
Re(®) > 0
Re(®) <0

Figure 3.2: Deformed contour for ky € iR™

Re(®)>0

Re(®)<0

Figure 3.3: Deformed contour for kg € R

All other jumps are unchanged. Note that the resulting Riemann-Hilbert prob-
lem still satisfies our symmetry condition (|1.20)), since we have

Bi(—k):<(1) é) b (k) <(1) é) (3.26)

By construction the jump along >4 is exponentially decreasing as t — oo.

Case 2: kg € R, ko # 0:

We set X1 = X1 UX2 according to Figure chosen such that the circles
around +ik; lie outside the region in between ¥_ and ¥ . Again note that X}
respectively ¥2 lie in the region with £Re(®(k)) < 0. Then we can split our
jump by redefining m(k) according to

k)by(k)~', K between R and 2,
(

(k)b
m(k)b_(k)~t, Kk between R and X!,

(k) = m(k)@(k)*, k between R and %2, (3.27)
m(k)B_(k)~', k between R and X2,
m(k), else.

16



Chapter 3. Conjugation and deformation

One checks that the jump along R disappears and the jump along 4 is
given by

by (k), kexl,
b_(k)™', kex!
a(r) = W ke s (3.28)
By(k),  keXi,
B_(k)™', ke¥x?.

All other jumps are unchanged. Again the resulting Riemann-Hilbert prob-
lem still satisfies our symmetry condition (1.20)) and the jump along ¥ \{ko, —ko}
is exponentially decreasing as t — oo

3.4 The long-time asymptotics in the soliton re-
gion
Now we are ready to state and proof one of our main results:

Theorem 3.5. Assume and abbreviate by c; = 4/@? the wvelocity of the
J ’th soliton determined by Re(®(ir;)) = 0. Then the asymptotics in the soliton
region, x/t > C for some C > 0, are as follows:

Let e > 0 sufficiently small such that the intervals [¢; —e,c;+¢], 1 < j < N,
are disjoint and lie inside RT.

If |$ — ¢j| < e for some j, one has

oo 2
[ sty = s — 2 + 0
respectively
—driv2 (2, t
o) = (e + 00 329
for any 1 > 1, where
V2 (@, t) = 42! T (i, L) 2, (3.30)

V3

If |$ —c¢j| > ¢, for all j, one has

/ gy t)dy = 2T (ko) + O(t),

respectively
g(z,t) = O(t™") (3.31)

foranyl > 1.

17
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Proof. m has the following asymptotic

k2
= (T(=k.ko) T(k ko))

~ 1 1
m(k):mo—l—mlk—l—O( )

=(1 1)+ (-1 1) iTll(ckO)+(—1 1)Q+(x’t)+0<1>.

Thus we have
mi= (-1 1) (iTl(k:o) n Q*éf’”) . (3.32)

By construction the jump along Y1 is exponentially decreasing as ¢t — oco. Hence
we can apply Theorem as follows:

If |[£ — ¢;| > € (vesp. |k — k3|) for all j we can choose 79 = 0 and wf = 0
by removing all jumps corresponding to poles from w?. The error between the
solutions of wf and w' is exponentially small in the sense of Theorem [B.7]
In particular ||w! —wh|| < Ot~ ast — oo forall I > 1 and [Jw’ — wf|, <
O(t!) ast — oo for all [ > 1 and so the associated Riemann-Hilbert problems
only differ by O(t7!). ;From Lemma we have the one soliton solution

~

Mo = (f(k) f(—k)) with f(k) = 1 for |Im(k)| big enough and so Q4 (z,t) =
+271 (ko) + Ot ™).

If |2 —¢| < e (vesp. |rd — k3|) for some j, we choose 7§ = i(z,t)
and wh = 0. As before we conclude that the error between the solutions
of w' and wf is exponentially small in the sense of Theorem and so the
associated solutions of the Riemann-Hilbert problems only differ by O(t7!).

(From Lemma we have the one soliton solution mgy = (f(k;) f(—k)) with

flk) = 1+(2’1j)117?(m7t)(1 + :J::j (2) 772 (2,t)) for [Tm(k)| big enough where
2 _ A 20t® (k) . =2
vj (z,t) = vje ( )T(lﬁj,lﬁ)
and hence, plugging in the power series expansion,
. Ry 272 (.23, t) _

) = 42T (i) + I +0@t™h. 3.33
Q+($ ) 1(1\/5) 1+ (2’{]')_17]2'(3:’0 ( ) ( )

For the second part recall from Lemma [1.6] that
T Oy, ) (1) = 1+ 280 o Ly (3.34)

+ vy Ly —\vy Ly - 2k2 k4 . .

In the first case |2 — ¢;| > ¢ for all j we know that the solution (k) is of
the form

m(k)=(1 1)+0@t™

and we can therefore conclude by multiplying the two components that

q(z,t) = O0(t™). (3.35)

18
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In the second case |% - cj’ < ¢ for some j we know from the first part that
the solution m(k) is of the form

~ -~

k) = (Fk) f=k)) +0(™),

where f(k:) is defined as in the first part. Multiplying the first and the second
component and plugging in the power series expansion we get
—élfi]-'y?(ﬂv7 t) 275-1(35, t)
L4 (265) 7197 (@, t) (14 (265) 195 (1))
I 0 Gk
C (1 (265) 7 (1))

q(z,t) = +0@t™h

+0(t™h.

O

Corollary 3.6. Assume , then the asymptotic in the soliton region, x/t >
C for some C >0, is as follows

_4"% J z _

where 73 (x,t) = ’VQet‘I’(‘“?)T(imj, i%)*z.
Proof. The claim follows immediately after some easy calculations:

(i) If ‘% — cj| < ¢ for some j, we can use the last theorem to obtain the
corresponding term.

(ii) If the eigenvalue k; lies in the region where Re(®(k)) < 0, we see that
7]2($7t) is exponentially decreasing as t — oo and therefore the whole,
corresponding term is exponentially decreasing as ¢ — oo.

(iii) If the eigenvalue r; lies in the region where Re(®(k)) > 0, we look at the
corresponding term:

—4/{j'y]2»(:r,t) . 16&?7{2(:0,15)
(L4 (2r) 712 (2, 1))2 (L4 (265)7; 2 (w,1)2

(3.37)

Thus these term is also exponentially decaying as t — oo, because 7;2 (z,t)
is exponentially decreasing.

This finishes the proof. O

Remark 3.7. This is exactly the same result as mentioned in the introduction
as the following calculation shows:

N

Q(Ivt) = ]2 (1 4+ (2,%],)—17?(,%7(‘,))2

Y 4K2
= — J
=2 Z: e—t®(ir;)—2p; | ot®(ir;)+2p; 4 2 (3.38)

Z

=1

2

cosh? (K — 4/<a3t —p;)

19
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where we used that

Tling,isly= [ SR (3.39)

20



Chapter 4

The Riemann-Hilbert
problem in the similarity
region

In the previous section we have seen that for ky € R we can reduce everything
to a Riemann-Hilbert problem for mi(k) such that the jumps are exponentially
decaying except in small neighborhoods of the stationary phase points ky and
—ko. Hence we need to continue our investigation of this case in this chapter.

4.1 Decoupling

Denote by X¢(+ko) the parts of ¥ U X_ inside a small neighborhood of +kg.
We will now show that solving the two problems on the small crosses 3°(ko)
respectively X¢(—kg) will lead us to the solution of our original problem.

Theorem 4.1 (Decoupling). Consider the Riemann—Hilbert problem

my (k) =m_(k)v(k), ke,

m(oo) = (1 1), (4.1)

and let 0 < a < 8 < 2a, p(t) — oo be given.

Suppose that for every sufficiently small € > 0 both the L? and the L™ norms
of v are O(t=?) away from some e neighborhoods of some points ki1 <5<
n. Moreover, suppose that the solution of the matriz problem with jump v(k)
restricted to the € neighborhood of k; has a solution which satisfies

M) =T+ O, —kl>e @)

Then the solution m(k) is given by

1 "M
mk) =1 1)+ 5z (1 1>j:1k_kj

+0(p(t)™"), (4.3)
where the error term depends on the distance of k to X.
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Chapter 4. The Riemann-Hilbert problem in the similarity region

Proof. In this proof we will use the theory developed in Appendix |B| with
mo(k) = I and the usual Cauchy kernel Q. (s, k) = [-%5-. Assume that m(k)
exists. Introduce m(k) by

o mR)M (k)T |k = k| < 2,
(k) = {m(k)7 else. (4.4)

Mj(k)_l7 |k_kj| = 2¢,
M, M; (k) > — k| <2
3(k) = S(R)u(k)M; (k)" keXe<|k—kj| <2, (4.5)
I, keX, |k—kj| <e,
v(k), else.

By assumption the jumps are I+ O(p(t)~*) on the circles |k — k;| = 2¢ and
even [+ O(p(t)~?) on the rest (both in L? and L norms). In particular as in
Lemma [A4] we infer

li— (1 1], =0(t)™). (4.6)
Thus we can conclude
(k) = (1 1)+ o [ syt -2
b
1 « . 1 ds _
- 1)+2mj:1/|g_kj_sus (M) D)2 1+ 0((1))
SRR CRUDE WY e e S
= ()0 (1 )Y T+ 06,
= (4.7)
and hence the claim is proven. O

4.2 The long-time asymptotics in the similarity
region

Now let us turn to the solution of the problem on ¥°(kg) = (34 UX_) N
{k| |k — ko| < €} for some small € > 0. Since, we no longer impose the symmetry
condition, we can also deform our contour slightly such that ¥¢(kg) consists of
two straight lines. Next,

D(ko) = —16iky, " (ko) = 48iko.

As a first step we make a change of coordinates

_ _ _ ¢
C=/18ko(k — ko),  k=ko+ T (4.8)
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Chapter 4. The Riemann-Hilbert problem in the similarity region

such that the phase reads ®(k) = ®(ko) + 5¢* + O(¢®). The corresponding
Riemann-Hilbert problem will be solved in Appendix A. To apply this result,
we will need the behavior of our jump matrix near kg, that is, the behavior of
T(k), ko) near /4}0.

Lemma 4.2. Let kg € R, then

T(k, ko) = (2 — :2) T(k, ko), (4.9)
where v = —L1og(|T(ko)|) and the branch cut of the logarithm is chosen along
the negative real axis. Here

T(k, ko) = T E i L kol TOFY 1, 410

is Holder continuous of any exponent less then 1 at the stationary phase point
k = ko and satisfies T'(ko, ko) € T.

Proof. First of all note that

1 [ho oo 1 k—ko\"™
exp (% [, o ka) ><kd<>=(k+ko> o

Moreover we know from Theorem [3.4]

‘T(k;, ko)‘ — T(k, ko)T(k, ko) = T(F, ko)~ *T(k, ko) = T(—F, ko)T'(k, ko) (4.12)

N k+is;
j=1 k—ir,

for k € C\X(ko). Furthermore the Blaschke products [ |
for k #ikj,j=1,...,N and

1k TQPF\ 1 1R TP ) 1
omi kolog<|T(ko)|2 c—kd<+2ni/kolog o)) 4R ™
NN AN
_k=k d
o /,c Og(T(k0)|2 T

which tends to 0 as k — ko with k € C\X (ko). Hence ‘T(k, k‘o)‘ —lask — ko

and so T(k, ko) € T.
For the proof of the Holder continuity of any exponent less than 1 at k = ko,
we refer to Muskhelishvili [16]. O

are continuous

If k() is defined as in (4.8) and 0 < a < 1, then there is an L > 0 such that
I T(k(C), ko) = ¢ T(ho, ko)e ™™ 50V < || (4.13)

where the branch cut of (¥ is the negative real axis. Here we used the following
observations:
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Chapter 4. The Riemann-Hilbert problem in the similarity region

(i)
k— kO iv ) 1 iv )
=" —— =(YF(C ko). 4.14
<k+ko> ¢ <2k0\/48k;0—|—C) CEE ) (4.14)
This function F(¢, ko) is Holder continuous of any exponent less than 1 at
¢=0.

(ii) With the same idea as for differentiable functions at ¢ = 0, we can show
that the product of two Holder continuous functions is again Holder con-
tinuous.

We also have

|R(k(C)) — R(ko)| < L|¢|* (4.15)
and thus the assumptions of Theorem are satisfied with

r = R(ko)T (ko, ko) ~2e 108(2koviSho) (4.16)

Therefore we can conclude that the solution on X¢(kg) is given by

ME(R) =T+ - (O _5)+O(t—a)

t1/2 0
¢ 15 0 s (4.17)
i _
=1+ ——F 1|5 +O(t™),
48k (k — ko) t1/2 (5 0 > )
where 3 is given by
_ i(m/4—arg(r)+arg(T'(iv))) ,—tP (ko) 4—iv
= \/re e t
o= (4.18)

_ \/;ei(w/élfarg(R(ko))+arg(F(iu)))T(kO’ k0)2(192k8)*i”e’t‘b(k°)t’i”.

and 1/2 < a < 1.

We also need the solution Mg (k) on ¥¢(—kp). We make the following ansatz,
which is inspired by the symmetry condition for the vector Riemann—Hilbert
problem outside the two small crosses:

M;(k):(? é) ME(—k) (g’ é) (4.19)

(From this we conclude

c I 1 ; 0 B —«
M) =T s (—ﬂ o) Ot (4.20)
Applying Theorem [£:1] leads to
_ 1 i 1 1 _ .

(4.21)
We are now ready to state and proof our second main result:
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Chapter 4. The Riemann-Hilbert problem in the similarity region

Theorem 4.3. Assume with [ = 5, then the asymptotics in the similarity
region, x/t < —C for some C > 0, are given by

/00 q(y, t)dy = —2T (ko) — \/\é%tl/Q cos(16tks —v log(192tk3 ) +6 (ko)) +O(t ™)
(4.22)

respectively

q(z,t) =4/ 4;];0 sin(16tkg — v1og(192tk3) + 6(ko)) + O(t™%) (4.23)
for any 1/2 < oo < 1. Here

v =~ log(T (ko). (121

8(ko) = = — arg(R(ko)) + arg(T'(iv)) + 2 arg(T (ko, ko)), (4.25)

7T
4
ko
ko + i 1 7)) 1
(k. ko) — Hko_mj (%/bg('T(kO)Q)C_kOdc). (4.26)
ko

Proof. As in the proof of the asymptotics in the soliton region we set m(k) =
mo +mi3 + O(k™2) as k — oo and conclude

mip= (-1 1) (iTl(k0)+C’2+;m>. (4.27)
Therefore we compute
m(k)
1 i 1 — 1 — o
= D+ 48kotl?<k—k:0(ﬂ ) iR (P 5)>+O(t )
i1 (& (ko = ko'
-0 0+ et (S (8) 6 -3 () 0 A)
+O0(™),

which leads to

4
V48K t

Q(z,t) = 211 (ko) + (Re(ﬂ)) +0(™), (4.28)

with

,8: \/;ei(ﬂ'/4—arg(R(ko))+arg(F(iy)))T(ko,ko) (192]{,‘3) iv —t(b(kg)t—w (429)

Using the fact that |3/1/v| = 1 proves the first claim. For the second part recall
from Lemma [L.6] that

TR (b )0 (2, t) = 1 + +O(L) = g, (4.30)
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Chapter 4. The Riemann-Hilbert problem in the similarity region

Plugging in the power series expansions of the components of m yields

kg

q(z,t) =/ —~Im(B). (4.31)

O

Remark 4.4. The result mentioned in the introduction is the same as the one
stated above, because

i Y v 1 (TP 1
ko, ko)) = E A R 1 d
arg(T (ko, ko)) 2j21 arctan(k ) o /ko Og< 2 ) ko ¢

0 T (ko)

and

1 [
;/ log ¢ — ko| dlog(1 — [R(¢)[?)

—ko
k1—ko T

1
= Jim = [ og ¢~ ol dlog(1 — [R(Q)
—ko

k1

— jr(1og|<—ko|log<1—|R<<>2>|’“ko— = 1og<1—|R<<>|2>d<>

k1 —ko o ¢ — ko
= lim = <1og<R<ko>| >/k0 - /ko i loa(1 = |R(O) >d<>
k?o _ k)o 2
T J ko 1—|R(ko)|" ) ¢ —ko T J—ko |T(ko)|” ] ¢ — ko
Remark 4.5. Formally the equation for q can be obtained by differenti-
ating the equation for Q with respect to x. That this step is admissible

could be shown as in Deift and Zhou [10], however our approach avoids this
step.

Remark 4.6. Note that Theorem[{.1] does not require uniform boundedness of
the associated integral operator in contradistinction to Theorem [B7. We only
need the knowledge of the solution in some small neighborhoods. However it

cannot be used in the soliton region, because our solution is mot of the form
I+ o(1).
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Chapter 5

Analytic Approximation

In this chapter we want to present the necessary changes in the case where the
reflection coefficient does not have an analytic extension. The idea is to use
an analytic approximation and to split the reflection in an analytic part plus a
small rest. The analytic part will be moved to the complex plane while the rest
remains on the real axis. This needs to be done in such a way that the rest is
of O(t~1) and the growth of the analytic part can be controlled by the decay of
the phase.

In the soliton region a straightforward splitting based on the Fourier trans-
form

R(k) = /]R e* R(z)dx. (5.1)

will be sufficient. )
If our solution ¢(,t) is decaying rapid enough, we can conclude that R €
LY(R) and furthermore ' R(—x) € L'(0,00). For details we refer to [15].

Lemma 5.1. Suppose R € L'(R), z'R(—z) € L'(0,00) and let £,3 > 0 be
given. Then we can split the reflection coefficient according to R(k) = Rq ¢ (k) +
R, (k) such that R, (k) is analytic in 0 < Im(k) < e and

IR (k)e P =0(t7Y, 0<Im(k)<e, |R.:(k)]=0@t™", keR.
(5.2)

Proof. We choose R, (k) = ffoK(t) % R(z)dz with K (t) = %‘Jt for some posi-
tive Bo < 8. Then, for 0 < Im(k) < ¢,

|Ra’t(k)e*ﬁt| _ efﬁt‘/ eikw]%(m)dx‘ < e*ﬂt/ |R(x)‘eflm(k)xdl,
—K(3) —K(t)
< e MWW ]|y < oMM | Ry

< ||]§||1ef(ﬁfﬁo)t.
Moreover, we have

1Bl = / \R(x)|dz = / (14 J2) 11 + [2]) | R () da

<@+ )M (X + 2D R(@)]l2 < oo,

(5.3)
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Chapter 5. Analytic Approximation

which proves the first claim. Similarly, for Im(k) = 0,

—-K(t) oo i+l » _x
Ra®l< [ 1R@ = | TR,

- K@) RN
. 4
(e - o4
= K (t)! =
O
To apply this lemma in the soliton region ky € iR* we choose
8= min —Re(®(k)) > 0. (5.5)

Im(k)=—¢

and split R(k) = R, (k) + R, +(k) according to Lemma [5.1| to obtain
b (k) = bas, = (k)bre + (k) = by + (k)ba s+ (k).

Here by ¢ +(k), bys.+ (k) denote the matrices obtained from b (k) as defined in
by replacing R(k) with R, .(k), Ry (k), respectively. Now we can move
the analytic parts into the complex plane as in Chapter [3| while leaving the rest
on the real axis. Hence, rather then , the jump now reads

bat,+ (), kexy,
{}(k) = Ba,t,—(k)ila keX_, (5.6)
Er,t,*(k)ilgr,tﬂr(k)a k€ R.

By construction we have 9(k) = I + O(t~!) on the whole contour and the rest
follows as in Section [l .

In the similarity region not only by occur as jump matrices but also B..
These matrices By have at first sight more complicated off diagonal entries, but
a closer look shows that they have indeed the same form. As we will rewrite
them in terms of the left rather then the right scattering data, we will use the
following notations: R,.(k) = R4 (k) for the right and R;(k) = R_ (k) for the left
reflection coefficient. Moreover, let T,.(k, ko) = T'(k, ko) respectively T;(k, ko) =
T(k)/T(k, ko) be the right respectively left partial transmission coefficient.

With this notation we have

- 1
B_ (k)™ B+ (k), Re(ko) > [k[,
where
s 1 Brke ® . 1 0
b_ (k) = Ty (—k,ko)? s b+(k) = Rr(k)et(b(k) s
0 1 Ty (k,ko)? 1
and

- 1 0
B = 1o h 2 :
( ’\T(k)\(; Rr(k)eté(k) 1

. T (kko)® gy —t®(k)
By (k) = (1 TR 1?( ke >
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Chapter 5. Analytic Approximation

Using (1.13]) we can further write

R 1 0 R 1 Ry (k)et®(®)
B_(k) = Ry(—k)e'*®) 1] By (k) = Tl(kik0)2 : (5.8)

T =k, ko) 0

In the similarity region we need to take the small vicinities of the stationary
phase points into account. Since the phase is cubic near these points, we cannot
use it to dominate the exponential growth of the analytic part away from the
unit circle. Hence we will take the phase as a new variable and use the Fourier
transform with respect to this new variable. Since this change of coordinates
is singular near the stationary phase points, there is a price we have to pay,
namely, requiring additional smoothness for R(k). If our solution ¢(z,t) is
decaying rapidly enough then we can conclude R(k) € C!(R). Therefore we
begin with

Lemma 5.2. Suppose R(k) € C5(R). Then we can split R(k) according to
R(k) = Ro(k) + (k — ko) (k + ko) H (k), k € X(ko), (5.9)

where Ro(k) is a real rational function in k such that H(k) vanishes at ko, —ko
of order three and has a Fourier transform

H(k) = /R H(x)e™®) d, (5.10)

with 2 H () integrable.

Proof. We can construct a rational function, which satisfies f,,(—k) = f.(k) for
2n+4

k € R, by making the ansatz f,(k) = %Z?:o m(aj + lﬂjk—ko)(k -
ko)? (k+ ko)?. Furthermore we can choose a;, ; € R for j = 1,...,n, such that
we can match the values of R and its first four derivatives at ko, —ko at fi, (k).
Thus we will set Ro(k) = fa(k), with ap = Re(R(ko)), Bo = Im(R(kg)) and so
on. Note that Ry(k) is integrable. Hence H (k) € C*(R) and vanishes together
with its first three derivatives at ko, —kg.

Note that ®(k)/i = 8(k® — 3k3k) is a polynomial of order three which has a
maximum at —kg and a minimum at kg. Thus the phase ®(k)/i restricted to
(ko) gives a one to one coordinate transform (ko) — [®(ko)/i, P(—ko)/i] =
[—16k3, 16k3] and we can hence express H (k) in this new coordinate (setting it
equal to zero outside this interval). The coordinate transform locally looks like
a cube root near kg and —kg, however, due to our assumption that H vanishes
there, H is still C? in this new coordinate and the Fourier transform with respect
to this new coordinates exists and has the required properties. O

Moreover, as in Lemma [5.1| we obtain:

Lemma 5.3. Let H(k) be as in the previous lemma. Then we can split H(k)
according to H(k) = H, (k) + H, (k) such that H, (k) is analytic in the region
Re(®(k)) < 0 and

|H, ., (k)e® ™2 = 0(1), Re(®(k)) < 0,Im(k) <0, |H. (k)| =0@""), keR.
(5.11)
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Chapter 5. Analytic Approximation

Proof. We choose H, (k) = ffoK(t) H(z)e*®*®)dg with K(t) = t/2. Then we
can conclude as in Lemma

|Ha7t(k‘)eq>(k)t/2| < /OO Ig(x)exq)(k)+¢(k)t/2|d$ < HH(x)nl|efK(t)<I>(k)+<I>(k)t/2|
—K(t)

< HI_AI(x)”l|e7<1>(k)t/2+¢'(k)t/2| _ ||ﬁ(1‘)||1 < const

and

~K() “K() 1 1
|Hy (k)] < /_OO |H(x)|dz < const /_OO ?dx < conssz)g/2 < const;.

O

By construction R, (k) = Ro(k)+ (k—ko)(k+ko)H, (k) will satisfy the re-
quired Lipschitz estimate in a vicinity of the stationary phase points (uniformly
in t) and all jumps will be I+ O(¢~!). Hence we can proceed as in Chapter
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Appendix A

The Riemann-Hilbert
problem on a small cross

In this chapter, which is taken from Kriiger and Teschl [13], we will solve the
Riemann—Hilbert problem on a small cross.
Introduce the cross ¥ =3 U--- U Xy (see Figure [A.1]) by

21 = {ue ™4y e [0,00)} Yy = {ue'™*, u e [0,00)}

Yy = {ue¥™/4 u e [0,00)} Sy = {ue 34 e [0,00)}. (A.1)
Orient Y such that the real part of z increases in the positive direction. Denote
by D = {z, |z| < 1} the open unit disc. Throughout this section z" will denote
the function e 1°8(*) where the branch cut of the logarithm is chosen along the
negative real axis (—oo,0).

Now consider the Riemann—Hilbert problem given by
my(z) = m_(2)v;(2), z€X;, j=1,2,34, (A.2)

m(z) — I z — 00,

Figure A.1: Contours of a cross
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Chapter A. The Riemann-Hilbert problem on a small cross

where the jump matrices are given as follows: (v; for z € ;)

B 1 _Rl (2)221V67t¢(z) B 1 0
= \o 1 w0 2T Ro(z)ze®®) 1)

B 1 _R3(Z)z2iye—t4>(z) B 1 0
V3 = <O 1 , Vg = R4(Z)Z—Qiyet<1>(z) 1/ (A3)

We can now state the next theorem, which gives us the solution of the
Riemann-Hilbert problem . In the proof we follow the computations of
section 3 and 4 in Deift and Zhou [9].

We will allow some variation, in all parameters as indicated.

Theorem A.1. There is some pg > 0 such that v;(z) =1 for |z| > pg. More-
over, suppose that within |z| < po the following estimates hold:

(i) The phase satisfies ®(0) € iR, ®'(0) =0, ®”(0) =1 and

+Re(®(2) — (0)) >

JiUX
2P, {* free®:v®e g

—  else,

iz? -
|8(2) = ©(0) = [ = Clzf*. (A.5)

(i) There is some r € D and constants (a, L) € (0,1] x (0,00) such that R;,
j=1,...,4, satisfy Holder conditions of the form

|R1(2) — 7| < LIz[% |Ra(2) —r| < Lz[%

T r
———| < L|z|* ———| < L|z]°. A.
[R3(2) = 1— ‘T|2| S LI Ra(2) = 1= ‘T|2| < Llz| (A.6)
Then the solution of the Riemann—Hilbert problem satisfies

me) =1+ 1 (5 ) rou ) (AT

for |z| > po, where
ﬁ _ \/;ei(ﬂ/4—arg(r)+arg(F(iV)))e—t‘b(O)t—iV7 v = _2i log(l _ |T|2). (AS)
™

Furthermore, if R;(z) and ®(z) depend on some parameter, the error term is
uniform with respect to this parameter as long as r remains within a compact
subset of D and the constants in the above estimates can be chosen independent
of the parameters.

Remark A.2. Note that the solution of the Riemann—Hilbert problem
is unique. This follows from the usual Liouville argument [5, Lem. 7.18] since
det(vj) =1.

The proof will be given in the rest of this chapter, but split into a few parts
for a better overview.
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Chapter A. The Riemann-Hilbert problem on a small cross

A.1 Approximation

A close look at the stated theorem shows, that the actual value of pg is of no
importance. In fact, if we choose 0 < p; < pg, then the solution m of the
problem with jump @, where ¥ is equal to v for |z| < p1 and I otherwise, differs
from m only by an exponentially small error.

This already indicates, that we should be able to replace R;(z) by their re-
spective values at z = 0. To see this we start by rewriting our Riemann—Hilbert
problem as a singular integral equation. We will use the theory developed in
Appendix [B| for the case of 2 x 2 matrix valued functions with mg(z) = I and
the usual Cauchy kernel (since we won’t require symmetry in this section)

ds

s—2z

Qoo(s,2) =1

Moreover, since our contour is unbounded, we will again assume w € L>(X) N
L?(%). All results from Appendix [B] still hold in this case with some straight-
forward modifications, as the only difference is that p is now a matrix and no
longer a vector. Indeed, as in Theorem in the special case by(z) = v;(2)
and b_(z) =1 for z € ¥, we obtain

m(e) =1+ o [ el = (4.9)
where p — I is the solution of the singular integral equation
(I—Cu)(p—1)=Cyl, (A.10)
that is,
p=1+ 1~ Cy,) 1C,l, Cuf =C_(wf). (A.11)
Here C denotes the usual Cauchy operator and we set w(z) = w4 (z) (since
w_(z) =0).

As our first step we will get rid of some constants and rescale the entire
problem by setting

m(z) = D(t) " tm(zt~Y?)D(t), (A.12)
where (1)1
_(d(t)” 0 __t®(0)/2,4iv/2
D(t) = ( 0 d(t)> , dit)=e #v/2, (A.13)
Then one easily checks that /m(z) solves the Riemann—Hilbert problem
My (2) = M (2);(2), €%, j=1234, (A.14)
m(z) — 1, z—> 00, z&3%,
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Chapter A. The Riemann-Hilbert problem on a small cross

where 0;(z) = D(t)"tv;(2t7/2)D(t), j = 1,...,4, explicitly
—Ri( Zt—l/Q) 2iv o —t(P(2t 1/2y_ cp(o)))
1 )

1 0
2 (2t~ 1/2 —2iv gt (@(2t71?)—=2(0)) 1)

— Ry (t~1/2) 2 t(@ (/) CD(O)))
1 )

1 0
v4(z) = (Rg(zt 1/2) —2ivt((2t71/?)—2(0)) 1)- (A.15)

Our next aim is to show that the solution m(z) of the rescaled problem is close
to the solution °(z) of the Riemann—Hilbert problem

>

i(z) =m (2)05(2), €Y, j=1,2,34, (A.16)
¢ I

n(z) =1, z—00, z¢%,

associated with the following jump matrices

) 1 _?Zincfiz2/2 ~ 1 0
05(2) = (0 1 ) ) 03(2) = <m2iueiz2/2 1) )

. 1 —_T ZQiye—iz2/2 . 1 0
05(2) = <O 1= 1 ) , 05(2) = <1rr2z—21ueizz/2 1) - (A7)

The difference between these jump matrices can be estimated as follows.

Lemma A.3. The matrices w¢ and W are close in the sense that
Wi(2) = @S(z) + Ot~ 2 FP®), zewy, j=1,...4 (A.18)

Furthermore, the error term is uniform with respect to parameters as stated in
Theorem [A1l

Proof. We only give the proof z € 31, the other cases being similar. There is
only one nonzero matrix entry in w;(z) — w$(z) given by

W _Rl(th1/2)Z2iueft(<1>(zt_1/2)7<I>(0)) +722iuefiz2/2, 2] < potl/2,
T ) Fp2ive—iz?/2 2| > p0t1/2.

A straightforward estimate for |z| < pot'/? shows

W = eu7r/4|R1(Zt71/2)eft<i>(zt71/2) _F|ef\z\2/2

_ e —1/2 & —1/2 __3+& —1/2 _ _ 2
— ovm/4 ‘Rl(zt 1/2=t®(zt™12) _ po—td(zt™1?) 4 mo—t@(at=?) _ 5| o—l2P/2

< e"”/4|R1(zt‘1/2) o ﬂeRe(—t&(zt*l/?))—\zP/z

+ euﬂ'/4‘eft<i>(zt_1/2) o 1|ef|z|2/2

< e””/4|R1(zt_1/2) _ F|e—|z|2/4 + euﬂ/4t|(i)(zt—1/2)|e—\z\2/4,
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Chapter A. The Riemann-Hilbert problem on a small cross

where &(z) = P(2)—@(0)—122 = %z‘g—l—. ... Here we have used $2% = |z|?

for z € ¥y, Re(—t®(2t~1/2)) < |z|2/4 by (A.4), and |r| < 1. Furthermore, by
(3 and (&0,

W < /L2 |z|oe 12/ erm/ACt=1/2 5P 121 /4
for |z < pot'/%. For |2| > pot'/? we have
[W| < ev™/4eI2I/2 < evm/Ag—rit/4—I2*/4

which finishes the proof. O
The next lemma allows us, to replace m(z) by me(z).

Lemma A.4. Consider the Riemann—Hilbert problem

my(z) =m_(2)v(z), z €3, (A.19)

m(z) — 1, z—00, z¢2X.
Assume that w € L?(X) N L>=(X). Then

cllwll

[p =12 < (A.20)

1= cfwlle
provided c||w||s < 1, where c is the norm of the Cauchy operator on L*(%).

Proof. We know that fi = u — I € L?(X) and satisfies (I — C, )i = Cy,I. Thus
we can estimate [ by using Neumann series as follows:
llly = (T = Cu) ™' Cul
= |@T+Cw+C2+...)Cul|,
< 1Cully + ICLll, +NCuN, + -
< cllwlly + ¢ wlly [l + ¢ llwll, [w]Z, + .

2
< cllwlly (1 +ellwlly + ¢ [lwlls +- )

= clhwl, T
B 1-cluwly
Here we have used that
1Cw(Nllz < clifllz vl - (A.21)
O
Lemma A.5. The solution m(z) has a convergent asymptotic expansion
() = T+ %M(t) + O(Ziz) (A.22)
for |z| > pot'/? with the error term uniformly in t. Moreover,
M(t) = M® + O(t=/?). (A.23)
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Proof. Consider m?(z) = 1 (z)m(z) ™!, whose jump matrix is given by

>
U

—

N

~—

[ | |
3> 3P IPI
[ B BRI A

|
=
+
3)
| o
0
s
b

|
2

By Lemma we have that @ — ¢ is decaying of order t~®/2 in the norms
of L' and L*™ and hence also in the norm of L?. Thus the same is true for
w? =99 — T =1m° (2)(w(z) — w°(2))me (z) L. Hence by the previous lemma

Ia? — Tl = O@="?).

=m_(m°)~t = a(pc)~t we infer

Aatpc = pcll, = 0=/

Furthermore, by ¢ = m?

1= A2 =

since [1¢ is bounded. Now

m(z):]I—F% ﬂ(s)w(S)sizdS
b
L[ onsy!
:H—%Z/ZM(S)U)(S);() ds
:]17%ﬂ%/zﬂ(s)w(s)dﬁ2%%/28;1(8)@(8)5%2

shows (recall that 1 is supported inside |z| < pot!'/?)

in(z) = 14 L) + o120z,

where

Now the rest follows from

() = 317 = 5= [ (alsyin(s) = i (s)ir())ds

using || — el < fJ — @y + |2 = L2l — @]z + |4 = p°llo [0z T

A.2 Solving the Riemann—Hilbert problem on a
small cross with constant jumps

Finally, it remains to solve (A.16)) and to show:

Theorem A.6. The solution of the Riemann—Hilbert problem is of the
form

1.~ 1
me(z) =1+ M+ 0(5), (A.24)

36



Chapter A. The Riemann-Hilbert problem on a small cross

>3 b))

Qy 9

24 E1

Figure A.2: Deforming back the cross

where

MC —i <2 _Oﬁ> , ﬁ — \/;ei(ﬂ'/4—arg(r)+arg(F(iu))). (A25)

The error term is uniform with respect to r in compact subsets of D. Moreover,
the solution is bounded (again uniformly with respect to r).

Given this result, Theorem [A]] follows from Lemma [A7H]

m(z) = D(t)yi(t2) D)~ =1+ ﬁD(t)M D)~ + 0%
=L+ s DOMED(H) ™! + Ot~ 112 (A.26)

for |z| > po, since D(t) is bounded.
The proof of this result will be given in the remainder of this section. In

order to solve we begin with a deformation which moves the jump to R

as follows. Denote the region enclosed by R and X; as Q; (cf. Figure and

define

l)o(z,’)l)j7 ZEQj,jzl,...,4,

Dy(2), else,

iv,—iz?/4 0
ze
Dy(z) = ( 0 Ziueiz2/4> ’
and

17 10 1 —1F= 1 0
= = = —|7"‘ =
Dq (0 1) Do (r 1) D3 (0 1 ) Dy (_ 1—Tr\2 1) .

Lemma A.7. The function m°(z) defined in satisfies the Riemann—
Hilbert problem

e () = 7 (2) (1 *TW f’) . zeR (A.28)

me(z) = m(z) { (A.27)

where

1 -
() = (L+ 20 + ... ) Do(2), 2 — o0, g<arg(z) <2
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Proof. First, one checks that mS (z) = m (2)Do(z) " 195(2)Do(z) D1 = m° (),
z € X7 and similarly for z € 35, ¥3,%,. To compute the jump along R observe
that, by our choice of branch cut for z'¥, Dy(z) has a jump along the negative
real axis given by

(log | z|£im)iv ,—iz? /4 0
(§] [§]
D07i(z) = < 0 e(log|z|:|:i7r)iueiz2/4> ’ z <0.

Hence the jump along R is given by
Di'Dy, 2>0 and D;'Dyl(2)Dos(2)Ds, z<0,
and (A.28) follows after recalling e=2™ =1 — |r|%. O

Now, we can follow (4.17) to (4.51) in [9] to construct an approximate solu-
tion.

The idea is as follows, since the jump matrix for , the derivative
£ 7°(2) has the same jump and hence is given by n(z)m°(z), where the en-
tire matrix n(z) can be determined from the behavior z — oo. Since this will
just serve as a motivation for our ansatz, we will not worry about justifying any
steps.

For z in the sector T < arg(z) < 2T (enclosed by > and ¥3) we have
me(z) =

. 1 /10
5[03,M]+O(;)7 o3 = (0 _1)-

Here we assumed that the solution of the Riemann-Hilbert problem is
given by and inserted it. Since the left hand side has no jump, it is
entire and hence by Liouville’s theorem a constant given by the right hand side.
In other words,

(e + Loy (2) = pc(z), = (ﬂo 55?) = Lo (a29)

This differential equation can be solved in terms of parabolic cylinder function
which then gives the solution of (A.28).

Lemma A.8. The Riemann-—Hilbert problem has a unique solution, and
the term M€ is given by

rc . 0 - 2 i(mr/4—arg(r)+ar iv
ME=i <ﬁ21 ng> ) Bi2 = fo1 = ﬁe( /4—arg(r)TargT (), (A.30)

Proof. Uniqueness follows by the standard Liouville argument since the deter-
minant of the jump matrix is equal to 1. We find the solution using the ansatz

i (Y11(2) 12(2)
m(z) = <¢21(2) 1/)22(2)> ’
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(From (A.29) we can conclude that the functions ;5 (2) satisfy

nz) = - <; + 322 - ﬂlzﬂm) P11(2), Y12(2) = é (;Z - 1;) P22(2),
Va1(2) = i (;; + 1;) Y11(2), 22(2) = (; - izz + 512ﬁ21> Paa(2).
That is, b1 (e3™/4() satisfies the parabolic cylinder equation
" 1 1 2 _
D"(¢) + <a+2—4C )D(C)—O

with a = 812021 and a9 (ei”/ 4¢) satisfies the parabolic cylinder equation with

a = —ifi201.
Let D, be the entire parabolic cylinder function of §16.5 in [20] and set

w ( )_ 6737”//4Di,/(76171'/42,)7 Im(z
e e™/4 Dy, (ei™/42), Im(z

71'1//4D L _iaim/4 I
e _ip(—ie™/*z),  Im
U22(2) =4 s ( /4 )

e D_;,(ie'/*z), Im
Using the asymptotic behavior

% +0(z™), z—o00, |arg(z)| < 3n/4,

shows that the choice 812021 = v ensures the correct asymptotics
¥n(z) = 2" A1+ 0(2),
P12(2) = —iﬁlgz_i”eiz2/4(z_1 +0(273)),
Yo (2) = iBn e /N 4 0,
Yao(z) = 2741+ 0(272)),

D.(z) = zae*ZZ/‘l(l -

as z — oo inside the half plane Im(z) > 0. In particular,

It remains to check that we have the correct jump. Since by construction both
limits mS () and m° (2) satisfy the same differential equation (A.29)), there is
a constant matrix v such that m$ (z) = me (z)v. Moreover, since the coefficient
matrix of the linear differential equation (A.29)) has trace 0, the determinant of
m< (z) is constant and hence det(m (z)) = 1 by our asymptotics. Moreover,
evaluating

o2V _Vome e Tr/E -1
v = (0)" s (0) = < P ﬁ”{”) )
VUL (—iv)
where v = ﬁ% = 5—2; Here we have used

B 2a/2ﬁ , B 2(1+a)/2ﬁ
b0 =ra=amy PO ")
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Chapter A. The Riemann-Hilbert problem on a small cross

plus the duplication formula I'(2)['(z 4+ 3) = 2'722/7I'(2z) for the Gamma
function. Hence, if we choose

_ WD(=iy) .
B \/2meim/4e—Tr/2 ’

- 1—|r>2 -7
v= r 1

we have

since |72 = 1. To see this use [['(—iv)[? = F=2L0) semhzry Which follows
from Euler’s reflection formula I'(1 — 2)I'(z) = Sn(zz) for the Gamma function.

In particular,
ﬁ12 _ E _ \/;ei(w/élfarg(r)Jrarg(F(iu)))

which finishes the proof. O
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Appendix B

Singular integral equations

In this chapter we show how to transform a meromorphic vector Riemann—
Hilbert problem with simple poles at ik, —ik,

my (k) = m_(k)v(k), keX,

_i~2
Resi,e m(k) = lim m(k) (122 8) Res i m(k) = lim (k) (0 ”),

mi-m) =m(h) (3 ).

lim m(i) = (1 1)

KR— 00

into a singular integral equation. Since we require the symmetry condition
for our Riemann—Hilbert problem we need to adapt the usual Cauchy
kernel to preserve this symmetry. Moreover, we keep the single soliton as an
inhomogeneous term which will play the role of the leading asymptotics in our
applications.

B.1 Properties of the Cauchy-transform

The classical Cauchy-transform of a function f : ¥ — C which is square inte-
grable is the analytic function C'f : C\X — C given by

Ok = 5 [ 1)

27 fys—k

ds, keC\X. (B.2)

Denote the tangential boundary values from both sides (taken possibly in the
L?-sense — see e.g. [5 eq. (7.2)]) by C. f respectively C_f. Then it is well-
known that Cy and C_ are bounded operators L?(X) — L?(X), which satisfy
Cy — C_ =1 (see e.g. [5]). Moreover, one has the Plemelj—Sokhotsky formula

(L6]) .
Cy = 5 (iH £1),

where

Hf(k) = %]é kf(j)sds, ke, (B.3)
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Chapter B. Singular integral equations

is the Hilbert transform and § denotes the principal value integral.
In order to respect the symmetry condition we will restrict our attention to
the set L2(X) of square integrable functions f : ¥ — C? such that

0 1
f(=k) = f(k) : (B.4)
10
Clearly this will only be possible if we require our jump data to be symmetric
as well:

Hypothesis H. B.1. Suppose the jump data (X,v) satisfy the following as-
sumptions:

(i) X consist of a finite number of smooth oriented finite curves in C which
intersect at most finitely many times with all intersections being transver-
sal.

(i) The distance between ¥ and {iyly > yo} is positive for some yo > 0 and
+ik € 3.

(#ii) 3 is invariant under k — —k and is oriented such that under the mapping
k — —k sequences converging from the positive sided to % are mapped to
sequences converging to the negative side.

(iv) The jump matriz v is invertible and can be factorized according to v =
b=lby = (I—w_ )" '(I+wy), where we = +(by — 1) satisfy

we(—k) = — ((1) (1)) we (k) (‘1) é) . ke (B.5)

(v) The jump matriz satisfies

[wlloo = [[ws Lo () + lw- Lo (z) < oo,
|lwll2 = [lwellp2m) + lw-|lL2(s) < 0. (B.6)

Next we introduce the Cauchy operator
1
CHI) = 5 [ F(s.R) (B.7)
T Jx

acting on vector-valued functions f : ¥ — C2. Here the Cauchy kernel is given
by

k}Jr.ili 1 O 1 1_ O
Qﬁ(svk) = <s+l%s_k k—irk 1 )dS = (s—k 0 stin 1 1 )dS, (B8)

s—ik s—k

s—k s—ik

for some fixed ix ¢ . In the case kK = co we set

Qoo(s, k) = (;k 0 )ds. (B.9)

and one easily checks the symmetry property:

QN(—S,—k):((l) é) (5, k) (? é) (B.10)

The properties of C' are summarized in the next lemma.
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Chapter B. Singular integral equations

Lemma B.2. Assume Hypothesis[B1l The Cauchy operator C has the proper-
ties, that the boundary values Cy are bounded operators L2(X) — L2(X) which
satisfy

Cy—C_=1 (B.11)
and
(CH(=ik) =0 *),  (CH(ir) =(x 0). (B.12)
Furthermore, C restricts to L?(X), that is
@R =cHw (] o). keew (B.13)

for f € L2(X) or LL(X) and if wy satisfy (H we also have

Ci (fuws)(—k) = C=(fws) (k) <(1’ é) , kex. (B.14)

Proof. Everything follows from (B.10)) and the fact that C inherits all properties
from the classical Cauchy operator. O

B.2 Singular integral equations in the context
of Riemann—Hilbert problems

We have thus obtained a Cauchy transform with the required properties. Fol-
lowing Section 7 and 8 of [2], we can solve our Riemann—Hilbert problem using
this Cauchy operator.

Introduce the operator C,, : L2(X) — L2(X) by

Cuf = Ci(fw-) + C-(fwy), [feLi(D) (B.15)

and this operator is also well-defined for f € L(X) and Cy f € L(X). Fur-
thermore recall from Lemma|[I.§|that the unique solution corresponding to v = I
is given by

1 k+ir —1,2,t®(ir)
k) = - 1+ —F(2 R
) 1+ (2k)~1y2et®(in) ( = i/@( K)o

Observe that for v = 0 we have f(k) = 1 and for v = oo we have f(k) = Zf—iz
In particular, f(k) is uniformly bounded away from ix for all v € [0, o0].
Then we have the next result.

Theorem B.3. Assume Hypothesis[B.]]
Suppose m solves the Riemann—Hilbert problem . Then

1

m(k) = (1 = co)mo(k) + 5 /E pu(s)(wy(s) + w—(s))2k (s, k), (B.16)

where

pm b = and o= (G [ o))+ ()0u(s.00))

2mi 1
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Chapter B. Singular integral equations

Here (m); denotes the j’th component of a vector. Furthermore, (1 solves
(I = Cw)(u(k) = (1 = co)mo(k)) = Cuw(1 — co)mo(k) (B.17)
Conversely, suppose [i solves
(1= Cu)(jilk) = mo(k)) = Cumol(k), (B.18)

and

o = ( = Lo +w_<s>>m<s,oo>)1 41,

2mi

then m defined via , with (1 —cp) = (1 + &)~ ! and p = (1 + &) 'h,
solves the Riemann—Hilbert problem and 1 = mybit.
Proof. First of all note that by (B.14) (I—C,,) satisfies the symmetry condition
and hence so do mg + (I — C,,)~1C,ymg and m.

i

So if m solves (B.1)) and we set p = mibll, then m satisfies an additive
jump given by
my —m- = p(wy +w-),

as the following calculation shows

my —m—
— (1= co)(mo.s — mo—) + (C (pvy) + Co () — C—(ay) — C— ()
— (O (pws) = O— (pws)) + (C (pw-) — O (pw_))
= plwyw-).
Hence, if we denote the left hand side of (B.16) by m, both functions satisfy
the same additive jump. So m —m has no jump and must thus solve (B.1)) with

v = I. By uniqueness (Corollary [2.3)) m — m = amg for some a € C and by
looking at the first component at k — oo we see a = 0, that is m = m.

Moreover, if m is given by (B.16)), then (B.11]) implies

my = (1 —co)mo + Cx (pw-) + Cx(uwy) (B.19)
= (1 —co)mo + Cx(pw-) + Cx(pwy) + Cx(pwy) — Cx(pwy)
= (1= co)mo + Cu(p) £ pw+
=1 —co)mog— T —Cup)p+ p(l+wy)
=(1—co)mo— I —Cu)p+ pby.

(From this we conclude that p = mibf solves lb
Conversely, if i solves (B.18]), then set

N 1 _
m(k) =mo(k) + 7/ fi(s) (w4 (s) + w—(s))S2 (s, k),
T )
and the same calculation as in (B.19)) implies m4 = fiby, which implies that
m = (1 + &)~ solves the Riemann-Hilbert problem (B.1)). O

Remark B.4. In our case mo(k) € L (X), but mo(k) is not square integrable
and so p € L3(X) + L>=(X) in general.

In the case where the contour ¥ is bounded mo(k) € L>*(X) implies that
mo(k) square integrable and we can directly apply (I — Cy)~t to mo(k).
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Chapter B. Singular integral equations

Note also that in the special case v = 0 we have mg(k) = (1 1) and we can
choose k as we please, say x = oo such that ¢y = ¢y = 0 in the above theorem.

Hence we have a formula for the solution of our Riemann—Hilbert problem
m(k) in terms of mg + (I — C,,)"1Cymg and this clearly raises the question of
bounded invertibility of I — C,, as a map from L2(X) — L?(X). This follows
from Fredholm theory (cf. e.g. [21]):

Lemma B.5. Assume Hypothesis [B.1l The operator 1 — C,, is Fredholm of
index zero,
ind(T—Cy) =0. (B.20)

Proof. Since one can easily check
[I—-Cup)(I—=C_y)=I—-C_p,)I—Cy) =1-"Ty, (B.21)
where
Tw =Ty + T+ T4+ T, T50,(f) = Co, [Cop (f—o)w—0,],

it suffices to check that the operators T,,,, are compact ([I7, Thm. 1.4.3]). By
Mergelyan’s theorem we can approximate w4 by rational functions and, since
the norm limit of compact operators is compact, we can assume without loss
that w4 have an analytic extension to a neighborhood of X.

Indeed, suppose f,, € L?(X) converges weakly to zero. Without loss we can
assume f, to be continuous. We will show that || Ty, fr |2 — 0.

Using the analyticity of w in a neighborhood of ¥ and the definition of Cy,
we can slightly deform the contour ¥ to some contour ¥4 close to X, on the
left, and have, by Cauchy’s theorem,

1

T fu(2) =5 [ (Clhw ) - () (s.2).

Now (C(fpw_)w_)(z) — 0 as n — oco. Also
[(C(faw)w_)(2)] < const || full L2 |w—|| Lo < const

and thus, by the dominated convergence theorem, || T fn||z — 0 as desired.
Moreover, considering I — eCy, = I — Oy, for 0 < ¢ < 1 we obtain ind(T —
Cy) = ind(I) = 0 from homotopy invariance of the index. O

By the Fredholm alternative, it follows that to show the bounded invertibility
of I-Cy, we only need to show that ker(I—Cy,) = 0. The latter being equivalent
to unique solvability of the corresponding vanishing Riemann—Hilbert problem.

Corollary B.6. Assume Hypothesis [B-1. A unique solution of the Riemann—
Hilbert problem exists if and only if the corresponding vanishing Riemann—
Hilbert problem, where the normalization condition is replaced by m(k) = (O 0)
as k — oo, has at most one solution.

Proof. Suppose (I — Cy,)p = 0 for some p € L2(X). Set m(k) = (Cy)(u)(k)
for k € C\X. Then m(k) solves the Riemann-Hilbert problem where the nor-
malization condition is given by m(k) = (0 0) as k — oco. Hence m. (k) =
m(k) + ym(k) is a solution of the Riemann-Hilbert problem for any 7.

Thus uniqueness of the solution implies that m(k) =0 € C\X.

45



Chapter B. Singular integral equations

The other direction follows immediately, by the fact that a solution of the
vanishing Riemann-Hilbert problem is given by m(k) = 0 and hence our original
Riemann-Hilbert problem has a unique solution. O

We are interested in comparing two Riemann—Hilbert problems associated
with respective jumps wo and w with [|w — wo||« and ||w — wg||, small, where

lwlloo = llwy || Lo sy + [[w-| Lo (x)- (B.22)

and
lwlly = llwsll 2 sy + lw=ll 2 (s (B.23)

For such a situation we have the following result:

Theorem B.7. Fiz a contour ¥ and choose k, v = ~¢, vt depending on some
parameter t € R such that Hypothesis[2-1] holds.
Assume that w' satisfies

lw'lloo < p(t) and [[w']l2 < p(t) (B.24)

for some function p(t) — 0 ast — co. Then (I—Cy)™1 1 L2(X) — L3(X) emists
for sufficiently large t and the solution m(k) of the Riemann—Hilbert problem
differs from the one-soliton solution mf(k) only by O(p(t)), where the
error term depends on the distance of k to X U {£ik}.

Proof. By the boundedness of the Cauchy transform we conclude that

[Cuwtllrz—r2 < const||w'||ls  respectively  ||Cut||lpoe—r2 < const|lw’ (.
(B.25)
Thus by the second resolvent identity, we infer that (I — C,¢)~! exists for large
t and

[T = Clye = O(a(t)).

)_1_HL§—>L§

Next we observe that
pt—mb = (1 — Cyui) 'Cpm € L?
and we can therefore conclude

||7ﬁut - m(t)HLE =||(I- th)_lcuﬁmF)HLE(E)

const]|Cemb| 2 = O(p(1)),

because ||m§|L~ (note also g* = uf = mf). Thus we have ¢ = O(p(t)).
Consequently cf = O(p(t)) and by using the representation for m!(k) from
Lemma we finally obtain m!(k) — m{(k) = O(p(t)) uniformly in k as long
as it stays a positive distance away from ¥ U {£ix}. O
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