TRACE FORMULAS AND INVERSE SPECTRAL THEORY FOR
JACOBI OPERATORS

GERALD TESCHL

ABSTRACT. Based on high energy expansions and Herglotz properties of Green
and Weyl m-functions we develop a self-contained theory of trace formulas for
Jacobi operators. In addition, we consider connections with inverse spectral
theory, in particular uniqueness results. As an application we work out a new
approach to the inverse spectral problem of a class of reflectionless operators
producing explicit formulas for the coefficients in terms of minimal spectral
data. Finally, trace formulas are applied to scattering theory with periodic
backgrounds.

1. INTRODUCTION

Trace formulas have a long history in the theory of one-dimensional second order
equations. One case of particular importance are periodic potentials. Let

(1.1) (HfY(n)=a(n)f(n+1)+a(n—1)f(n—1)+bn)f(n), nez

be our Jacobi operator with a(n + N) = a(n), b(n + N) = b(n) for some N € N.
Then, using Floquet theory (cf., e.g., [7], Appendix B, [30], [32]) one can show that
the spectrum o(H) of H consists of N bands (some of which might collide)

N
(12) O'(H) = U [E2j72,E2j71:|, EQ < E1 S E2 e E2N71.
Jj=1

Next, we consider finite matrices associated with H obtained by restricting H
to finite intervals from ng to ng + N and imposing boundary conditions at the
endpoints. Denote the matrix obtained with Dirichlet boundary conditions (i.e.,
f(no) =0, f(no+N)=0) by f[ﬁi and the one obtained with periodic/anti periodic
boundary conditions (i.e., f(ng) = £f(ng+ N), f(ng+1) = £f(no + N + 1)) by
flfo The eigenvalues of ﬁ;‘o, fI;D are precisely the even, odd band edges Fs;_»,
Es;j_1, 1 < j < N, respectively. The eigenvalues of f[ﬁo are denoted by p;(n),
1<j <N —1. Since tr(H¥) = Z;V;Ol b(n + j) and tr(H®) = Z;V;ll b(n+j) we
infer from b(n) = tr(HX — H®) = tr(H; 4+ H;)/2 — trH2® by elementary linear
algebra
2N—1

1 N—-1
(13) by =5 > By = > miln)

=0
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Similarly, considering tr((H; )¢ + (H;))/2 —tr(H°)¢, £ € N one can obtain higher
order trace relations.

The corresponding formulas for £ =1 (i.e., ) and £ = 2 were first given in
[32]. Formula plays a key role in the inverse spectral theory of periodic oper-
ators and the reconstruction of a,b from suitable spectral data. Those ingredients
form the basis for the solution of the periodic initial value problem of the Toda
equations (cf., e.g., [7], [10], [39]). Moreover, relation was extended to cer-
tain reflectionless operators in [2] and successfully used in [2], [22] to solve inverse
spectral problems for these operators.

To generalize trace formulas to arbitrary operators one invokes the measure dps
of H associated with the vector 6 € ¢2(Z) (cf. Lemma by the spectral theorem.
Choosing, e.g., § = d,, (the standard basis of £?(Z)) we immediately obtain

(1.4) (50, H'S,) = / Ndps, (),
R

connecting the matrix elements (8,,, H°3,,) with the moments of the measure dps, .
In the special case where H has purely discrete spectrum, the integral can be
evaluated,

(1.5) (6n, H'0n) = > v\ n,m)A,

Xeo(H)
where —y(A,n,m) is the residue of G(z,n,m) at z = A € o(H), that is,
u(A, n)u(A, m)

[ZICV] .

where u(\) is the eigenvector corresponding to A € o(H). In particular, for £ = 1
this gives the interesting result that (for H with purely discrete spectrum) b(n) is
equal to the sum over all eigenvalues of H weighted by (A, n, n).

However, generalizations of cannot be obtained in this way. This can be
done by using the exponential measure {dX (cf. Appendix A) associated with dp())
as was discovered by F. Gesztesy and B. Simon in [I7]. There they extended the
analog of for Schrodinger operators to a much larger class of potentials (in
essence, only semiboundedness of the potential is needed) based on the theory of
the Krein spectral shift [29]. In a subsequent series of papers [18], [19], [21], [25],
and [26] they, together with H. Holden and Z. Zhao, exploit the ideas of [I7] and
extend them in various directions. In [I7] they also give a generalization of to
arbitrary bounded Jacobi operators. However, a comprehensive treatment of trace
formulas for Jacobi operators is still missing. Since it is desirable, for further work
in inverse spectral theory, to have these powerful tools at one’s disposal, one goal
of the present paper is to fill this gap.

Furthermore, we want to point out an annoying mismatch in formula . In
order to express b(n) for all n € Z one needs {E;}o<j<an—1, {1t;(n)}1<j<n for all
n € Z. On the other hand, it is well-known that the spectral data {E;}o<j<on—1,
{1j(no) }r1<;j<n plus some additional signs {o;(no) }1<j<n for one fixed ng € Z al-
ready determine a(n)?,b(n) for all n € Z. Hence it must be, in principle, possible
to express a(n)?,b(n) in terms of these spectral data for one ng € Z. This natu-
rally raises the question whether one might be able to find explicit expressions of
a(n)?,b(n) in terms of suitable minimal spectral data for certain classes of opera-
tors. To the best of our knowledge a problem of this kind has not been solved yet.

(16) ’7()‘777'7n) = Ae U(H)a
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Combining the approach of (L.4), the theory of [17], Weyl-Titchmarsh theory, and
the moment problem we will add a new wrinkle to the theory of trace formulas and
give a solution to this problem for a certain class of bounded reflectionless Jacobi
operators in Section 6.

To give the reader an overview of the results established, we briefly summarize
the content of the remaining sections.

Section 2 introduces all the necessary notation and is mainly added to make the
paper self-contained and easier to read.

Section 3 contains a comprehensive treatment of asymptotic expansions for
Weyl m and Green functions. We establish that expansions for these objects al-
ways exist up to arbitrary order. In addition, recursion relations for the expansion
coefficients are derived.

Section 4 contains an alternate (recursive) approach to inverse spectral theory
which gives simple proofs for standard uniqueness theorems. Moreover, new unique-
ness results are established as well.

In Section 5 we derive an infinite series of trace formulas for Jacobi operators
in the spirit of [I7], [25]. The basic ingredients are the asymptotic expansions of
Section 3 and Herglotz properties of these objects. In particular, we extend
to

((i)) arbitrary order £ € N,
((ii)) arbitrary Jacobi operators, and
((iii)) general boundary conditions.

Section 6 applies the results of Section 5 to the theory of reflectionless Jacobi
operators, producing formulas of type plus an explicit expression of the coef-
ficients a2, b in terms of minimal spectral data.

Section 7 considers scattering theory with periodic backgrounds. Basic objects
like transmission and reflection coefficients are introduced. In addition, the analog
of a trace formula for Schrédinger operators involving the reflection coefficient is
obtained.

Finally, an appendix collects some properties of Herglotz functions needed in the
main body of the paper.

2. JACOBI OPERATORS, RESOLVENTS, GREEN’S FUNCTIONS AND ALL THAT

Throughout this paper we denote by ¢(I) = ¢(M,N), I ={n € Z|M < n < N},
M,N € Z U {xoo} the set of complex-valued sequences {u(n)},e; and by ¢P(I),
1 < p < oo the sequences u € £(I) such that |u|P is summable over I. The scalar
product in the Hilbert space £2(I) will be denoted by

(2.1) (u,v) = Z@U(n), u,v € £2(I).
nel

We will be concerned with operators on ¢?(Z) associated with the difference
expression

(2.2) (7f)(n) = a(n)f(n+1) +a(n—1)f(n—1) +b(n)f(n),
where a,b € ¢(Z) satisfy

Hypothesis H.2.1. Suppose
(2.3) a(n) € R\{0}, b(n)eR, neZ
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If 7 is limit point (I.p.) at both oo (cf., e.g., [B], [6]), then 7 gives rise to a
unique self-adjoint operator H when defined maximally. Otherwise, we need to fix
a boundary condition at each endpoint where 7 is limit circle (I.c.) (cf., e.g., [B],
[6]). Throughout this paper we denote by u(z,.), z € C, nontrivial solutions of
Tu = zu which satisfy the boundary condition at oo (if any) with u (2, .) € (3 (Z),
respectively. Here (% (Z) denotes the sequences in ¢(Z) being ¢? near +oo. The
solution w4 (z,.) might not exist for z € R (cf. [37], Lemma A.1), but if it exists it
is unique up to a constant multiple.

Picking a fixed zp € C\R we can characterize H by

H: D(H) — 2z
;oo
where the domain of H is explicitly given by

(2.5) D(H)={f € P(Z)| 7f € (*(Z), limy, 0o Wn(u
limp, oo Wa(u—(20), f) =

(2.4)

+(20), f) =0,
0}
and

(2.6) Walf,9) = a(m) (F()g(n +1) = f(n+ g(n))

denotes the (modified) Wronskian. The boundary condition at +oo imposes no
additional restriction on f if 7 is [.p. at 00 and can hence be omitted in this case.
Next, consider the sequence

(2.7) 550 = cos(a)dp, + sin(a)dn,+1, B = cot(a),a € [0,),

where d,,(n) is 1 for n = ng and 0 otherwise. Restrict H to the orthogonal
complement of 550 in £2(Z) and denote this restriction by Hﬁo, that is,

(2:8) Hy f=rf feDHy,)={f € DH)(y,, f)=0}.
Clearly Hf is self-adjoint on the subspace {f € ¢*(Z)|(d5 , f) = 0} but not on
(*(Z) since D(Hf ) is not dense.
Now we turn to resolvents and introduce the Green’s function
G(z,m,n) = (6, (H —2)"16,)

B 1 us(z,n)u_(z,m) form<n
(2.9) T W (2),ul(z)) { ug(z,m)u_(z,n) forn <m

where z € C\o(H) and o(H) denotes the spectrum of H. For later use we also
introduce the convenient abbreviations

)

ug(z,n)u_(z,n)
W(u—(2),us(2)’
h(z,n) = 2a(n)G(z,n,n+1)—1
a(n)(us(z,n)u—(z,n+1) + uy(z,n)u_(z,n + 1))
W(u—(2),us(2)) '
Similarly, the corresponding object for Hﬁo (viewed as a self-adjoint operator on
{f € ()57, ) = 0}) reads
Ggo (z,m,n) = (0, (Hg0 —2)718,) = G(z,m,n) + % (2,n0) " x

(2.12) (G(z,m, no + 1) + BG(z, m, no)) <G(z,n0 +1,n)+ ﬁG(z,n,no)),

(2.10) g(z,n) = G(z,n,n) =

(2.11) =
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where
Flem) = (u+(z7n +1)+ ﬂu+(z7n)> (u,(z,n +1) + Bu_(z, n))
| W (=), ur (2))
(2.13) = g 1)+ () + Faan).

The quantities g(z,n) and v?(z,n) are most important for our purpose and satisfy
the following recurrence equations which can be verified by tedious but straightfor-
ward calculations. We use the shortcuts (f~)(n) = f(n—1), (f7)(n) = f(n+1),
(fTM)(n) = f(n+ 2), etc..

Lemma 2.2. Let u,v be two solutions of Tu = zu. Then g(n) = u(n)v(n) satisfies

(a™)?g™ —a?g  a’gt —(a)%g"

(2.14) L —OT by - (b,
and
(215) (20" (@ )%g + (- 1%) = (12 (W(wr)? + da%gg" ).

Moreover, set 45 (n) = (u(n + 1) + Bu(n))(v(n + 1) + Bv(n)), then we have

(@ 47200 — (@ 42(0) + B)

(216) = (A BP((CW () + 4 (00,
with
(2.17) A = a+pB(z—-0b")+ 5%,

B = a (z=0")+p(z=b")(z—=b)+aTa™ —d?)
(2.18) + 32at(z —b).

Remark 2.3. FEquations and are the analogs of well-known differ-
ential equations for the diagonal Green function of one-dimensional Schridinger

operators (cf., e.g., [14], [24], equations (5.19) and (5.20)). Equation is the
analog of equation (5.18) in [24].

Finally, we turn to half line restrictions Hy ,, of H defined by

Hi,n[): Q(Himo) — €2(n0,i00)

(2.19) o

)

and
(2.20)
Q(H:I:,no) = {f € 62(710; :tOO)|Tf S 62(7107 :tOO), nEr:Itloo Wn(u:l:(zo)v f) = 0}’

where we set f(ng) = 0 in the definition of (7f)(no = 1). The corresponding Green
functions read

s(z,n,ng)ux(z,m) for m

3

+1

R21)  Garino(2m0m) = g 0y

INIV Ay
3

s(z,m,ng)ux(z,n) forn
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where s(z,.,n9) is the solution of 7u = zu satisfying the Dirichlet boundary condi-
tion s(z,ng,np) = 0. The analogous quantities of g(z,n) are the Weyl m-functions
me(z,n) = (Spt1, (Hip —2) 0ps1) = Gon(z,nE1,n£1)
ug(z,n £ 1)

(2.22) T

which satisfy
1

_0 2m z,n T N
(2.23) aln =) me(zm) + T

=b(n) — z.

Remark 2.4. We can also consider half line operators Himo on £?(ng, £00) as-
soctated with the general boundary condition

(2.24) f(no +1) + Bf(no) =0, B €RU{oo}
at ng rather than only the Dirichlet boundary condition f(ng) =0. We set

(225) Hg,no = H+,n0+1, H—f-,no = HJr,no - a(no)ﬁ71<6n0+1v ‘>5n0+1a ﬁ 75 07
and

(2‘26) Hio,no =H_ p,, Hﬁ =H_ 41— a(n0)6<5n07 '>5no7 B # oo,

—No

implying HP = H? @ Hf’no.

no —no

3. ASYMPTOTIC EXPANSIONS

In the sequel, asymptotic expansions for g(z,n) = G(z,n,n) and 7% (z,n) will
turn out to be very useful. Both quantities are Herglotz functions as can be seen
from
(3.1) g(z,n) = (On,(H —2)715,),

(32) Plam) = (L B (H — )70 -

a(n)

(we note that, by (2.13), h(z,n) is the difference of two Herglotz functions) and the
following lemma which is immediate from the spectral theorem.

Lemma 3.1. Suppose § € (*(Z) with ||§|| = 1. Then

(3.3) 9(z) = (0, (H — 2)719)
is Herglotz, that is,

1
(3.4 o) = [ Tzdest.

where dps(\) = d(0, P(_oo,\](H)0) is the spectral measure of H associated to the
sequence 6. Moreover,

(3.5) Im(g(2)) = Im(2)[|(H — 2)~"4?
and
(36) o2 =) o) < (=97 <

Next, we turn to asymptotic expansions for g(z,n), h(z,n), and ¥?(z, n).
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Theorem 3.2. The quantities g(z,n), h(z,n), and v?(z,n) have the following
asymptotic expansions for arbitrary € > 0

— g;(n)
(37) g(z,n) = - ;j+1 ) go = 17
|z]| =00 j=0
[Tm(2)|>e
_ o hj(n)
(3.8) h(z.n) = ﬂfgzm,hwﬂ
[Im(z)|>e
o B
8 _ _ B _ 5 (n) 8 _ 2
B Aem = s YTE W=l
[Im(z)|>e

Moreover, the coefficients are given by

(310) gj(n) = <5naHj5n>a j€N07
(3.11) hij(n) = 2a(n)(0ns1, H'd,), 7€ N,
¥ () = ((ng1+B6,), HY (Sps1 + Bn))
54

(3.12) = giln+1)+ hj(n) + B%g;(n), j € No.

a(n)
Proof. We only carry out the proof for g(z,n) since the remaining expansions are
similar. Rewriting g(z,n) as

g(z,n) = (5n,(H—z)715n>
N-1 ;
On, HIS, 1 _
(3.13) = - %JFZ—N@,HN(H—Z) '6,), NeN
j=0

shows that it suffices to vindicate that the last term is O(z~*). This follows from

- HY6, | _ [ HN 6,
) NH - 2)715,)| < I nl< n
(3.14) [(0n, HY (H — 2)" " 0,)| < ()| = .

O

Remark 3.3. (i). If H is bounded, the above expansions are in fact Laurent series
converging for |z| > ||H]|.

(ii). Pick €(n) € {—1,4+1} and introduce a.(n) = e(n)a(n) and b.(n) = b(n).
Then the operator H. associated with a.,b. is unitarily equivalent to H. Indeed,
take the unitary operator Us = {€(n) dm ntm.nez, where e(n + 1)é(n) = (n), then
H.=U.HUZ'. In particular, this shows that g(n),h(n) do not depend on the sign
of a, that is, they only depend on a?.

The following lemma ([7], Lemma 2.1) shows how to compute g;, h; recursively.

Lemma 3.4. The coefficients g;(n) and h;(n) for j € Ny satisfy the following
recursion relation

h;+h;
(3.15) Gj+1 ! 5 L+ by,

(3.16) hyjpr —hipy = 2(a29j+ . (a—)Zg;) + b(hj - h;).
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Proof. The first equation follows from
hj(n) + hj(n —1)

(3.17) gi+1(n) = (H6,, H'S,) = 3 +b(n)g;(n).
Similarly,

hsan) = b(n)hs(n) +2a(n)g;(n + 1) + 2a(n — Da(n) (Bur1, HI6,-1)
(3.18) = b(n+ 1)h;(n) + 2a%g;(n) + 2a(n)a(n + 1) (512, H'5,).
Eliminating (6,11, Hd,_1) completes the proof. O

This system does not determine g;(n), hj(n) uniquely since it requires solving
a first-order recurrence relation at each step, producing an unknown summation
constant each time. To determine these constants we assign the weight one to a(n)
and b(n), n € Z. Then g;11(n) and h;(n) have weight j + 1, fixing the summation
constants.

To avoid this drawback we advocate a different approach using . First
observe that h;(n) can be determined if g;(n) is known using

(3.19) hjt1 = bhj + gj12 — 2bgj11 + a’gl — (a7)?g; +b%g;, j € N,

which follows after inserting (3.15)) into (3.16)). In addition, inserting the expansion
(3.7) for g(z,n) into (2.15) and comparing coefficients of 27 one infers

90:17 g1 :b7 92:a2+(a_)2+b27

(3.20) g3 = a(bT +20) + (a™)2(2b +b7) + b2,
and
1333
giy1 = 2bg; — azgj'_1 + (cf)zgj__1 —b%g;_1 — 3 g kj_o_1ke
j—1 j—2 J7—3
(3.21) + 2612(29;‘—15719; - szgj—e&gf +0° Zgj—efsg;),
=0 (=0 =0
for j > 3, where ko(n) = —b(n) and
(3.22) kj=a’g; —(a7)%g;_y +b*gj—1 — 2bgj + gj11, JEN.

Analogously, one can get a recurrence relation for yjﬁ using 1) Since this
approach gets too cumbersome we omit further details at this point but note that

'yf can be computed from lj Invoking 1) one explicitly obtains

(3.23) ho =0, hi=2a% hy=2a*0b" +0b)
and hence

o= 1+8% A) =0t +2a8+ 057,
(3.24) ~8 = (at)?+a®+ N2 +2a(bT + )6+ (a® + (a7)? + %52
Remark 3.5. Instead of and one can also use and

J J
(3.25) hjp1 =20 g9/ — %Z hj—che, j €N,
£=0 =0

together with to determine gj, h;. The above equation follows as before using

@ below.
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Next we turn to Weyl m-functions. As before we obtain

Lemma 3.6. The quantities my(z,n) have the asymptotic expansions

= m j(n)
(3.26) my(z,n) = - Z zj%’ my o(n) = 1.
|z|—o00 j=0

[Tm(z)|>e
The coefficients m4. j(n) are given by
(3.27) me j(n) = (6pt1, (Hen) 0nz1), jEN
and satisfy
mto = 1) my1 = bia

(a*)? i

(3.28) M1 = b my ;4 (a=7)? Y migeaml, jeN.
=0

Remark 3.7. Asin Remark we have that converges for |z| > ||[Hx || if
H. ,, is bounded and m4(z,n) depend only on a°.

4. INVERSE SPECTRAL THEORY

In this section we present a simple recursive method of reconstructing the se-
quences a?,b when the Weyl matrix

e = (Gl ot ) e (1 0)

h(z,n)
( g(z,n) 2a(n) ) ’ 2 € C\o(H)

(41) h(z,n)

2a(n) g(Z,’I’L+ 1)

is known for one fixed n € Z. As a consequence, we are led to several uniqueness
results.
From the previous section we know

(4.2 ozm) = 200k
(4.3) h(zn) = —1—2“22) +O(Zi3).

Here and in the remainder of this paper all O(Z7) terms apply for |z| — oo, |Im(2)| >
€ > 0. Hence

(4.4) bn) = — lim 2(1+ 2g(zn)),
(4.5) a(n)? = f% lim 2%(1 + h(z,n)).
Moreover, we have the useful identities (use (2.10) and (2.11)))
(46) da(n)g(z, m)g(zyn +1) = h(z,n)? — 1

and

(4.7) h(z,n+ 1)+ h(z,n) =2(z —b(n+1))g(z,n + 1),

which show that g(z,n) and h(z,n) together with a(n)? and b(n) can be determined
recursively if, say, g(z,n¢) and h(z,ng) are given.
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In addition, we infer that a(n)?, g(z,n), g(z,n + 1) determine h(z,n) up to one
sign,

(48) h(zm) = (14 da(m)g(zm)g(zn+ 1)

since h(z,n) is holomorphic with respect to z € C\o(H) and h(z,n) = h(Z,n).
However, this sign can be determined from the asymptotic behavior h(z,n) =
-1+ 0(z72).

Hence we have reproved the well-known result that M(z,mng) determines the
sequences a2, b. In fact, we have proved the slightly stronger result:

Theorem 4.1. One of the following set of data

(i) g(.,no) and h(.,ng)

(i) g(.,mo + 1) and h(.,ng)

(ZZZ) g('anO); g('vno + 1)) and a(n0)2

for one fized ng € Z uniquely determines the sequences a® and b.

Remark 4.2. (i) We want to emphasize that the diagonal elements g(z,ng) and
g(z,ng + 1) alone plus a(ng)? are sufficient to reconstruct a(n)?,b(n). This is in
contradistinction to the case of one-dimensional Schrodinger operators, where the
diagonal elements of the Weyl matriz determine the potential only up to reflection.
It is not clear to me whether this different behavior of Jacobi operators has been
previously noted in the literature.

The reader might wonder how the Weyl matriz of the operator Hr associated
with the (at ng) reflected coefficients ag,br (i.e., agr(ng — k — 1) = a(ng + k),
br(ng—k) =b(no+k), k € Z) look like. Since reflection at ng exchanges my (z,ng)
(i.e., mp +(z,n0) = mx(z,n0)) we infer

(4.9) gr(z,n0) = g(2,m0),
(4.10) hr(z,n0) = —h(z,no)+2(z —b(no))g(z,no),
gr(z,no+ 1) Mg(zn +1)+M(h(zn)
= o a(ng — 1)2777° a(ng —1)2 o
(4.11) + (= = b(no))g(z,m0) ).

in obvious notation.

(ii) Remark [3.9(ii) shows that the sign of a(n) cannot be determined from either
g(z,n0), h(z,n9), or g(z,no + 1).

(iii). Clearly, if H isl.c. at £00 the corresponding boundary condition is determined
by M(z,n) as well.

(iv). Equation is equivalent to det M(z,n) = —1/(2a(n))?. The analogous
equation for the Schrodinger case was first used by Rofe-Beketov in connection with
inverse problems (see [31], Section 7.3).

The off diagonal Green function can be recovered as follows

n+k—1 i
(4.12) G(zin,n+k) =g(z,n) [] m’

Jj=n

k>0,

and we remark
a(n)®g(z,n +1) —a(n — 1)%g(z,n — 1) + (2 = b(n))*g(z,n)
(4.13) = (z —b(n))h(z,n).
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A similar procedure works for H,. The asymptotic expansion

n aln 2 n 2
(4.14) m+(z,n):f%fb( ; D _am+l) ;b( U7 L o

shows that a(n + 1)?,b(n + 1) can be recovered from m (z,n). In addition,
shows that m. (z,n0) determines a(n)? b(n),m,(z,n), n > ng. Similarly, (by
reflection) m_(z,ng) determines a(n — 1)2,b(n),m_(z,n — 1), n < ng. Hence
both m4 (z,ng) determine a(n)?,b(n) except for a(ng—1)2, a(ng)?, b(ng). However,
introducing m4 (z,n) = Fus(z,n + 1)/(a(n)us(z,n)) and considering

z—0bn)+aln—1)"2m_(z,n)
a(n)?

(415) ﬁ'L+(Z,7’L) :m+(zan)7 m_(z,n) =
we see that m_(z,ng) determines a(ng —1)2, a(ng)?, b(ng) and m_(z,ng). Summa-
rizing:

Theorem 4.3. The quantities mi(z,n9) uniquely determine a(n)?,b(n) for all
n € Z. Moreover, we have

B —a(n)72 an _ m+(z,n)m_ (Z,’/l)
9(z,n) = my(z,n) +m_(z,n)’ glzn+1) ﬁ:LJr(Z,n) +ﬁ:b,(z,n)
(4.16) hiz,n) = giig I:_Ezg
and conversely
~ _ 1+£h(z,n)  29(z,n+1)
(4.17) M) = e Pglam) — 1 bz

Next we recall the function 4% (z,n) introduced in (2.13)) with asymptotic expan-
sion

B 146> bln+1)+28a(n) + 5b(n) 1

(4.18) 75(2,71) = 7a(n) . P +0(=).

Our goal is to prove

Theorem 4.4. Let 312 € RU {oco} with 31 # B2 be given. Then v7i(.,ng),
j = 1,2 for one fived ng € Z uniquely determines a(n)?,b(n) for all n € Z (set
7 (z,n) = g(2,n)) unless (B1,B2) = (0,00),(c0,0). In the latter case a(ng)? is
needed in addition. More explicitly, we have

VP (z,n) + % (2,n) + 2R(2)

(4.19) gzm) = - ,
B3y (z,n) 4 B39 (2,n) + 26152 R(2)
(4.20) g(z,n+1) = (5= B1)2 )

Bay' (z,m) + P17 (z,n) + (B1 + B2) R(2)

(4.21) h(z,n) = (—2a(n)) (B2 — )2 ’

where R(z) is the branch of

_ 2 1/2
az)  ne = (P et en) =GR o)
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which is holomorphic for z € C\R and has asymptotic behavior as indicated. If one
of the numbers 31 2 equals oo, one has to replace all formulas by their limit using

g(z,n) = lim B298(z,n).
B—o0

Proof. Clearly, if (81,082) # (0,00),(00,0) We can determine a(n from 1
Hence by Theorem it suffices to show - . Sm follows
from and the other two, it remains to estabhsh 20) and (4.21] ThlS will
follow 1f we prove that the system

2 5
20" Tatm)

has a unique solution (¢, h) = (g(z,n+1), h(z,n)) for |z| large enough, |Im(z)| > &,
which is holomorphic with respect to z and satisfies the asymptotic requirements
from above. We first consider the case 3; # 0,00. Changing to new variables
(z1,22), z; = (2a(n)/B;)g" + h, our system reads

s 4 _ Bib2 2a(n)y% (z,n)
. SR T B m

Picking |z| large enough we can assume 7% (z,n) # 0 and the solution set of the
new system is given by the intersection of two parabolas. In particular, has
at most four solutions. Two of them are clearly gt = 0, h = +1. But they do
not have the correct asymptotic behavior and hence are of no interest to us. The
remaining two solutions are given by and with the branch of R(z)
arbitrarily. However, we only get correct asymptotics (g7 = —271 + O(272) resp.
h = —1+0(z~2)) if we fix the branch as in . This shows that g(z,n+1), h(z,n)
can be reconstructed from 7%, j = 1,2 and we are done. The remaining cases can
be treated similarly. O

(4.23) (g%)* +2 S(h?=1)=g"%(z,n), j=1,2

(ry —22), j=1,2.

Corollary 4.5. Suppose H has purely discrete spectrum. Then a(ng), o(H) plus
Bi, U(Hﬁé), j = 1,2 for two values B1 # B2 uniquely determine the coefficients
a(n)?,b(n) (and the boundary condition at oo if any).

Proof. Since H has purely discrete spectrum the same is true for Hﬁo. Hence
73(2,m0) is meromorphic with poles at the eigenvalues of H and zeros at the eigen-
values of Hffo following from (if eigenvalues of H and Hﬁo coincide we have a
double zero in numerator of (2.13]) and a single zero in the denominator). Thus we
know when ~v?(z,ng) changes sign implying that we know the exponential Herglotz
measure of v?(z,ng) (cf. ) The remaining constant ¢ in (A.2) follows from
the asymptotic behavior (see also ) Hence we can reconstruct v (z,ng) from
a(ng), o(H) and 3, o(Hp ) completing the proof. O

Finally, let us turn to half line operators H f =H -Lz,o (cf. Remark . Since the
dependence one a(0) can be removed by scaling 3, we assume without restriction
a(0) = 1 for the remainder of this section. We will now prove the following general-
ization of a result by Fu and Hochstadt [I3] (where the special case 3 = 0, 52 = o0
is proved under somewhat more restrictive conditions).

Theorem 4.6. Suppose the spectrum of Hf_ is purely discrete for one f € RU{o0}
(and hence for all B) and let B;, j = 1,2 be two different values which have opposite
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signs if 0 < |8;| < oo. Then B; plus O'(H_?_j), j = 1,2 uniquely determine the
coefficients a(n)?,b(n) (and the boundary condition at +oo if any).
Proof. Without restriction we suppose f2 # 0 and (31 # co. Then

_ Pa(my(2) + B1) -1 4 B152

(4.25) F(z) = me(2)+ T -ds me() + 5

m4(2)

is a meromorphic Herglotz function since m4 (z) = my(z,0) is. Moreover, since
my(z) = Zigég (where u4 (2, 0) has to be defined as —a(1)uy (z,2)+(z—b(1))u(z,1);
recall our convention a(0) = 1), we infer that the zeros of F(z) are given by the
eigenvalues of H fl and the poles by the eigenvalues of H EQ. Thus we know the
exponential Herglotz measure £(\) of F(z) (cf. (A:2)). The remaining constant
¢ in can be determined from the asymptotic behavior F(z) = 5 — (1 —
B1By )z~ +0(272). Thus F(2) is known and solving F(z) for m, (z) finishes the
proof. O

5. GENERAL TRACE FORMULAS AND £ FUNCTIONS

In this section we will investigate trace formulas for Jacobi operators H. We
will essentially follow the philosophy of [I7], [25] and use the exponential Herglotz
representation rather than . This will produce generalizations of the
formula .

To avoid the Abelian limits of [I7] we will first consider the case where H (and
thus a, b) is bounded. We abbreviate

(5.1) Ey =info(H), E. =supo(H),

and note that G(A\,n,n) > 0 for A < Ey, which follows from (H — A\) > 0 (implying
(H — )~ > 0). Similarly, G(A,n,n) < 0 for A > E,, following from (H — \) < 0.
Our main tool will be the following exponential representation of the Herglotz
function g(z,n) = G(z,n,n) (cf. Theorem [A.2))

(5.2)  g(z,n) = |g(i,n)|exp (/R (% - TAv)g(A, n)dA) . 2 eC\o(H),

where the £ function (A, n) is defined by

1
(5.3) &\ n) = ;hﬁ)largg()\ +1ie,n), arg(.) € (—m, 7.
In addition, £(A,n) (which is only defined a.e.) satisfies 0 < (A, n) <1,
EAmn) . | Ofor z< Ey
(5.4) T d\ = argg(i,n), and £(A\,n) = 1 for » > o

Using (5.4)) together with the asymptotic behavior of ¢(.,n) we infer

Lo /Ew E(X\,n)dX
Eoo—zep o A==z ’

Theorem 5.1. Suppose H is bounded and let £(A\,n) be defined as above. Then we
have the following trace formula

(5.5) 9(z,n) =

Eoc
(5.6) b (n)=E' —¢ NLe(\ n)dA,
Ey
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where
bO(n) = bn),

-1 ‘
(5.7) b(n) = Lgn) = g (P (n), £>1.

j=1
Proof. The claim follows after expanding both sides of

E
B < £(A\,n)dA

(5.8) in (B = 2)g(zm) = | e

and comparing coeflicients using the following connections between the series of
g(z) and In(1 4 g(2)) (cf., e.g., [33]). Let g(z) have the asymptotic expansion

- ge
(5.9) 9(z) = o
(=1
as z — 00. Then we have
(5.10) In(1+ g(z)) = i o
) 9(=) =2 1
(=1
where
-1 j
(5.11) c1 =91, Co=ge— ; 79t=i%) (> 2.

We remark that the special case £ =1 of equation (5.6))

Eo Eo
(512)  b(n) = Ex —/ €00 n)dA = % + %/ (1 — 260\, n))dA
Eo Eo
has first been given in [I7].

Next we turn to unbounded operators. In order to avoid Abelian limits here as
well, we resort to a little trick. This will also show how our investigations tie in
with the theory of Krein [29] and rank one perturbations (see also [I7], Appendix
A, [19], [34]). Consider

(5.13) Hpo=H+60(0n,.)0n, 0>0.
Then, as in [I7], Appendix A, one computes
— — d 69()‘7 n)

14 H-2)" '~ (Hyp—2)7") =-—Mn(1 = [ 257
(6514) tr((H )"~ (Hoo—2)7") = (1 +0g(z,m) /R Lo
where
(5.15)

_ §9(>\,n) - 1. .

1+60g(z,n) = exp ( A ﬁd)\), &o(A\,n) = - 181%1 arg (1 +0g(\ +ie, n))

By Theorem [A.2| (iii) all moments of &(, n)dA are finite and [ £(X, n)d\ = 6.
Taking logarithms in ([5.15)) and expanding yields as before
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Theorem 5.2. Let &y(\,n) be defined as above. Then we have
(5.16) b (n) = (€+1) /R A&o(\, m)dA
with

(5.17) b () =6, b (n) =0(£+ 1)ge(n) +9ZgM WY V), LeN.

Again, in the special case £ = 1 we obtain

(5.18) b(n) = % /R Ao m)dA — g

In addition, we remark that letting the coupling constant 6 tend to oo implies
H, ¢ — HZ in a suitable sense (i.e., norm resolvent sense on {f € (2(Z)|(5,, f) =
0}, cf. [19]). Similarly, H? can be obtained as the limit of the operator H +
0(62,.)08 as 6 — oc.

Clearly, the same procedure can be applied to (cf. Theorem (1), (iii))

(5.19)  47(z,n) =

B
e / SDY e o). e R0},
where

1
(5200 €°(\m) =~ lim arg (vﬁ(A + ifa”)) —8%, 7= { (1) gi% i 8

and 0 < sgn(—a(n)B3) £%(\,n) < 1. This yields as before

Theorem 5.3. Let £%(\,n) be defined as above. Then we have

B0 (1Y — B[ yes
(5.21) b (n)—(€+1)a(n)/R>\§ (An)d\, LeN
where
PO = 1482,
4
(522) ¥ On) = (L+1) Z n)b>U-Y(n), ¢eN.

Again specializing for £ = 0 in (5.21]) we obtain

__ 1 B\ n
(5.23) a(n) = 6+ﬁ_1/R§ (A, m)dA

Finally, we want to find out when &% (X, ng), j = 1,2, for one fixed ng determines
a(n),b(n), n € Z. Since £°(.,ng), B € R and a(ng) determines v°(z,nq) by (5.19)

we conclude from Theorem |_4_._4|

Corollary 5.4. Let 15 € RU {oo} be given. Then (3,65 (.,ng)), j = 1,2, and
a(ng) for one fized ng € Z uniquely determines a(n)?,b(n) for all n € Z.
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6. REFLECTIONLESS OPERATORS

Reflectionless operators have attracted a considerable amount of interest recently
in connection with inverse spectral theory [2], [22], [35], [36] and completely inte-
grable lattices [7], [32]. In this section we show that the trace formulas of the
previous section become particularly transparent in this case.

We will assume that H is a bounded self-adjoint Jacobi operator. Hence its
spectrum can be written as the complement of a countable union of disjoint open
intervals, that is,

(6.1) om=r\ |J
JE€JoU{oc}
where J C N, Jy = JU {0},
po = (=00, Ep), poc = (Ess,0),
(6.2) Ey < Esj_1 < Ey; < Es, pj=(E2j_1,Eq), jE,
—00 < By < Ex <00, pjNp,=0forj#k.

In addition, we will require that H is reflectionless, that is, for all n € Z,
1
(6.3) &M\ n) = 5 for a.e. A\ € 0ess(H).

By [22], Lemma 3.3 the requirement (6.3) is equivalent to one of the following
(i). For some ng € Z, nq € Z\{ng,no + 1},

1
EAng) =&\ no+1)=¢&(A\ny) = 3 for a.e A € go55(H).
(ii). For some ng € Z,

my(A+10,n9) = m_(A+10,n9) for a.e. A € ges5(H),

where m_ (A + 10, ng) abbreviates lim. o m_ (A + ie, ng).
The last equation implies

(6.4) upr(A+1i0,n) = u_(A+10,n) for a.e. A € ges5(H)

for uy(z,n) = ¢(z,n,n0) +a(ng)m (2, n0)s(z, n,ng), where ¢, s are the solutions of
Tu = zu corresponding to the initial conditions ¢(z, ng,ng) = s(z,np + 1,n9) = 1,
s(z,n0,n0) = c(z,n0+ 1,n9) = 0.

The name reflectionless will become clear in the next section. There the above
conditions will turn out to be equivalent to the vanishing of the reflection coeffi-
cients Ry (z) (cf. (7.16)). For instance periodic operators, operators with purely
discrete spectrum, and stationary solutions of the Toda hierarchy are special cases
of reflectionless operators.

Next we turn to Dirichlet eigenvalues associated with 7 corresponding to a Dirich-
let boundary condition at n € Z. Associated with each spectral gap p; we set

(6.5) pj(n) = sup{Ea;j_1} U{\ € pjlg(A\,n) <0} € pj, j€J
The numbers p1j(n) are called Dirichlet eigenvalues of H since we have
(6.6) o(Hy") = 0ess(H) U{p;(n)}je

However, we want to point out that p;(n) is not necessarily an eigenvalue of H7°
unless (1 (n) & ess(H).
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The strict monotonicity of g(A, n) with respect to A € p;, that is,

d

(6.7) ag

(A\n) = (0, (H—=X)" ZG)\nm >0, Xepj,
meZ

then yields

g(An) <0, A€ (Eyj-1,p(n)),

g(Aan) >07 A€ (:uj(n)aEQj);

Thus we conclude {(A\,n) = 1, A € (Ea;1, 15(n)) and (A, n) = 0, X € (u15(n), Eaj),

j € J. Using this information to evaluate the exponential Herglotz representation

of g(z,n) then implies ([22], Lemma 1.1)

(6.8) jeJ

z — pj(n)
g(z n) VZ— Eo\/ 13] \/Z Egj,l\/z - EQJ"

where the square root branch used is defined as v/z = |/z|exp(iarg(z)/2), —7 <
z < m. In addition, denoting by xq(.) the characteristic function of the set Q C R,
one can represent £(A, n) by

1
T3 > (X<E2171,oo>(A) + X(B2y.00)(N) = ?Xmg-(n),oo)(k))
jeJ

(6.9)

1 1
= §X(E07Eoo)(>‘) + 5 Z (X(E2j—17p‘j(n))(>\) - X(,uj(n),EQj)()‘)>
jeJ
(6.10) + X(EBo,00)(A)  forae. A eR.

Evaluation of (5.6) shows

1
(6.11) b0 (n) = 5 (Bf + B + Y (BSy + BS; — 2;(0)"))
jeJ
and in the special case £ =1
1
(6.12) b(n) = 5 (Bo + Eoo + Y (Baj1 + Bz — 2p15(n) )
jeJ
The formulas for ¢ = 1,2 were first given in [2], Theorem 5.2.
Next, we want to address the problem of expressing a(n)? as a function of E;

and p;(n). This endeavor turns out to be impossible unless we introduce additional
data. This will be done first by defining

(6.13) {13 ()} e = ()} jes Uop(HY), JCN

and Ey = Ey, Fo = E,

(6.14) Ey; 1 =sup{E € o(H)|E < ji;(n)}, Esy; =inf{E € o(H)|j1;(n) < E}.
A few remarks are in order:

Remark 6.1. (i). We note that fi; = pi implies Egj 1= FEor_1, Egj = By, and
EQJ 1 < EQJ implies fij(n) = pr(n) for some k € J. Indeed, if Egj 1 < Egj we
infer iy ;o0 \e(Bay 1, Bay) g(A,n) =0 and hence fi;(n) = pr(n) for some k € J
by monotonicity of g(.,n) in spectral gaps. In other words, computz'ng all previous
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formulas with p;(n), E; replaced by fi;(n), E; leaves them unchanged since the new
factors drop out.

(ii). Our notation concerning E; is imprecise since the list of numbers [E’]ge]”
might, in general, depend on n. Suppose for instance, that ﬂ]( n) is also an eigen-
value of H such that Ezj_l = [ij(n) = E2j. Then the pair Ezj 1,E2j shows up
in the list corresponding to n but not in the one corresponding to n + 1 since the
eigenfunction for fi;(n) cannot vanish at two consecutive points.

Moreover, following [22], we introduce the numbers

(6.15) Rj(n) = hﬁ)llfg(ﬂ]( n) +ig,n)"* >0,
g

and

(6.16) &i(n) = { limA(fij(n) +ie,n) if Rj(n) >0

€l0 B

The actual value of &;(n) if R;(n) = 0 is immaterial and is chosen in accordance

with [22]. The above limits exist if ji; € o(HZ®) (i.e., if R;(n) > 0) and &;(n) is

either +1 (depending on whether fi; is an eigenvalue of Hy ,,) or in (—1,+1) (if fi;

is an eigenvalue of both Hy ,, and hence also of H). For more details see [22].
The numbers R;(n) can be evaluated using

= Vi(n) = Eo/ij(n) = Eooy/tj(n) — Baj—1y/f;(n) — Eay

617)  Ri(n) =
) J 11 _ fij(n)—pk(n) )
keJ\{5} Vitj(n)—Bak—14/fi;(n)— B2k

If i; = p, = Eoi, = Eg;_1 for some k (resp. fi; = ux = Fag—1 = E2;) the vanishing
factors fi; — px in the denominator and fi; — Eo; (resp. fi; —Es;_1) in the numerator
have to be omitted. In particular, we want to point out that Rj (n) depend on E
only.

In addition, we require that the singularly continuous spectrum of H° is empty
(the absolutely continuous spectrum being taken care of by the reflectionless condi-
tion). Then it is shown in [22] that the spectral data E;, j € JU{0, 0o} plus p;(no),
jeJplusgj(ng),j€ J for one fixed ny € Z are minimal and uniquely determine
a(n)?,b(n). (To be precise, the class of operators considered here is slightly larger
than the one in [22], however, the same proof applies.) Moreover, necessary and
sufficient conditions for given spectral data to be the spectral data of some Jacobi
operator were derived. Here we want to focus on the reconstruction of a(n)?, b(n)
from given spectral data as above and present an explicit expression of a(n)?, b(n)
in terms of the spectral data.

Our point of departure will be the formulas (use (4.15) and ( -

1

a(n)’m(z,m) £ a(n —1)’m-(z,n) = :inbm)—{ )

g(z,n)
Ci’
(6.18) = _Z Zf+1 ;
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where the coefficients ¢4 j(n) are to be determined. Arguing similarly as for (L.4)
one obtains

(6.19) cre(n) = /R)\E (a(n)de+7n()\) ta(n— 1)2dp_7n(>\)), ¢ € Ny,

where dpy () are the spectral measures of Hy ,, associated with the vector d,41.
The evaluation of this integral will now be done for the minus sign. Due to
the reflectionless condition, the integral over the (absolutely) continuous spectrum
is zero (there is no singularly continuous part by assumption) and it remains to
evaluate the pure point part. To do this it suffices to know the jumps of the
measure which are given by the residues of the corresponding Herglotz function.
Evaluating the residues (using plus the notation from above) shows

(6.20) c_y(n) = Zéj(n)]:lj(n)ﬂj(n)z, ¢ € Np.
jeJ
Clearly it suffices to sum over all fi;(n) € o,(H:°) since for all other terms we have

Rj (n) =0.
Next we turn to the coeflicients ¢4 ¢(n). They can be determined from (cf. (5.5))

1 = b (n)
21 = — _
(6:21) g(z,n) zexp( ; 0zt )’
which implies
C+7,2(TL) = ]-7

1o :
(6.22) Cro—2(n) = ZZC+’Z*j*2(n)bm(n)’ ¢eN.

j=1

Thus cy ¢(n) are expressed in terms of Ej, u;(n). Here ¢y _2(n) and ¢4 _1(n) have
been introduced for notational convenience only.
In particular, combining the case £ = 0 with our previous results we obtain

_ 0(n) —b(n) j(n) 5
(6.23) an—9)? = . £y 5 (n).

jeJ
Similarly, for £ =1,
1 2003 (n) — 3b(n)b (n) + b(n)?

(6.24) £ 3 I By mys ).
jeJ
However, these formulas are only the tip of the iceberg. Combining
(6.25) cte(n) = a(n)*my(n) £al(n —1)>m_ 4(n)
with some basic facts from the moment problem we obtain our main result:

Theorem 6.2. Let H be a given bounded reflectionless Jacobi operator. Suppose the
singularly continuous spectrum of HS° is empty and the spectral data corresponding
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to H (as above) are given for one fized n € Z. Then the sequences a?,b can be
expressed explicitly in terms of the spectral data as follows

Ci,n(k + 1)Ci)n(k’ -1)

032
(6.26) a(ntk—7) Conh)? )
Dy (k) Din(k—1)
6.27 b(n+ k V) . keN,
(6.27) ( ) Cin(k) Cin(k—1)
where Cy ,(0) =1, D1 ,(0) =0,
mio(n)  mia(n) - mip_1(n)
mi,l(n) mi,z(”) mtk(n)
(6.28) Ci (k) = det . . _ . :
my p—1(n) mxp(n) -+ miop_2(n)
(6.29)
mxo(n)  mxa(n) - megp_a(n)  msg(n)
mii(n)  mxo(n) - migp_1(n)  mepp1(n)
Di)n(k’) = det . . . . . ’
M4 p—1(n) mar(n) - mior—3(n) msp—1(n)
and mx ¢(n) = cre(Eeei() - The guantities a(n)?, a(n—1)2, and c+ ¢(n) have to

2a(n—7)
be expressed in terms of the spectral data using (6.25), (6.29), (6.20) and (6.11).

Proof. Tt remains to show the expressions and for a(n) and b(n) in
terms of the moments My ¢(ng), £ € N. Both can be found in [I] (first equation on
page 5). However, the equation for b(n) here differs from the one in [I] since we
have performed the integration (see [38], Section 2.5 for details). O

In the special case of periodic Jacobi operators, the formula ((6.23)) was first given
in [7]. In addition, we get a discrete version of Borg’s theorem.

Corollary 6.3. Let H be a reflectionless Jacobi operator with spectrum consisting
of only one band, that is o(H) = [Eo, Ex]. Then the sequences a(n)?,b(n) are
necessarily constant

Ey — Ep)? Ey+ Es
(6.30) a(n)? = Foe — B T 0 yny = Dot B Z :
The special case where H is periodic seems due to [12] (Proposition 2 on p. 451).

The formula for b(n) also follows directly from (5.12)).

Remark 6.4. (i). If J is finite, that is, H has only finitely many spectral gaps,
then {fij(n)};c ;7 = {n;(n)}jes and we can forget about the additional p’s.

(ii). The reader might wonder whether a similar procedure for one-dimensional
Schrddinger operators H = —% + V(z) is possible. This is in fact the case but
under more restrictive conditions on V(x). Without going into technical details
we remark that in the continuous case the asymptotic expansions of the Weyl m-
functions contain the information of all derivatives of V' at the base point. Hence
if V' is assumed real analytic (e.g., finite gap) it can be expressed in terms of its
derivatives using Taylor’s formula.

(iii). Concerning general Jacobi operators we note that Theorem indicates that

a(ng)?, ’yfj (no), j = 1,2, £ € N is solvable for a(n)?,b(n) as well.
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Finally, we turn to general eigenvalues associated with H. Associated with each
spectral gap p; we set

(6.31) N (n) = sup{Ey 1} U{X € pj]7P(\n) <0} €75, je

The strict monotonicity of v#(\,n) with respect to A € p;,7 € Jo U {oc}, that
is,

(6.32) BN n) = (1+ B35, (H—N)7208), Xepj,

57
then yields

v (A, n) <0, A€ (Ezj—la)\f(”))»

(633) 'yﬂ(A,n) > 0, A€ (/\Jﬁ‘(n)vEQj)’

jed

Since v#(\, n) is positive (resp. negative) for a(n)3 > 0 (resp. a(n)B < 0) as A — oo
(resp. A — —o0), there must be an additional zero A2, for A > E, (resp. A < Ejp).
Summarizing, £%(\,n) is given by

1 1
FOm) = Furra M) +5 (X200 D) = X201, V)
JjE
(6.34) + X(Eom)\go)()\)’ a(n)8 >0
and
3 1 1
&7 (A\n) = _§X(E07Eoo)(/\) + ) Z (X(EQJA,)\J@(”))(/\) - X(Ajf?(n)ﬂzj)()‘))
JjeJ
(6.35) - X(/\&EO)(/\), a(n)p < 0.
Thus we have for 5 # 0, co,
z— M (n) 2=\ (n)

(636)  7°(zm) = ,
\/Z—EQ\/Z—EOO jeJ \/ZfEQj_l\/ZfEQj

and we remark that the numbers )\f (n) are related to the spectrum of HP as follows
(6‘37) U(Hg) = UESS(H) U {)‘?(n)}jeJU{oo}-

Again we point out that /\? (n) is not necessarily an eigenvalue of H? unless )\? (n) &
Oess (H) .
Evaluation of (|5.6)) shows

-0
O (E6H + B =228 ()
(6.38) + Y (B + B - 2)\5(71)“1))
JjeJ

and in the special case £ = 0,

1

(EO + By —2X2 (n) + Z(Ezjq + Ej — 2)\5(”)))-
jed
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7. SCATTERING THEORY

One important class of Jacobi operators are periodic ones. In this section we
want to consider scattering theory with periodic background operators and apply
the results of Section 5. Even though this problem arises naturally if one considers
an infinite harmonic crystal (with N atoms in the base cell) with impurities, not
too many articles are available on this problem (cf., e.g., [I5], [28]). The case with
constant background (i.e., only one atom in the base cell) is treated, for instance in
[9], [27]. For a comprehensive treatment in the case of Schrédinger operators with
fairly arbitrary backgrounds we refer the reader to [23] and the references therein.

We first recall some basic facts from the theory of periodic operators (cf., e.g.,
[7, Appendix B, [30], [32]). Let H, be a Jacobi operator associated with periodic
sequences a, # 0, b,, that is,

(7.1) ap(n + N) = ap(n), bp(n + N) = by(n),

for some fixed N € N. The spectrum of H,, is purely absolutely continuous and
consists of a finite number of gaps, that is,

N

(7.2) o(H) = J[Bp2j-2,Ep2j1], Epo << Epan-1
j=1

Moreover, Floquet theory implies the existence of solutions u, +(z,.) of T,u = zu,
z € C (7, the difference expression corresponding to H)) satisfying

(7.3) Up+(z,n+ N) = mi(z)upvi(z, n)
and hence

(74) ’LLsz(Z, n) = pi<za n) eXp(iiQ(Z)n)v pi(zv n) = pi(zv n+ N)a

where m*(z) = exp(+ig(z)N) € C are called Floquet multipliers and ¢(z) is
called Floquet momentum (mi( ) is not related to the Weyl m-function m4 (z,n)).
m*(2) satisfy mT(2)m™(2) = 1, m*(z)? = 1 for z € {Ep;}; N mE(2)] = 1
for z € o(Hp), and |m™(2)| < 1 for z € C\o(Hp). (This says in partlcular that
Up + (2, .) are bounded for z € a( ») and linearly independent for z € C\{E; }2N 1)
Requiring m*()\) = lim. o m* (A + ig), A € o(H,) determines m*(z) uniquely.

We are going to investigate scattering theory for the pair (H, H,), where H is a
Jacobi operator satisfying

(7.5) Z [n(a(n) — ap(n))| < oo, Z | (b( (n))] < oo.

neEZ ne”Z

By [37], Theorem 5.1 the requirement ([7.5]) implies that the essential spectrum of H
is equal to o(H,) and purely absolutely continuous. Moreover, the point spectrum
of H is finite and confined to the spectral gaps of Hy, that is, o,(H) C R\o(Hp).
As in the proof of [37], Theorem 5.1 one can use the sum equation
0 no1 0
ap(n — 1) ap(n — )
(7.6)  ug(z,n)= piolup’i(z,n) F Z LS 4

a(n— 9) 2 a(n =) K(z,n,m)uy(z,m),
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where
(= ()M s () — () (= )y () ()
K(zn,m) Wy (tp (2t 1 (2))
_ sp(An,m 1) alm) — a(m sp(A,m,m) o) — b (m
= 2D afm) = aplm) + LT ) — b, ()
(7.7) W(am 1)~ ap(m — 1))

ap(m
(Wp(.,..) denotes the Wronskian formed with a, rather than a) to show the existence
of solutions u (z,.) of Tu = zu satisfying

(7.8) im exp(FIm(g(2))n)us(2,1) = up+(2,0)] =0, 2 €C.

Since we are most of the time interested in the case z € o(H,) we shall normalize
Up +(A,0) =1 for A € o(Hp). In what follows we will freely use the notation and
results found in [7], Appendix B. In particular, note that we have u;, 1 () = up +(N),
where the bar denotes complex conjugation. Since one computes
(1.9) W (), 02 00) = Wylotp (V) 5 () = 52,

$p(A,N)
(sp(A, n) is the solution of 7,u = zu corresponding to the initial condition s(X,0) =
0, sp(A, 1) = 1) we conclude that ug (), us () are linearly independent for A in the
interior of o(H,) (if two bands collide at E, numerator and denominator of
both approach zero when A — E and have a nonzero limit). Hence we might set

A€ o(Hp)

(7.10) utr(A n) = a(Nug(A,n) + B (Nuz(A,n), A€ o(Hy),
where

aly = Wz, ur(V) sp(A, N) w (\). 4
(7.11)  a(N) W) V) 21811Q(q(A)N)W( ~(A);ug(A)),
(112) fu(s) = @)y N g ) o)

W (us(N), ux (V) 2isin(g(A\)N)
The function a(A) can be defined for all A € C\{E, ;}. Note that we have

(7.13) @[ = 1+ B (V]2 and Bx(N) = —f= (M.
Using one can also show
(7.14)
W (- (N), 1 (A) = Wy (tp,— (N)y tp, 4 (V) + Y ue (A n) (T = )y, () (1)
ne”Z
and
(7.15) W (uz(A), ux (V) = F Y ue(An) (7 = 7)up, £ (A)) ().
neZ

We now define the scattering matrix

(7.16) SO = ( T ) A€ o(H)

of the pair (H, Hp), where T(\) = a(A\)~! and Ri()\) = a(AN)71BL()). The ma-
trix S()) is easily seen to be unitary since by (7.13) |T(A)[* + |[R+(A)|* = 1 and
TR (V) = ~TOVR_ ().
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The quantities T'(\) and R4 (\) are called transmission and reflection coefficients
respectively. The following equation further explains this notation:

T(N)up + (A, n), n — +oo
(7.17) T(Mux(\,n) = A€ o(Hp).
up + (A, n) + Re(Nup (A, n), n— Foo

Clearly (6.4) implies R4 (A) = 0, explaining the term reflectionless in the previous
section. The quantities T'(\) and Ry (X) can be expressed in terms of my (z) =
m4(z,0) as follows

ux(A,0) 2ilm(m+ (A +10))
ux(A,0) m_(X+10) + my (A +10)’

uz(\0) i (A +10) + s (A + 10)
—Uﬂ:()\70) mT(A+iO)+m+()\+iO)’ A € o(Hp).

(7.18) T(\) =

(7.19)  Ri(\)

In addition, one verifies

OO = Gy T

SP()‘v N)
2isin(g(A)N)
ux(A,n)

ui(/\, 77,)

u— (A, n)us (A, n)

(7.20) - mWi(A,n)F(HRi(A) ) € o(H,).

Construct the list (Ej)?]:w(;rl by taking all E, ; plus two copies of each eigenvalue
of H. We can assume Ey < Fy < Ey < -+- < FEop < Fopryp1 and equality holds
if and only if Fy; = E;41 is an eigenvalue of H. Define the Dirichlet eigenvalues

pj(n) associated with each spectral gap (Fajy1, F2j42) as in (6.5). Then we infer

M

1 1
EAn) = SxEEo N TG (X(Eml,w(n))(/\) - X(w(n%Ezj)()‘))
j=1
1 ug (A, n)
(721) X)) + 18 (14 ReO) = o) ()
since we have
1 1 A
(7.22) &(A\,n)=-+ —arg (1+Ri(A)M), X € o(H,p).
2 ™ u:l:()‘v n)
Hence we obtain from ({5.6)
1 2M+1 M—1
W) = 5 > B Y )

7=0 Jj=1

L A
(7.23) 4= / A arg (1 + Ri(A)M)dm

™ Jo(H,) ux (A, n)
and in the special case £ =1

1 2M+1 M—1
b(n) = 5 E; - wi(n)
7=0 j=1

(7.24) + % arg (1 + Ri(A)ZiEi\’Z;)d)\.
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The analog of (|7.24) in the case of Schrodinger operators with constant background
and no eigenvalues was first derived in [IT]. The general case for Schrodinger oper-
ators can be found in [21I]. For further trace formulas in the constant background

case, in particular in connection with the Toda lattice, we refer the reader to [§],
[16].

Remark 7.1. If Ry(\) = 0 then H can be obtained from H, by inserting the
corresponding number of eigenvalues using the double commutation method provided
in [20] since this transformation is easily seen to preserve the reflectionless property.
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APPENDIX A. HERGLOTZ FUNCTIONS

The results stated in this section can be found in [4] (see also [3]).
Weset C+ = {z € C| £Im(z) > 0}. A function F : C; — C; is called a Herglotz
function (sometimes also Pick or Nevanlinna—Pick function), if F' is analytic in C.

For convenience one usually defines F on C_ by F(Z) = F(z).
Herglotz functions can be characterized by

Theorem A.1. F is a Herglotz function if and only if

(5 - 7o) del¥), 2 €y,

where a = Re(F(i)) € R, b >0, and p is a measure on R which satisfies [,(1 +
A?)~ldp(N) < o0.

(A1) F(z)za-i—bz—l-/

Let In(z) be defined such that In(z) = In|z| +iarg(z), —7 < arg(z) < w. Then
In(z) is holomorphic and Im(In(z)) > 0 for z € C;. Hence In(z) is a Herglotz
function.

The sum of two Herglotz functions is again a Herglotz function, similarly the com-
position of two Herglotz functions is Herglotz. In particular, if F(z) is a Herglotz

1

function, the same holds for In (F(z)) and —F(z)- Thus, using the representation

1) for In (F (z))7 we get another representation for F(z).

Theorem A.2. (i). F is a Herglotz function if and only if it has the representation
1 A
(AQ) F(Z)ZGXP{C+A(E*W> f()\)d)\}, Z€C+,

where ¢ = In|F(i)| € R, ¢ € LY(R, (14 A2)71d)\) real-valued and & is not identically
zero. Moreover,

(A.3) E 1 Eiﬂ)llm(ln (F(A+ ia))) = % 161%1 arg (F(\ + ig))

™

for a.e. A€ R, and 0 < E(X) <1 for a.e. A € R. Here —w < arg(F(A+1i¢)) <=
according to the definition of In(z).
(ii). Fixn € N and set £ (A) =&(N), E-(A) =1—¢&(N\). Then

(A.4) /]R IA"EL (NN < 00
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if and only if

(A.5)

Adp(A
/ A" dp(A) < oo and lim +F(z) = j:a:F/ 2dp(%) > 0.
R z—ioco R 1+ )2

(iii). We have

(A.6)

F(z)=+1 +/ C;\L()\) with /dp(A) < oo
R

R —Z

if and only if

(A7)

F(2) = +exp ( + /Rgi(m%) with &4 € L'(R)

(¢€+ from above). In this case

(A.8)

(1
2]

(3]

(4]

(5]
[6]
[7]
(8]
(9]
(10]
(11]

(12]

(13]

(14]

(15]
(16]

(17]
(18]

(19]

[ = [ exovin
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