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Almost Everything You Always Wanted to
Know About the Toda Equation

Gerald Teschl, Wien

Abstract
The present article reviews methods from spectral theory and alge-
braic geometry for finding explicit solutions of the Toda equation, namely
for the N-soliton solution and quasi-periodic solutions. Along they way
basic concepts like Lax pairs, associated hierarchies, and Backlund trans-
formations for the Toda equation are introduced.

Preface

This article is supposed to give an introduction to some aspects of com-
pletely integrable nonlinear wave equations and soliton mathematics using one
example, the Toda equation. Moreover, the aim is not to give a complete
overview, even for this single equation. Rather I will focus on only two methods
(reflecting my personal bias) and I will try to give an outline on how explicit
solutions can be obtained. More details and many more references can be found
in the monographs by Gesztesy and Holden [19], myself [39], and Toda [40].

The contents constitutes an extended version of my talk given at the
joint annual meeting of the Osterreichische Mathematische Gesellschaft and the
Deutsche Mathematiker-Vereinigung in September 2001, Vienna, Austria.

1 The Toda equation

In 1955 Enrico Fermi, John Pasta, and Stanislaw Ulam carried out a
seemingly innocent computer experiment at Los Alamos, [15]. They considered
a simple model for a nonlinear one-dimensional crystal describing the motion of
a chain of particles with nearest neighbor interaction.
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The Hamiltonian of such a system is given by

oo =3 (AL v+ 10 - an0)).
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where ¢(n,t) is the displacement of the n-th particle from its equilibrium posi-
tion, p(n,t) is its momentum (mass m = 1), and V(r) is the interaction poten-
tial.

Restricting the attention to finitely many particles (e.g., by imposing pe-
riodic boundary conditions) and to the harmonic interaction V(r) = g, the
equations of motion form a linear system of differential equations with constant
coefficients. The solution is then given by a superposition of the associated
normal modes. It was general belief at that time that a generic nonlinear per-
turbation would yield to thermalization. That is, for any initial condition the
energy should eventually be equally distributed over all normal modes. The aim
of the experiment was to investigate the rate of approach to the equipartition
of energy. However, much to everybody’s surprise, the experiment indicated,
instead of the expected thermalization, a quasi-periodic motion of the system!
Many attempts were made to explain this result but it was not until ten years
later that Martin Kruskal and Norman Zabusky, [47], revealed the connections
with solitons.

This had a big impact on soliton mathematics and led to an explosive
growth in the last decades. In particular, it led to the search for a potential
V(r) for which the above system has soliton solutions. By considering addition
formulas for elliptic functions, Morikazu Toda came up with the choice

(2) V(iry=e "+r—1.

The corresponding system is now known as the Toda equation, [41].

Figure 1: Toda potential V(r)

This model is of course only valid as long as the relative displacement is not too large (i.e.,
at least smaller than the distance of the particles in the equilibrium position). For small displace-

ments it is approximately equal to a harmonic interaction.



The equation of motion in this case reads explicitly

_ _OH(p.9)
= e_(Q(n7 t) —q(n—1,1)) _ e_(Q(n +1,t) — q(n,t))’
(3> %q(n7 t) = 887;55’3)) = p(n, t)'

The important property of the Toda equation is the existence of so called
soliton solutions, that is, pulslike waves which spread in time without changing
their size and shape. This is a surprising phenomenon, since for a generic linear
equation one would expect spreading of waves (dispersion) and for a generic
nonlinear force one would expect that solutions only exist for a finite time
(breaking of waves). Obviously our particular force is such that both phenomena
cancel each other giving rise to a stable wave existing for all time!

In fact, in the simplest case of one soliton you can easily verify that this
solution is given by

1+ yexp(—2kn + 2sinh(k)t)

(4) QI(nv t) =¢o—1In 1+ ,Yexp(_Q/g(n — 1) + 2sinh(/€)t) ’

K,y > 0.

Figure 2: One soliton

It describes a single bump traveling through the crystal with speed + sinh(x)/x
and width proportional to 1/k. In other words, the smaller the soliton the faster
it propagates. It results in a total displacement 2k of the crystal.

Such solitary waves were first observed by the naval architect John Scott
Russel [34], who followed the bow wave of a barge which moved along a channel
maintaining its speed and size (see the review article by Palais [33] for further
information).

Existence of soliton solutions is usually connected to complete integra-
bility of the system, and this is also true for the Toda equation.

The motivation as a simple model in solid state physics presented here is of course not the
only application of the Toda equation. In fact, the Toda equation and related equations are used
to model Langmuir oscillations in plasma physics, to investigate conducting polymers, in quantum
cohomology, etc.. Some general books dealing with the Toda lattice are the monographs by Toda
[40], [41], by Eilenberger [13], by Faddeev and Takhtajan [14] and by Teschl [39]. Another good
source on soliton mathematics is the recent review article by Palais [33]. Finally, it should also be
mentioned that the Toda equation can be viewed as a discrete version of the Korteweg-de Vries

equation (see [40] or [33] for informal treatments).



2 Complete integrability and Lax pairs

To see that the Toda equation is indeed integrable we introduce Flaschka’s
variables

(6)  alnt)= je (@1 LO —alm0)/2

and obtain the form most convenient for us
a(t) = a(t) (b (1) — b(1)).

6)  b(t) = 2<a(t)2 - a‘(t)Q).

Here we have used the abbreviation

(M fF)=fn£1).

To show complete integrability it suffices to find a so-called Lax pair,
that is, two operators H(t), Py(t) in £2(Z) such that the Lax equation

®  Lrm=prwE0) - HOPE

is equivalent to @ One can easily convince oneself that the right choice is

b(n, 1) = ~5p(n, )

H(t) = at)ST +a (t)S™ +b(t),
9)  P(t) = a(t)ST —a ()8,
where (S*f)(n) = f*(n) = f(n £ 1) are the shift operators. Now the Lax

equation implies that the operators H(¢) for different ¢ € R are unitarily
equivalent:

Theorem 1. Let Py(t) be a family of bounded skew-adjoint operators,
such that t — Py(t) is differentiable. Then there exists a family of unitary
propagators Us(t, s) for Pa(t), that is,

(10)  LUs(t5) = PB(a(trs),  Vals,) =1

Moreover, the Lax equation @ mmplies
(1) H(t) = Ua(t, ) H(s)Ua(t, 5) "

If the Lax equation holds for H(t) it automatically also holds for
H(t)7. Taking traces shows that

(12) te(H(t)Y — H}), jeN,



are conserved quantities, where Hy is the operator corresponding to the constant
solution ag(n,t) = %, bo(n,t) = 0 (it is needed to make the trace converge). For
example,

tr(H(t) - HO) = Z b(n,t) = —% Zp(n,t) and

neZ neZ
(13)  tr(H(t)? - H]) = %b(n,t)z + 2(a(n, t)? — i) = %H(p, q)

correspond to conservation of the total momentum and the total energy, respec-
tively.

The Lax pair approach was first advocated by Lax [29] in connection with the Korteweg-de
Vries equation. The results presented here are due to Flaschka [16], [17]. More informations on the

trace formulas and conserved quantities can be found in Gesztesy and Holden [I8] and Teschl [37].

3 Types of solutions

The reformulation of the Toda equation as a Lax pair is the key to
methods for solving the Toda equation based on spectral and inverse spectral
theory for the Jacobi operator H (tridiagonal infinite matrix). But before we
go into further details let me first show what kind of solutions one can obtain
by these methods.

The first type of solution is the general N-soliton solution

det(1+ Cn(n,t))
det(1+ Cpy(n —1,t))’

(14)  gn(n,t) =qo—1n

where

(15) Cn (n’ t) _ (1 \/j/(i’)/jJr )e—(m—&-fﬁj)n—(ai sinh(k;)+0; sinh(nj))t)
—e Ki Iij

1<ij<N
with k;,7, > 0 and o; € {£1}. The case N = 1 coincides with the one

soliton solution from the first section. Two examples with N = 2 are depicted
below. These solutions can be obtained by either factorizing the underlying

Figure 3: Two solitons, one overtaking the other

Jacobi operator according to H = AA* and then commuting the factors or,
alternatively, by the inverse scattering transform.



Figure 4: Two solitons traveling in different directions

The second class of solutions are (quasi-)periodic solutions which can be
found using techniques from Riemann surfaces (respectively algebraic curves).
Each such solution is associated with a hyperelliptic curve of the type

2g+1
(16) w®= [[(z—E;), E;€R,

§=0
where Ej, 0 < j < 2g + 1, are the band edges of the spectrum of H (which is
independent of ¢ and hence determined by the initial conditions). One obtains

0(zp — 2n4,, (004) — 2ic(g))

(17)  q(n,t) = qo — 2(tb + nIn(2a)) — In e = 0 ;1)Ap0(0<>+) i)’

where z5 € R9, § : RY — R is the Riemann theta function associated with
the hyperelliptic curve , and a,b € R, A, (004),c(g) € RY are constants
depending only on the curve (i.e., on E;, 0 < j < 2¢g+1). If ¢(n,0), p(n,0) are
(quasi-) periodic with average 0, then a = %, b=0.

Figure 5: A periodic solution associated with w? = (22 —2)(2%2 — 1)

How these solutions can be obtained will be outlined in the following
sections. These methods can also be used to combine both types of solutions
and put N solitons on top of a given periodic solution.

4 The Toda hierarchy

The Lax approach allows for a straightforward generalization of the Toda
equation by replacing P, with more general operators Py, o of order 2r+2. This
yields the Toda hierarchy

d

(18)  ZH(®) = Poa(H(®) — Ht)Parsat) & TLi(a,b) =0,



To determine the admissible operators Py,;o (i.e., those for which the commu-
tator with H is of order 2) one restricts them to the algebraic kernel of H — 2

(19)  (Peryalker(m—2) = 2aGr(2)ST — H,41(2),

where

(20) Gr(z) = Zgr—j'zj) Hr-l-l (Z) =zt + Z hr—jzj — Gr+1-
j=0 j=0

Inserting this into shows after a long and tricky calculation that the coef-
ficients are given by the diagonal and off-diagonal matrix elements of H7,

(21)  gi(n) = (60, H78,),  hj(n) = 2a(n){dui1, H5,).

Here (.,..) denotes the scalar product in ¢?(Z) and §,(m) = 1 for m = n
respectively d,(m) = 0 for m # n is the canonical basis. The r-th Toda equation
is then explicitly given by

alt) = a(t) (g7 (1) — g,1(0)),
(22)  b(t) = hraa(t) = by (0).

The coefficients g;(n) and h;(n) can be computed recursively.

The Toda hierarchy was first considered by Ueno and Takasaki [44], [45]. The recursive
approach for the standard Lax formalism, [29] was first advocated by Al’ber [2]. Here I followed
Bulla, Gesztesy, Holden, and Teschl [8].

5 The Kac-van Moerbeke hierarchy

Consider the super-symmetric Dirac operator

(23) D(t)z(A?t) A%)* )

and choose

(24)  A@) = po(O)S* +pelt), AW = p (S + pelt),
where

(25) Pe (TL, t) = p(2n’ t)v po(n7 t) = p(2n +1, t)

are the “even” and “odd” parts of some bounded sequence p(t). Then D(t) is
associated with two Jacobi operators

(26)  Hai(t) = A(t)"A(t),  Ha(t) = A(t)A(?)",



whose coefficients read

a1(t) = pe(t)po(t), bi(t) = pe (t)Q + P, (t)Q»
(27)  az(t) = pd (t)po (1), ba(t) = pe(t)® + po(t)*.
The corresponding Lax equation
(28) D) = Qarsa(t)D(E) ~ D)@ s2(0),

where

(29)  Qar42(t) = ( P172752(t) Pz,z:-Q(t) ) 7

gives rise to evolution equations for p(t) which are known as the Kac-van
Moerbeke hierarchy, KM, (p) = 0. The first one (the Kac-van Moerbeke
equation) explicitly reads

(30)  KMo(p) = p(t) — p(t) (0" (1) = p~ ()?) = 0.

Moreover, from the way we introduced the Kac-van Moerbeke hierarchy, it is
not surprising that there is a close connection with the Toda hierarchy. To
reveal this connection all one has to do is to insert

(1) D)= ( Hlo(t) Hf(t) )

into the Lax equation

d
(32) 2 D()° = Qar2() D(1)* = D()*Qar2(),
which shows that the Lax equation for D(t) implies the Lax equation
for both H; and Hs. This observation gives a Backlund transformation
between the Kac-van Moerbeke and the Toda hierarchies:

Theorem 2. For any given solution p(t) of KM,(p) = 0 we obtain, via
, two solutions (a;(t),b;(t))j=1,2 of TL,(a,b) = 0.

This is the analog of the Miura transformation between the modified and
the original Korteweg-de Vries hierarchies.

The Kac-van Moerbeke equation has been first introduced by Kac and van Moerbeke in
[23]. The Backlund transformation connecting the Toda and the Kac-van Moerbeke equations has

first been considered by Toda and Wadati in [43].



6 Commutation methods

Clearly, it is natural to ask whether this transformation can be inverted.
In other words, can we factor a given Jacobi operator H as A*A and then
compute the corresponding solution of the Kac-van Moerbeke hierarchy plus
the second solution of the Toda hierarchy?

This can in fact be done. All one needs is a positive solution of the
system

(33) H(t)u(n,t) =0, %u(n, t) = Porga(t)u(n,t)

and then one has

—a(t)u(t)
olt) = — ’
pol(t) D)
—a(t)ut(t)
34 e(t) =
(34)  pe(t) (d)
In particular, starting with the trivial solution ag(n,t) = —1, by(n,t) = 0 and

proceeding inductively one ends up with the N-soliton solutions.

The method of factorizing H and then commuting the factors is known
as Darboux transformation and is of independent interest since it has the
property of inserting a single eigenvalue into the spectrum of H.

Commutation methods for Jacobi operators in connection with the Toda and Kac-van
Moerbeke equation were first considered by Gesztesy, Holden, Simon, and Zhao [22]. For further
generalizations, see Gesztesy and Teschl [20] and Teschl [38]. A second way to obtain the N-soliton

solution is via the inverse scattering transform, which was first worked out by Flaschka in [17].

7 Stationary solutions

In the remaining sections I would like to show how two at first sight
unrelated fields of mathematics, spectral theory and algebraic geometry, can be
combined to find (quasi-)periodic solutions of the Toda equations.

To reveal this connection, we first look at stationary solutions of the
Toda hierarchy or, equivalently, at commuting operators

(35)  PopyoH — HPsy0 =0.
In this case a short calculation gives
(36)  (Parelker(sr—2))* = Hr1(2)? — 46G(2) G (2) =t Rary2(2),

where Ra,42(2) can be shown to be independent of n. That is, it is of the form

2r+1

(37)  Rarg2(2) = [[ - E))

Jj=0



for some constant numbers F; € R. In particular, this implies

2r+1
(38)  (Parg2)’ = [ (H - E))
j=0
and the polynomial w? = Hj:gl(z — E;) is known as the Burchnall-Chaundy
polynomial of P49 and H. In particular, the connection between the sta-
tionary Toda hierarchy and the hyperelliptic curve

2r+1

(39) K ={(z,w) € C?lw*= H (z—E;)}

J=0

is apparent. But how can it be used to solve the Toda equation? This will be
shown next. We will for simplicity assume that our curve is nonsingular, that
is, that E; < Ej44 for all j.

The fact that two commuting differential or difference operators satisfy a polynomial re-
lation, was first shown by Burchnall and Chaundy [9], [I0]. The approach to stationary solutions

presented here follows again Bulla, Gesztesy, Holden, and Teschl [g].

8 Jacobi operators associated with stationary solutions

Next some spectral properties of the Jacobi operators associated with
stationary solutions are needed. First of all, one can show that

gz m) = ]f/((”)) — {50y (H = 2)76,),
2r+2\%
H,i1(z,n) _
(40)  h(z,n) = L0 — (5,00, (H — 2)716,).
R,

This is not too surprising, since g; and h; are by just the expansion coeffi-
cients in the Neumann series of the resolvent.

But once we know the diagonal of the resolvent we can easily read off the
spectrum of H. The open branch cuts of R;fm(z) form an essential support of
the absolutely continuous spectrum and the branch points support the singular
spectrum. Since at each branch point we have a square root singularity, there
can be no eigenvalues and since the singular continuous spectrum cannot be
supported on finitely many points, the spectrum is purely absolutely continuous
and consists of a finite number of bands.

pi(n)

p2 (1)
Eq Eq E, E3 Es Es
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The points 1;(n) are the zeros of G, (z,n),

T

41)  Gr(zn) = [z = u(n)),

j=1

and can be interpreted as the eigenvalues of the operator H, obtained from
H by imposing an additional Dirichlet boundary condition u(n) = 0 at n.
Since H,, decomposes into a direct sum H_ , ® H, , we can also associate a
sign o;j(n) with p;(n), indicating whether it is an eigenvalue of H_ ,, or Hy .

Theorem 3. The band edges {E;}o<j<or+1 together with the Dirichlet
data {(1;(n), o;(n))}i<j<r for one n uniquely determine H. Moreover, it is
even possible to write down explicit formulas for a(n + k) and b(n + k) for all
k € Z as functions of these data. FEzplicitly one has

b(n) = b (n)

a(n — 2)2 _ w ; 21?{12)5%7/&?5(5];2()31))
bin+1) = "o i o (25<3> (n) — 3b(71)2b<2> (n) + b(n)?
T%W@@wwww)
= 2Ty (15 (n) = ()
(42)
where

2r+1 r

(13) W)= > B =)
j=0 j=1

These formulas already indicate that f;(n) = (u;(n),0;(n)) should be

considered as a point on the Riemann surface K of R%ﬁ_Q(z), where ¢;(n) indi-
cates on which sheet p;(n) lies.

The result for periodic operators is due to van Moerbeke [30], the general case was given by
Gesztesy, Krishna, and Teschl [2I]. Trace formulas for Sturm-Liouville and also for Jacobi operators
have a long history. The formulas for b, £ =1,2, were already given in [30] for the periodic case.
The formulas presented here and in particular the fact that the coefficients a and b can be explicitly
written down in terms of minimal spectral data are due to Teschl [36]. Most proofs use results on
orthogonal polynomials and the moment problem. One of the classical references is [I, for a recent

review article see Simon [35].
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9 Algebro-geometric solutions of the Toda equations

The idea now is to choose a stationary solution of TL,(a,b) = 0 as the
initial condition for TLs(a,b) and to consider the time evolution in our new
coordinates {E; }o<j<or+1 and {(p;(n),0;(n)) }1<j<r. From unitary equivalence
of the family of operators H(t) we know that the band edges E; do not depend
on t. Moreover, the time evolution of the Dirichlet data follows from the Lax
equation

d

(44) S (H() - 2) 71 = [Pasya(t), (H() — 2) 7).

Inserting and yields

o (n, )Ry 5 (1 (n., 1))
Tz, (i (nt) — 5 (n, 1))

where G(z) has to be expressed in terms of y; using . Again, this equa-
tion should be viewed as a differential equation on K rather than R. A closer
investigation shows that each Dirichlet eigenvalue p;(n,t) rotates in its spectral

gap.

(15) 1) = ~2G 1y, 1), m 1)

At first sight it looks like we have not gained too much since this flow
is still highly nonlinear, but it can be straightened out using Abel’s map from
algebraic geometry. So let us review some basic facts first.

Our hyperelliptic curve K is in particular a compact Riemann surface
of genus r and hence it has a basis of r holomorphic differentials which are
explicitly given by

r

2k=1d~
46) G = ci(k) =

1/2
k=1 R2£+2(Z)

(At first sight these differentials seem to have poles at each band edge, but near
such a band edge we need to use a chart z — E; = w? and dz = 2wdw shows
that each zero in the denominator cancels with a zero in the numerator). Given
a homology basis a;, b; for K they are usually normalized such that

(47) / Ck =6k and one sets / Ck =: Tjk-
a; b

J J

Now the Jacobi variety associated with K is the r-dimensional torus C'mod L,
where L = Z" + 7Z" and the Abel map is given by

P
(48) @mh/gmﬂ, p.po € K.
Po

12



Theorem 4. The Abel map straightens out the dynamical system f1;(0,0) —
fij(n,t) both with respect to n and t

(49) Z Apo (ﬂj (Tl, t)) = Z Apo (ﬂj (07 O)) - QnApo (OO+) - tha

where U, can be computed explicitly in terms of the band edges Ej.
Sketch of proof. Consider the function (compare (19))

H,.1(p,n,t) + Ry2 2a(n, t)Gr(p,n + 1,1
(50) o(p,n, 1) = Lt Rorialp) __2a(n, )G (p 7 ) pek
2a(n’t)GT'(p’n’t) HT+1(pan>t) R2r+2( )

whose zeros are fi;(n + 1,t), co_ and whose poles are [i;(n,t), coy. Abel’s
theorem implies

(B1) Ay (cor) + DA, ((n,t) = A, (00-) + > A, (A (n+1,1)),
Jj=1 j=1

which settles the first claim. To show the second claim we compute

d T A T . T /jfk 1
a ZApO (/uj) = Z 122 ZQ(]{J) _ 1?2
j=1 j=1 k=1 0 Rop i o(15)

(52) :722 —) pht

Hz;ﬁj (g — o)™’

The key idea is now to rewrite this as an integral

Sh—1
(53) /G dz,

where I' is a closed path encircling all points ;. By this is equal to
the above expression by the residue theorem. Moreover, since the integrand is
rational we can also compute this integral by evaluating the residue at oo, which
is given by

Gs(z)  Gs(2) 1 2T 14+ 0(27%))

G 9 R0 R0
(54) = -2 Z C(e)db 7+€( )_ U

{=max{1l,r—s}

since the coefficients of G coincide with the first s coefficients in the Neumann
series of g(z) by . Here d;(E) are just the coefficients in the asymptotic

expansion of 1/R§Tiz(z). O

13



Since the poles and zeros of the function ¢(z), which appeared in the
proof of the last theorem, as well as their image under the Abel map are known,
a function having the same zeros and poles can be written down using Riemann
theta functions (Jacobi’s inversion problem and Riemann’s vanishing
theorem). The Riemann—Roch theorem implies that both functions co-
incide. Finally, the function ¢(z) has also a spectral interpretation as Weyl
m-function, and thus explicit formulas for the coefficients a and b can be ob-
tained from the asymptotic expansion for |z| — oco. This produces the formula
in equation (I7).

The first results on algebro-geometric solutions of the Toda equation were given by Date
and Tanaka [11]. Further important contributions were made by Krichever, [24] — [28], van Moerbeke
and Mumford [31], [32]. The presentation here follows Bulla, Gesztesy, Holden, and Teschl [§]
respectively Teschl [39]. Another possible approach is to directly use the spectral function of H and
to consider its ¢ dependence, see Berezanskil and coworkers [3]—[7]. For some recent developments
based on Lie theoretic methods and loop groups I again recommend the review by Palais [33] as

starting point.
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