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ABSTRACT. We discuss the algebro-geometric initial value problem for the
Toda hierarchy with complex-valued initial data and prove unique solvabil-
ity globally in time for a set of initial (Dirichlet divisor) data of full mea-
sure. To this effect we develop a new algorithm for constructing stationary
complex-valued algebro-geometric solutions of the Toda hierarchy, which is of
independent interest as it solves the inverse algebro-geometric spectral prob-
lem for generally non-self-adjoint Jacobi operators, starting from a suitably
chosen set of initial divisors of full measure. Combined with an appropriate
first-order system of differential equations with respect to time (a substitute
for the well-known Dubrovin equations), this yields the construction of global
algebro-geometric solutions of the time-dependent Toda hierarchy.

The inherent non-self-adjointness of the underlying Lax (i.e., Jacobi) oper-
ator associated with complex-valued coefficients for the Toda hierarchy poses
a variety of difficulties that, to the best of our knowledge, are successfully
overcome here for the first time. Our approach is not confined to the Toda
hierarchy but applies generally to 1+ 1-dimensional completely integrable (dis-
crete and continuous) soliton equations.

1. INTRODUCTION

The principal aim of this paper is an explicit construction of unique global so-
lutions of the algebro-geometric initial value problem for the Toda hierarchy with
complex-valued initial data. More precisely, we intend to describe a solution of the
following problem: Given p € Ny, assume a9, b9 to be complex-valued solutions
of the pth stationary Toda system s-T1,(a,b) = 0 associated with a prescribed hy-
perelliptic curve K, of genus p (with nonsingular affine part) and let » € Ny; we
want to construct unique global solutions a = a(t,),b = b(t,) of the rth Toda flow
Tl (a,b) = 0 with a(to,) = a(o),b(tOJ) = b for some to,r € R. Thus, we seek a
unique global solution of the initial value problem

Tl,(a,b) =0,
(@b)], , = (a(o)’b(o))’ (1.1)
s-T1, (a@,@) =0 (1.2)
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for some ty , € R, p,r € Ng, where a = a(n, t,),b = b(n,t,) satisfy
a:ZxR—C\{0}, b:ZxR—C,
a(-,t),b(-,t) €CZ teR, a(n,-),bn,-)eCR), necZ

In the special case of a self-adjoint Lax (i.e., Jacobi) operator L, where a and
b are real-valued and bounded, the actual solution of this algebro-geometric initial
value problem consists of the following two-step procedure discussed in detail in [6]
(see also [14] Sect. 1.3], [32] Sect. 83])E|

(i) An algorithm that constructs finite nonspecial divisors D,y € Sym”(KCp)

(1.3)

in real position for all n € Z starting from an initial Dirichlet divisor Dj,,) €
Sym”(/Cp) in an appropriate real position (i.e., with Dirichlet eigenvalues in appro-
priate spectral gaps of L). “Trace formulas” of the type and then
construct the stationary real-valued solutions a(®), b of s-T1,(a,b) = 0.

(#4) The first-order Dubrovin-type system of differential equations , aug-
mented by the initial divisor Dy (n,40.,.) = Da(no) together with the analogous “trace
formulas” , then yield unique global real-valued solutions a = a(t,),b =
b(t,) of the rth Toda flow Tl,.(a,b) = 0 satisfying a(to,) = a9, b(to,.) = b0).

This approach works perfectly in the special self-adjoint case where the Dirichlet
divisors fi(n,t,.) = (f1(n,t.),..., 4p(n,t.)) € SymP(K,), (n,t,) € Z x R, yield
Dirichlet eigenvalues pi;(n,t,),... ,Up(n,t,) of the Lax operator L situated in p
different spectral gaps of L on the real axis. In particular, for fixed (n,t,) € Z X R,
the Dirichlet eigenvalues p;(n,t.), j =1,...,p, are pairwise distinct and formulas
for a and for (d/dt,)p;(n,t.), j=1,...,p, are well-defined.

This situation drastically changes if complex-valued initial data a(®,b(®) or
Dj(no,to,,) arve permitted. In this case the Dirichlet eigenvalues p;(n,t.), j =
1,...,p, are no longer confined to well separated spectral gaps of L on the real axis
and, in particular, they are in general no longer pairwise distinct and “collisions”
between them can occur at certain values of (n,t,.) € Z x R. Thus, the stationary
algorithm in step (i) as well as the Dubrovin-type first-order system of differential
equations in step (#¢) above, breaks down at such values of (n,t,.). A priori,
one has no control over such collisions, especially, it is not possible to identify ini-
tial conditions D (ng4,,) at some (no,to,) € Z x R which avoid collisions for all
(n,t,) € ZxR. We solve this problem head on by explicitly permitting collisions in
the stationary as well as time-dependent context from the outset. In the stationary
context, we properly modify the algorithm described above in step (7) in the self-
adjoint case by alluding to a more general interpolation formalism (cf. Appendix
for polynomials, going beyond the usual Lagrange interpolation formulas. In the
time-dependent context we replace the first-order system of Dubrovin-type equa-
tions 7 augmented with the initial divisor Dj(p,.4,,), by a different first-order
system of differential equations with initial conditions which focuses
on symmetric functions of ui(n,t,),..., up(n,t,) rather than individual Dirichlet
eigenvalues p;(n,t.), 7 = 1,...,p. In this manner it will be shown that collisions
of Dirichlet eigenvalues no longer pose a problem.

In addition, there is a second nontrivial complication in the non-self-adjoint
case: Since the Dirichlet eigenvalues pj(n,t,), j = 1,...,p, are no longer confined
to spectral gaps of L on the real axis as (n,t,) vary in Z X R, it can no longer

Lwe freely use the notation of divisors of degree p as introduced in Appendix
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be guaranteed that p;(n,t,), j = 1,...,p, stay finite for all (n,¢,) € Z x R. As
discussed in Section [4]in the stationary case, this phenomenon is related to certain
deformations of the algebraic curve /C, under which for some ng € Z, a(ng) — 0
and p;(ng + 1) — oo for some j € {1,...,p}. We solve this particular problem
in the stationary as well as time-dependent case by properly restricting the initial
Dirichlet divisors D (ng.¢,.,) € Sym”(K,) to a dense set of full measure.

Summing up, we offer a new algorithm to solve the inverse algebro-geometric
spectral problem for generally non-self-adjoint Jacobi operators, starting from a
properly chosen dense set of initial divisors of full measure. Combined with an
appropriate first-order system of differential equations with respect to time (a sub-
stitute for the well-known Dubrovin equations), this yields the construction of global
algebro-geometric solutions of the time-dependent Toda hierarchy.

We emphasize that the approach described in this paper is not limited to the
Toda hierarchy but applies universally to constructing algebro-geometric solutions
of 1+1-dimensional integrable soliton equations. In particular, it applies to differential-
difference (i.e., lattice) systems and we are now in the process of applying it to the
Ablowitz—Ladik hierarchy. Moreover, the principal idea of replacing Dubrovin-type
equations by a first-order system of the type is also relevant in the context of
general non-self-adjoint Lax operators for the continuous models in 1+1-dimensions.
(In particular, the models studied in detail in [I3] can be revisited from this point
of view.) We also note that while the periodic case with complex-valued a,b is of
course included in our analysis, we throughout consider the more general algebro-
geometric case (in which a,b need not even be quasi-periodic).

Finally we briefly describe the content of each section. Section [2]presents a quick
summary of the basics of the Toda hierarchy, its recursive construction, Lax pairs,
and zero-curvature equations. The stationary algebro-geometric Toda hierarchy so-
lutions, the underlying hyperelliptic curve, trace formulas, etc., are the subject of
Section [3] A new algorithm solving the algebro-geometric inverse spectral problem
for generally non-self-adjoint Jacobi operators is presented in Section[d] In Section]
we briefly summarize the properties of algebro-geometric time-dependent solutions
of the Toda hierarchy and formulate the algebro-geometric initial value problem.
Uniqueness and existence of global solutions of the algebro-geometric initial value
problem as well as their explicit construction are then presented in our final and
principal Section [6} Appendix [A] reviews the basics of hyperelliptic Riemann sur-
faces of the Toda-type and sets the stage of much of the notation used in this
paper. Various interpolation formulas of fundamental importance to our station-
ary inverse spectral algorithm developed in Section 4] are summarized in Appendix
Finally, Appendix [C] summarizes asymptotic spectral parameter expansions of
various quantities fundamental to the polynomial recursion formalism presented in
Section 2] These appendices support our intention to make this paper reasonably
self-contained.

2. THE ToDA HIERARCHY IN A NUTSHELL

In this section we briefly review the recursive construction of the Toda hierarchy
and associated Lax pairs and zero-curvature equations following [6], [I4, Sect. 1.2],
and [32, Ch. 12].

Throughout this section we make the following assumption:
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Hypothesis 2.1. Suppose
a,b € C% and a(n) #0 for all n € Z. (2.1)

Here C7 denotes the set of complex-valued sequences indexed by J C Z.
We consider the second-order Jacobi difference expression

L=aSt+a" S~ +b, (2.2)
where S* denote the shift operators
(SEf)(n) = f£(n) = f(n£l), neZ, feC~ (2.3)

To construct the stationary Toda hierarchy we need a second difference expres-
sion of order 2p + 2, p € Ny, defined recursively in the following. We take the
quickest route to the construction of P12, and hence to the Toda hierarchy, by
starting from the recursion relations f below.

Define {f¢}oen, and {g¢}een, recursively by

fo=1, go=—c1, (2.4)
2fev1+9e+9g, —2bfe =0, £€Ny,
gerr = gooa +2(a*f —(a7)?f7) —blge —9;) =0, £€N. (2.6)
Explicitly, one finds
Jfo=1,
fi=b+ecy,
fo=a?>+ (a7)? +b*+c1b+ o, etc., (2.7
go = —c1,
g1 =—2a% — ¢,

go = —2a%(b" +b) + ¢1(—2a%) — ¢3, etc.

Here {c¢ }ren denote undetermined summation constants which naturally arise when
solving ([2.4])—(2.6]).

Subsequently, it will also be useful to work with the corresponding homogeneous
coefficients fj and g;, defined by vanishing of the constants ¢y, k € N,

f0:17 fzsz|ck:07k:1,...,f’ EEN,

. . (2.8)
90=0, gue= gdck:o,k:l,“.,uv ¢ € No.
Hence,
¢ ¢
fo= Z Co—kfr, ge= ZC/J—ka —coy1, £ €Ny, (2.9)
k=0 k=1
introducing
co = 1. (2.10)

Next we define difference expressions Psp 5 of order 2p + 2 by

p
Pypio = —LPT + Z (9@ + 2afés+)ﬂp_Z + fpr1, p€Np. (2.11)
=0
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Introducing the corresponding homogeneous difference expressions ﬁ2p+2 defined
by

Poin = P2£+2’Ck=0,k=17_“7g, ¢ € Ny, (212)
one finds
p
Popia = Z Cp—ePopra. (2.13)
=0

Using the recursion relations (2.4)-(2.6), the commutator of P40 and L can be
explicitly computed and one obtains

[P2p+27L] = - a(g;_ +gp + f;ﬁrl + prrl - 2b+f;_)s+
+2(=blgp + for1) +a’f = (@) fy +V7f,)
_a_(gp+g;+fp+1+f;+1_2bfp)s_a pEN0~ (2-14)

In particular, (L, Pyp42) represents the celebrated Laz pair of the Toda hierarchy.
Varying p € Ny, the stationary Toda hierarchy is then defined in terms of the
vanishing of the commutator of Py yo and L in (2.14)), that is,

[Papt2, L] = s-Tly(a,b) =0, p € No. (2.15)
Thus one finds
Ip + 9y + for1 + i1 —20fp =0, (2.16)
—b(gp + fp1) + @’ S = (a7)*fg + 67 f, = 0. (2.17)
Using with 7 = p one concludes that reduces to
To+1 = fpt1s (2.18)

that is, fp4+1 is a lattice constant. Similarly, one infers by subtracting b times
from twice and using with j = p, that g,41 is a lattice constant as well,
that is,

9p+1 = gp_+1~ (2.19)
Equations and give rise to the stationary Toda hierarchy, which is
introduced as follows

+
s-Tl,(a,b) = Jo1 f’frl =0, peN. (2.20)
P Ip+1 = Gpt1

Explicitly,

s-Tly(a,b) = (2((ab_+);_b a2)> =0,

_ (@)= (a7 )P+ (07)? -7
sTh(a,b) = <2<a—)2(b $b) - 2a2(b* + b)>

+c ( br b ) 0, etc
1 — =Y )
2((a )2 — a2)

represent the first few equations of the stationary Toda hierarchy. By definition,
the set of solutions of (2.20)), with p ranging in Ny and ¢, € C, ¢ € N, represents
the class of algebro-geometric Toda solutions.

In the following we will frequently assume that a,b satisfy the pth stationary
Toda system. By this we mean it satisfies one of the pth stationary Toda equations

(2.21)
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after a particular choice of summation constants ¢, € C, £ = 1,...,p, p € N, has
been made.

In accordance with our notation introduced in and , the corresponding
homogeneous stationary Toda equations are defined by

s—'/l“\lp(a7 b) = s-Tly(a,b)| =0, peNp. (2.22)

cy=0,¢=1,....p
Next, we introduce polynomials F}, and G,41 of degree p and p+ 1, with respect
to the spectral parameter z € C by

p p
Fplz) =Y foe?' =Y cpiFi(2), (2.23)
=0 =0
p p+1 N
Gp+1(2) = —2Ptl 4 ng—ﬁze + fpt1 = Z%H—EGE(Z) (2.24)
£=0 =1

with F\g and é[ denoting the corresponding homogeneous polynomials defined by

ﬁo(z) = FO(Z) = 1)

¢
FZ(Z) = FE(Z)|Ck:07 k=1,...,0 = Z f—kzka le N07 (225)

Ge1(2) = Genn (@), o oer. o= =2+ D G0 wz + fip1, LeN. (2.26)

k=0
Explicitly, one obtains
FO = 17
F1 =z + b + C1,
Fy=224+bz+a>+ (a7)? +b* +ci(2 +b) +co, etc., (2.27)
G1=—-z+0b,

Go=—-2>+(a")? —a®> + b +ci1(—2+b), et

Next, we study the restriction of the difference expression Ps,i2 to the two-
dimensional kernel (i.e., the formal null space in an algebraic sense as opposed to
the functional analytic one) of (L — z). More precisely, let

ker(L — z) = {¢: Z - CU{oo} | (L — 2)¢b = 0}. (2.28)
Then implies
Payi2 ker(r—2)= (2aFp(2)ST + Gp1(2)) [ ieu - (2.29)
Therefore, the Lax relation becomes
2z —bNES =2z -b)F,+ G}, -G, =0, (2.30)
2a°F; —2(a”)?F, + (2= b)(Gp1 — Gpyy) = 0. (2.31)

Additional manipulations yield
2z =b)F, + Gpy1 + G,y =0, (2.32)
(2= b)*F, + (2 = b)Gpy1 + a°F,F — (a7)*F, =0. (2.33)
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Indeed, adding Gp+1 — Gpi1 to the left-hand side of (neglecting a trivial
summation constant) yields (2.32) and inserting (2.30) into (2.31)) then implies
. Varying p € Ny, equations (2.32)), (2.33]) provide an alternative description
of the stationary Toda hierarchy.

Combining equations (2.31]) and ([2.32)) one concludes that the quantity

Rapsa(2) = Gpi1(2,m)? — da(n)? Fy(z,n) F (z,n) (2.34)
is a lattice constant, and hence depends on z only. Thus, one can write
2p+1
Ropi2(2) = [[ (= Em), {Em}2i cC. (2.35)
m=0

One can decouple (2.32) and (2.33) to obtain separate equations for F,, and Gp41.
For instance, computing G,41 from (2.33) and inserting the result into (2.32)) yields
the following linear difference equation for Fj,

(z=b)*(z=b")F,— (z—b7)*(z=b)F, + ((a™)*F, —a’F)(z—b")

+ ((@™")F,~ = (a7)’F,)(z—b) = 0. (2.36)
Similarly, insertion of (2.33) into (2.34) permits one to eliminate G,41 and results
in the following nonlinear difference equation for F,

(z = b)*F) = 2a*(z = b)*F,F,f —2(a™)*(z — b)*F,F, +a*(F,)?

+ (a*)‘l(Fp*)2 - 2a2(a*)2Fp+Fp* =(z— b)2R2p+2(z). (2.37)

On the other hand, computing F), in terms of Gp41 and G;H using (2.32) and
inserting the result into (2.33)) yields the following linear difference equation for
Gp+1
a®(z = b7 )Gy + Gpra) — (7)) (2 = 07) Gy + Go)
+(z=b7)(z—b)(z = b") (G, — Gpi1) =0. (2.38)
Finally, inserting the result for F}, into (2.34)) yields the following nonlinear differ-
ence equation for Gp41
(z = 0)(z — b+)G§+1 - ‘12(G;+1 + Gp1)(Gp1 + G;+1)
=(2=b)(z = b")Rapya. (2.39)
Equations (2.37) and (2.39) can be used to derive nonlinear recursion relations for
the homogeneous coefficients f; and g, (i.e., the ones satisfying (2.8) in the case of
vanishing summation constants) as proved in Theorem in Appendix This
has interesting applications to the asymptotic expansion of the Green’s function of

L with respect to the spectral parameter. In addition, as proven in Theorem [C.1]
(2.37) leads to an explicit determination of the summation constants c,..., ¢, in

s-Tl,(a,b) =0, p € Ny, (2.40)

in terms of the zeros Ey,..., Ea,q1 of the associated polynomial R, in (2.35).
In fact, one can prove (cf. Theorem |C.1|) that

Ck :Ck(E)a k= 1)"'apa (241)
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where
k ) )
(2j0)! -+ - (22p+1)! j jopt1
ck(E) = — . . . . IR A
\B) - Z o 225G - (J2p+1D)2(250 — 1) -+ (2izpn — 1) 0 i
JOse-)2p+1=
Jo+t+j2pr1=Fk
k=1,...,p, (2.42)
are symmetric functions of £ = (Ey, ..., Eopt1).

We emphasize that the result is valid independently of whether or not
P59 and L commute. However, the fact that the two difference expressions Pop 42
and L commute implies the existence of an algebraic relationship between them.
This gives rise to the Burchnall-Chaundy polynomial for the Toda hierarchy first
discussed in the discrete context by Naiman [2§], [29].

Theorem 2.2. Assume Hypothesis fiz p € Ny and suppose that Pypyo and L
commute, [Papyo, L] = 0, or equivalently, assume that s-Tl,(a,b) = 0. Then L and

Pypio satisfy an algebraic relationship of the type (cf. (2.35))
fp(L7P2P+2) = P22p+2 - R2P+2(L) = O’

21 2.43
R2p+2(z) = H (Z - Em)a zeC. ( )

m=0

The expression F,(L, Py,42) is called the Burchnall-Chaundy polynomial of the
Lax pair (L, Pyp42) and it will be used in Section [3| to introduce the underlying
hyperelliptic curve associated with the stationary Toda system s-Tl,(a,b) = 0 (cf.

E1).

Next we turn to the time-dependent Toda hierarchy. For that purpose the func-
tions a and b are now considered as functions of both the lattice point and time.
For each equation in the hierarchy, that is, for each p, we introduce a deforma-
tion (time) parameter ¢, € R in a, b, replacing a(n), b(n) by a(n,t,),b(n,t,). The
second-order difference expression L (cf. ) now reads

L(tp) :a(',tp)5++a7(~,tp)57 +0(-,tp)- (2.44)

The quantities { fo}ren,, {ge}een,, and Popyo, p € Ny are still defined by (2.4)—(2.6)
and (2.11)), respectively. The time-dependent Toda hierarchy is then obtained by
imposing the Lax commutator equations

Ly, (tp) = [Papra(tp), L(tp)] = 0, 1y €R, (2.45)
varying p € Ny. Relation implies
(Cltp + Cl(gp+ +9p + f;_H + fo+1 — 25+f;)) St
— (=be, +2( = blgp + fos1) @ ff — (@), +°f,)) (2.46)
+ (at, +algf +gp+ f1 + fprn =201 1S)) 5™ =0.
Applying the same method we used to derive and one concludes
0= Ly, — [Popto, L]
= (ar, —a(ffiy = for1)) ST = (=br, — gpr1 + 95 11)
+(ae, —alfyir = fpe1)) S™ (2.47)
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Varying p € Ny, the collection of evolution equations
at, — a(f,f T, +1))
Tl,(a, b P p+l P =0, (n,t,) €EZxR, peN 2.48
oty = (7 s (0.1) peNy  (248)
then defines the time-dependent Toda hierarchy. Explicitly,

Tia.t) = (, el ) =
)+
) —

_ (a, —a((a™)? ( 2 (bJr)2
Th(a’b)_<btl+2(( 2+ b (b++b))) (2.49)

—a(bt —b) B
+ 1 (2(a2 B (a)2)) =0, etc.,
represent the first few equations of the time-dependent Toda hierarchy. The system

of equations, Tly(a,b) = 0, is of course the Toda system.
The corresponding homogeneous Toda equations obtained by taking all summa-

tion constants equal to zero, ¢g =0, £ =1,...,p, are then denoted by
Tl,(a,b) = Tl,(a, b)}cg:O,E:L...,p' (2.50)
Restricting the Lax relation ([2.45)) to the kernel ker(L — z) one finds that
0= (Ltp - [P2p+2’L]) ‘ker(L—z) = (Ltp + (L B Z)P2p+2) |ker(L—z) (251)

Gt at_p N
_ (“(a (e =B 2~ b)F, + Gy — Gy ) ST

-
+ (btp + (2 =)= +2(a7)?F, - 20°F;

2= DGy = Gp)) . (2.52)
ker(L—=z)
Hence one obtains
Q¢ a’; _ +
7’) — a—_" =-2(z— bJr)FI;r +2(z—b)F, + G —Gopns (2.53)
I U
by, = —(2 —b) o= 2(a”)°F, +2a°F] — (2 = b)(G, 11 — Gpy1)- (2.54)
Further manipulations then yield,
a’tp = —a(2(z - b+)F; + G;_—‘,—l + Gp+1)7 (255)
b, =2((z = b)’F, + (2 — b)Gpy1 + a°Ff — (a7)*F,). (2.56)

Indeed, (2.55) follows by adding Gp41 —Gp+1 to (2.53) (neglecting a trivial summa-
tion constant), and an insertion of (2.55)) into (2.54)) implies (2.56)). Varying p € Ny,

equations (2.55)) and (2.56)) provide an alternative description of the time-dependent
Toda hierarchy.

Remark 2.3. From (2.4)—(2.6) and (2.23)), (2.24) one concludes that the coeffi-
cient a enters quadratically in F, and Gpy1, and hence the Toda hierarchy (2.48)

(respectively (2.20))) is invariant under the substitution
0 — a. = {e(m)a(n)}ncz. =(n) € {1 -1}, ne Z. (2.57)
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We conclude this section by pointing out an alternative construction of the Toda
hierarchy using a zero-curvature approach instead of Lax pairs (L, Pypi2). To this
end one defines the 2 x 2 matrices

N 1
Uz) = (a PR /a), (2.58)
_ G a(2) 2a" F, (2)
s = (G5 2 b ) PEN 2

Then the stationary part of this section can equivalently be based on the zero-
curvature equation

0=UVps1 =V}, U (2.60)
0 0
_2|a ((z —bHEfF — (2= b)F, a?Ff — (a™)?F;
a (G;+1 G;+1)) +2_1(z - b)(Gp+1 - G;)r+1)

+(z = b)*F, — (z = b")(z = b)E;f

Thus, one obtains ([2.30) from the (2, 1)-entry in ([2.60). Insertion of (2.30)) into the
(2,2)-entry of (2.60) then yields (2.31)). Thus, one also obtains (2.32) and hence
the (2,2)-entry of V41 in (2.59)) simplifies to

Vpt1,2,2(2) = =G 1(2) (2.61)

in the stationary case. Since det(U(z,n)) = a~(n)/a(n) # 0, n € Z, the zero-
curvature equation (2.60)) yields that det(V,11(z,n)) is a lattice constant (i.e., in-
dependent of n € Z). The Burchnall-Chaundy polynomial F,(y, z) (cf. (2.43) and
especially, the hyperelliptic curve (3.1])) is then obtained from the characteristic
equation of V,11(z) by

det(yls — Vi (z.1))

=y* + det(Vpr1(z,n))
= —G;ﬁl(z,n) +4a= (n)*F, (2,n)F,(2,n)

p

=y* — Rypia(2) =0, (2.62)

using (2.61). (Here I denotes the identity matrix in C2.) Similarly, the time-
dependent part ([2.44)—(2.56)) can equivalently be developed from the zero-curvature
equation

0="Uy, +UVpp1 — V,} U (2.63)
0 0
e - @i ey by, (= b)(a, /a)
=o |t (2(z = bM)Ff — 2(z —b)F, +2a*F,f —2(a™ )?F,;
+(Gp+1 Gp+l)) +(z = b)(Gpi1 = Gyp)

+2(z — b)’F, — 2(z = b*)(z — b)F,f

The (2, 1)-entry in (2.63)) yields (2.53), and inserting (2.53)) into the (2, 2)-entry of
(2.63) yields (2.54)) and hence also the basic equations defining the time-dependent

Toda hierarchy in (2.55)), (2.56]).
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3. PROPERTIES OF STATIONARY ALGEBRO-GEOMETRIC SOLUTIONS
OF THE ToDA HIERARCHY

In this section we present a quick review of properties of algebro-geometric so-
lutions of the stationary Toda hierarchy. Since this material is standard we omit
all proofs and just refer to [6] (cf. also [I4), Sect. 1.3], [32, Chs. 8, 9]) for detailed
presentations and an extensive list of references to the literature.

For the notation employed in connection with elementary concepts in algebraic
geometry (more precisely, the theory of compact Riemann surfaces), we refer to
Appendix [A]

Returning to Theorem we note that naturally leads to the hyperelliptic
curve K, of genus p € Ny, where

Kp: fp(z,y) = y2 - R2p+2(z) =0,

211 - (3.1)
Ropea(9) = [] (e~ En). {E}253 < C.

m=0

Throughout this section we make the following assumption:

Hypothesis 3.1. Suppose that
a,b € C% and a(n) #0 for all n € Z. (3.2)

In addition, assume that the hyperelliptic curve ICp, in (3.1) has a nonsingular affine
part, that is, suppose that

E,#E, form#m' m,m =0,...,2p+ 1. (3.3)

The curve ICp, is compactified by joining two points P, , Poo, # Poo_, at infinity.
For notational simplicity, the resulting curve is still denoted by K,. Points P on
Kp\{Pso, , Ps_ } are represented as pairs P = (z,y), where y( - ) is the meromorphic
function on K, satisfying F,(z,y) = 0. The complex structure on K, is then defined
in the usual way, see Appendix E Hence, K, becomes a two-sheeted hyperelliptic
Riemann surface of genus p € Ny in a standard manner.

We also emphasize that by fixing the curve IC, (i.e., by fixing Fy, ..., Eapt1),
the summation constants cy, ..., ¢, in the corresponding stationary s-Tl, equation
are uniquely determined as is clear from and , which establish the
summation constants c; as symmetric functions of Ey, ..., Eopy1.

For notational simplicity we will usually tacitly assume that p € N. The trivial
case p = 0, which leads to a(n)? = (E1 — Ey)?/16, b(n) = (Eo + E1)/2, n € Z, is of
no interest to us in this paper.

In the following, the zeroﬁ of the polynomial F,(-,n) (cf. ) will play a
special role. We denote them by {y;(n)}}_, and write

p

Fyp(z,n) = [[(z = nj(n)). (3.4)

j=1
The next step is crucial; it permits us to “lift” the zeros u; of F, from C to the

curve ICp. From (2.34) and (3.4) one infers
Rapya(2) = Gp1(2)* =0, 2 € {1, 13 bih=1....p- (3.5)

2If a,b € £(Z), these zeros are the Dirichlet eigenvalues of a bounded operator on ¢2(Z)
associated with the difference expression L and a Dirichlet boundary condition at n € Z.
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We now introduce {f;(n)};=1,..., C KCp by

frj(n) = (nj(n), =Gpia(p;(n),n)) € Kp,  j=1,...p, n € Z. (3.6)

Next, we recall equation (2.34) and define the fundamental meromorphic function
¢(-,n) on K, by

opon) = Y ) (5.7
-ty
P=(zy) €K, nelZ,
with divisor (¢(-,n)) of ¢(-,n) given by
(o(-,n)) = Dp.., itn+1) = Pro_ja(n) (3.9)
using and . Here we abbreviated
i = {fin.- . fip} € SymP(K,) (3.10)

(cf. the notation introduced in Appendix . We note that several p1;(n) may be
equal for a given lattice point n € Z. Moreover, since —Gp41(ij(n), n) takes on the
same value for all coinciding zeros p;(n), no finite special divisors Dy, can ever

arise in ¢ (cf. also Lemma .
The stationary Baker—Akhiezer function ¢(-,n,ng) on K, \ {Px, } is then de-
fined in terms of ¢(-,n) by

H:;_:lno o(P,m) for n>ng+1,
Y(P,n,mg) = 41 for n = no, (3.11)
[Tzt o(p, m)~! for n<ng-—1,
PEKP\{POO:E}v (n,no) EZZa
with divisor (@/}( . ,n,no)) of ¥(P,n,ng) given by
(¥(-,n,mng)) = Dpn) = Pp(no) + (n —10)(Dp.,, —Dp. ). (3.12)

For future purposes we also introduce the following Baker—Akhiezer vector,

w_(Py n, 77,0)
1/’(P7 n, no)

Basic properties of ¢, ¥, and ¥ are summarized in the following result. We
abbreviate by

U (P, n,ng) = ( ) , PeK,\{Px.}, (n,ng) € Z° (3.13)

W(f.9) =a(fg" - f*g) (3.14)
the Wronskian of two complex-valued sequences f and g, and denote P* = (z, —y)

for P = (z,y) € Kp.

Lemma 3.2. Assume Hypothesis[3.1] and suppose that a,b satisfy the pth stationary
Toda system (2.20). Moreover, let P = (z,y) € K \{Pwo. } and (n,ng) € Z?. Then
¢ satisfies the Riccati-type equation

ap(P)+a ¢~ (P)™t =2z —b, (3.15)
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as well as
o B
P(P)p(P") = FG) (3.16)
o(P)+o(P7) =~ 22, (3.17)
o(p) - o(P) = 2ok (3.18)
Moreover, ¥ and ¥ satisfy
(L —2(P))(P) =0, (Papi2—y(P))(P)=0, (3.19)
UHP) = U(2)8(P), yW(P) = Vy 1 W(P), (3.20)
* _ Fp(zvn)
V(P n,ng)Y(P*,n,ng) = m, (3.21)
a(n) (1/)(P, n,no)Y(P*,n+ 1,n0) + (P*,n,ng)v(P,n+1, no))
_ Gpalan)
= Fp(z,no) , (3.22)
W(’L/)(P, : 7”0)7¢(P*7 'anO)) == If},y((z'P?)zo) (323)

Combining the polynomial recursion approach with (3.4) readily yields trace
formulas for the Toda invariants, which are expressions of ¢ and b in terms of the
zeros p; of Fj,. We introduce the abbreviation,

2p+1

p
b® (n Z Ef =Y pf(n), keN. (3.24)
j=1

Lemma 3.3. Assume Hypothesis[3.1] and suppose that a,b satisfy the pth stationary

Toda system (2.20). Then,

1 2p+1 P
b(n) = 5 Z . (3.25)
In addition, if for alln € Z, p; (n) + ,uk(n) forj £k, j,k=1,...,p, then,
%Z y(ji;(n H i(n) = p(n)) ™1 +i(b(2)(n) —b(n)?), nez (3.26)
7=t k#]

The case where some of the p; coincide in requires a more elaborate
argument that will be presented in Section

Since nonspecial Dirichlet divisors Dj and the linearization property of the Abel
map when applied to D will play a fundamental role later on, we also recall the
following facts. a

Lemma 3.4. Assume Hypothesis[3.1] and suppose that a,b satisfy the pth stationary
Toda system (2.20). Let Dy, jr = {fu1,...,fp} € SymP(KCp), be the Dirichlet divisor

of degree p associated with a, b defined according to (3.6)), that is,
ﬂj(n) = (/“Lj(n)77Gp+1(:uj(n)an)) € Icpa j = 17"',p7 n € Z. (327)
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Then Dy is nonspecial for all n € Z. Moreover, the Abel map linearizes the
auziliary divisor Dy, in the sense that
aq, (Dumy) = ag,(Dane)) — (n —n0)Ap . (Poo, ), (3.28)

where Qo € K, is a given base point.
If in addition, a,b € (>°(Z), then there exists a constant C,, > 0 such that

Remark 3.5. We note that by construction, the divisors Dy, n € Z, as intro-
duced in (3.6)) are all finite and hence nonspecial by Lemma . On the other hand,
as we will see in the next Section given a nonspecial divisor Dy (), the solution
Dﬁ(n) of equation (3.28) may cease to be a finite divisor at some n € Z.

4. AN ALGORITHM FOR SOLVING THE INVERSE ALGEBRO-GEOMETRIC
SPECTRAL PROBLEM FOR (NON-SELF-ADJOINT) JACOBI OPERATORS

The aim of this section is to derive an algorithm that enables one to construct
algebro-geometric solutions for the stationary Toda hierarchy for complex-valued
initial data. Equivalently, we offer a solution of the inverse algebro-geometric spec-
tral problem for general (non-self-adjoint) Jacobi operators, starting with initial
divisors in general complex position.

Up to the end of Section [3|the material was standard (see [6] and [14], Sect. 1.3],
[32, Chs. 8, 9] for details) and based on the assumption that a,b € CZ satisfy the
pth stationary Toda system . Now we embark on the corresponding inverse
problem consisting of constructing a solution of given certain initial data.
More precisely, we seek to construct solutions a, b € C* satisfying the pth stationary
Toda system starting from a properly restricted set Mg of finite nonspecial
Dirichlet divisor initial data Dy, at some fixed ng € Z,

no) = {fin(no), - - -, fip(no)} € Mo, Mo C Sym”(Ky),

,[Lj (TL()) = (M] (n0)7 _Gp+1(,uj (’I’LQ)7 nO))a .7 = 17 By 2
Of course we would like to ensure that the sequences obtained via our algorithm
do not blow up. To investigate when this happens, we study the image of our
divisors under the Abel map. The key ingredient in our analysis will be (3.28)
which yields a linear discrete dynamical system on the Jacobi variety J(Cp). In

particular, we will be led to investigate solutions Dy, of the discrete initial value
problem

(4.1)

@q, (Dg(n)) =Qq, (Dg(no)) —(n— nO)APOL (POO+)7 (4.2)
no) = {f1(no), - .., fip(no)} € Sym”(KCy), '
where @y € K, is a given base point. Eventually, we will be interested in solutions
Dy, of with initial data Di(no) satisfying and Mg to be specified as in
(the proof of) Lemma
Before proceeding to develop the stationary Toda algorithm, we briefly analyze

the dynamics of (4.2)).

Lemma 4.1. Let Dy be defined via (4.2) for some divisor Dy (n,) € Sym”(K,).
(i) If Dy(yy is finite and nonspecial and Dy n41) is infinite, then Dy(nq1) contains
Py, but not P . B B
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(ii) If Dj(ny is nonspecial and Dj(n41y is special, then Dy contains Puo, at least
twice. B B
Items (i) and (ii) hold if n + 1 is replaced by n — 1 and Po by Pu_.

+

Proof. (i) Suppose one point in Dj(n+1) equals Py, _ and denote the remaining ones
by Dj(n+1)- Then (4.2 tells us ag (Dan+1)) + Ag, (Pooy ) = g, (DPa(n))- Since we

assumed Dj(ny to be nonspecial, we have Di(n) = Dp(n+1) + Dpoc: contradicting
finiteness of Dy (p)-
(i7) We choose Qp to be a branch point of K, such that Ag, (P*) = —Ag, (P).
In particular, if Dj(,,41) is special, then it contains a pair of points (Q, @*) whose

contribution will cancel under the Abel map, that is, ag, (Dun+1)) = @, (Po(nr1))

for some Dpny1) € SymP*Z(ICp). But invoking (4.2)) shows that ag, (Dg(n)) =
g, (Do(nr1)) + 240, (P, ). As Dy(n) was assumed nonspecial, this shows that
Dpyn) = Po(nt1) + 2Dp,, ; as claimed. O

This yields the following behavior of Dy, if we start with some nonspecial
finite initial divisor Dy 5,
remains finite. If it becomes infinite, then it is still nonspecial and contains Pasg N
at least once (but not P,_). Further increasing n, all instances of P, will be
rendered into P,,_ step by step, until we have again a nonspecial divisor that has
the same number of P,,_ as the first infinite one had P, . Generically, we expect
the subsequent divisor to be finite and nonspecial again.

Next we show that most initial divisors are nice in the sense that their iterates
stay away from P, . Since we want to show that this set is of full measure, it will
be convenient for us to identify Sym?”(kC,) with the Jacobi variety J(K,) via the
Abel map and take the Haar measure on J(/Cp,). Of course, the Abel map is only
injective when restricted to the set of nonspecial divisors, but these are the only
ones we are interested in.

(no): As n increases, Dj () stays nonspecial as long as it

Lemma 4.2. The set Mo C Sym”(K,,) of initial divisors Dy, for which Dy,
defined via 4.2), is finite and hence nonspecial for all n € Z, forms a dense set of
full measure in the set Sym”(KC,,) of nonnegative divisors of degree p.

Proof. Let Mo, be the set of divisors in Sym?(/C,,) for which (at least) one point
is equal to Pw, . The image aq (M) of Mo is given by

ag,(Mao) = Ag, (Pocy) + ag, (Sym”™ (K,)) € J(K,). (4.3)

Since the (complex) dimension of Sym?~*(KC,)) is p— 1, its image must be of measure
zero by Sard’s theorem (see, e.g., [I, Sect. 3.6]). Similarly, let Mg, be the set of
special divisors, then its image is given by

ag,(Msp) = ag, (Sym?*(K,)), (4.4)
assuming o to be a branch point. In particular, we conclude that aq (Msgp) C
ag, (M) and thus ag, (Mising) = @, (M) has measure zero, where

Ming = Moo U M. (4.5)

Hence,

U (ag,(Maing) +n4p_ (Px,)) (4.6)
nez
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is of measure zero as well. But this last set contains all initial divisors which will
hit P or become special at some n. We denote by My the inverse image of the
complement of the set (4.6) under the Abel map,

Mo = agh (53 (1)\ U (g, Mane) + 0y, (Pr)). (0)

ne”Z

Since My is of full measure, it is automatically dense in Sym”(/C,). O

We briefly illustrate some aspects of this analysis in the special case p =1 (i.e.,
the case where (3.1)) represents an elliptic Riemann surface) in more detail.

Example 4.3. The case p = 1.
In this case we have

Fi(z,n) =z —p(n),

Ga(z,n) = Ra(jn(n)"/? + (2 = b(n)) F1 (2, n), (4.8)
3
Ry(z) = [[ (z = Em).
m=0

and hence a straightforward calculation shows that
Ga(2,m)? — Ra(2) = 4a(n)?(z — s (n))(z — pa(n + 1)) o
= (2 — . (n))(4a(n)2z — da(n)?b(n) + B), '
where
E = é(EO +E,— FEy— E3)(Eg— E1+ Es — E3)(Eg — Ey — Es + E3).  (4.10)

Solving for p1(n + 1), one obtains

E
1)=0b — . 4.11
p(n+1) = o) = o (a.11)
This shows that p;(ng + 1) — oo, in fact, ui(ng +1) = O(a(ng)~?) as a(ng) —
0 during an appropriate deformation of the parameters E,,, m = 0,...,3. In

particular, as a(ng) — 0, one thus infers b(ng + 1) — oo during such a deformation
since

3
b(n) = % Z E, —u(n), nez, (4.12)
m=0

specializing to p = 1 in the trace formula ([3.25). Next, we illustrate the set M
in the case p = 1. (We recall that Mg, = 0 and hence Mgjng = M if p=1.) By
(4.2) one infers

Ap. (ia(n)) = Ap.., (fa(no)) + (n —no)Ap, (Ps_), mn,mo €Z.  (4.13)

We note that ji; € M, is equivalent to

there is an n € Z such that ji;1(n) = Px, (or Ps_). (4.14)
By (4.13)), relation (4.14) is equivalent to
Ap,, (f1(no)) + Ap,., (Pec_)Z =0 (mod Ly). (4.15)

Thus, D, (n,) € Mo C Ky if and only if
APooJr (11 (ng)) + Apoc+ (Poo_ )Z #0 (mod L) (4.16)
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or equivalently, if and only if

Ap. (fn(n0)) + Ap. (Px,)Z#0 (mod Ly). (4.17)

Next, we describe the stationary Toda algorithm. Since this is a somewhat
lengthy affair, we will break it up into several steps.

The Stationary (Complex) Toda Algorithm:
We prescribe the following data:
(7) The set

{En Y250 c €, By # By for m#m/, mym' =0,...,2p+1 (4.18)

for some fixed p € N. Given {Em}ffg& , we introduce the function Ry,;2 and the

hyperelliptic curve K, (with nonsingular affine part) as in (3.1)).
(74) The nonspecial divisor

Dﬁ(no) S Symp(le), (4.19)
where fi(ng) is of the form
E(’I’Lo) = {/ll (no), SN ,ﬂl (’no), e 7ﬂq(n0), SN ,ﬂq(no)} (420)
p1(np) times Pg(ng)(Mo) times
with
/:Lk(no) = (/u‘k(n())vy(ﬂk(n())))v /'Lk(no) 7é Mk (no) for k 7é k/a ka K = ]-a BERE) Q(nO)a
(4.21)
and
q(no)
pk;(nO) ENa k= 1)"'aQ(n0)7 Z pk(no) =Dp- (422)
k=1

With {Em}ifié and Dy, prescribed, we next introduce the following quantities
(for z € C):

a(no)
Fy(zmo) = [] (= = ()", (4'23)
k=1
q(no) pr(no)—1 (dey(P)/dCE)

|P: n)=Hxk(no
Ty-1(z,m0) = —Fp(2,n0) Ao () éc_n)l)‘; (o) (4.24)

k=1 =0
dpr(no)—£—1 B a(no) .
) <W<(“O CTL € e e ,
k=1, k'#k ¢=pr(no)
1 2p+1 a(no)
b(no) = 5 'mZ:[) Ep — I; pr(no)ur(no), (4.25)
Gpy1(z,m0) = —(2 — b(no)) Fp(z,n0) + Tp—1(2, no)- (4.26)

Here the sign of y in (4.24) is chosen according to (4.21)).

Next we record a series of facts:
(I) By construction (cf. Lemma [B.1)),
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d'y(P
e L OO S,
0=0,...,pp(no) =1, k=1,...,q(no),
(here the superscript (¢) denotes ¢ derivatives w.r.t. z) and hence
fik(no) = (1k(no), —Gpt1(pk(no), no)), k=1,...,q(ng). (4.28)
(IT) Since Dg(no) is nonspecial by hypothesis, one concludes that
pr(no) > 2 implies Ropio(pk(no)) #0, k=1,...,q(no). (4.29)
(III) By (I) and (II) one computes
d* (Gpi1(2,m0)%) _ d'Rapia(2)
dzt o) 97 ) (4.30)
z€C, £=0,...,pr(ng)—1, k=1,...,q9(ng).
(IV) By (4.26) and (4.30) one infers that F}, divides Ropio — G2, ;.
(V) By (4.25) and (4.26]) one verifies that
Ropya(2) = Gpya(z,m0)? T O(=%). (4.31)
By (IV) and we may write
Ropya(2) — Gpri(2,m0)? = Fy(z,m0) Fp_r(2,m0 + 1), 2z €C, (4.32)

for some r € {0, ...,p}, where the polynomial Fp,r has degree p—r. If in fact Fy =
0, then Rapi2(2) = Gpi1(z,n0)? would yield double zeros of Rap2, contradicting
our basic hypothesis ([4.18). Thus we conclude that in the case r = p, Fy cannot
vanish identically and hence we may break up in the following manner

Y y—Gpy1(z,n0)  Fpr(2,n0+1)
P’n = = ,
#F,ma) Fy(2,m0) Y+ Gpy1(z,m0)

P =(z9) € K. (4.33)

Next we decompose

p—r

Ey r(z,ng+1) =C || (z—pj(no +1)), zeC, (4.34)
J

Il
-

where C' € C\ {0} and {y;(no+1) ¥_1 C C (if r = p we follow the usual convention
and replace the product in by 1). By inspection of the local zeros and poles
as well as the behavior near P, of the function ¢( -, ny), its divisor, ((5( -,n0)), is
given by

(45( : 777’0)) = DPOO+E(nU+1) —Dpr.._ju(no)> (4.35)
where
(o + 1) = {ji1 (mo + 1), - fipr(m0 + 1), Poc - Poc, ) (4.36)
—_———
r times
In particular,
Djy(ne+1) is a finite divisor if and only if r = 0. (4.37)

We note that
g, (D[L(no-‘rl)) =Qgq, (Dﬁ(no)) - APOO* (Poo+)7 (438)
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in accordance with (4.2)).
(VI) Assuming that (4.31)) is precisely of order 2" as z — oo, that is, assuming
r =0 in (4.32), we rewrite (4.32) in the more appropriate manner

Ropta(z) — Gpya(z, ng)? = —4a(n0)2Fp(z,no)Fp(z, no+1), ze€C, (4.39)

where we introduced the coefficient a(ng)? to make F,( -, no+1) a monic polynomial
of degree p. (We will later discuss conditions which indeed guarantee that r = 0,
cf. and the discussion in step (XI) below.) By construction, F,(-,no+1) is
then of the type

q(no+1) q(no+1)
B+ )= T[T (= peln+ 0y 37 pmo+ D=, 40
k=1 k=1 :

pr(no +1) # ugr(ng +1) for k £k, k¥ =1,...,q9(no+1), 2€C,
and we define
fie(no +1) = (uk(no + 1), Gpia(pe(no +1),m0)), k=1,....q(ng+1). (4.41)
Moreover, we introduce the divisor
Di(no+1) € Sym”(Kp) (4.42)
by
Mo +1) = {fu(no +1),..., 4p(no +1)}
={f(no+1),....01(no+1), -, fgngt1)s- - s lginot+1) )+ (4.43)

p1(no+1) times pq(n0+1)(n0+l) times

In particular, because of the definition (4.41)), D (,,+1) is nonspecial and hence

pr(ng +1) > 2 implies Ropio(pr(no +1)) #0, k=1,...,q9(no+1). (4.44)
Again we note that
Qo (Ppno+1)) = g, (Pa(ne)) — Ap,, (Pcl), (4.45)
in accordance with .
(VII) Introducing

2p+1 q(no+1)

b(ng +1) = % > Em— > pr(no+pk(no + 1), (4.46)
m=0 k=1

and interpolating Gpy1(-,ng) with F,(-,no + 1) rather than F,(-,no) yields
Gpyi1(z,n0) = —(2 —b(nog + 1)) Fp(z,n0 + 1) = Tp_1(z,no+ 1), z€C, (447)

where

Tp_1(z,n9 + 1) = Fp(z,n0 + 1)

Wt Vel D=1 (@Y (P)/dC) | po e oymiie (mo 1)

" ; O(pr(ng +1) — £ —1)! (4.48)

£=0

dpr(no+1)—£-1 N a(no+1) L
S e e A II (€= pwng+1))7rw ey
k=1, k' £k

C=pk(no+1)
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Here the sign of y in is chosen in accordance with (4.41), that is,
fur(no +1) = (pr(no + 1), y(fix(no +1)))
— (a0 + 1), G (o + m)), k=1, .qlng +1). (4.49)
(VIII) An explicit computation of a(ng)? then yields

(no) (gpk(no)—1 pr(no)—1
40 (@) =1y (P) dg D
a(n0)2 = E ( )’P (¢;m=hK(no)

2 1 (pr(no) — 1)!
q(no)
< I (uelno) — e (ng)) () + i(b(” (n0) = b(no)?).  (4.50)
k=1, k'#k

Here and in the following we abbreviate

2p+1 q(n)

b (n 2 B2 = 3 pe(m)s(n)? (451)
k=1

for an appropriate range of n € N.
The result (4.50) is obtained as follows: One starts from the identity (4.39)),

inserts the expressions ((4.23)) and (4.26)) for F no ) and Gp41( -, no), respectively,
-i

then inserts the explicit form (| , and finally collects all terms
of order 2?P as z — oco. An entirely elementary but fairly tedious calculation then
produces (|4.50)).

In the special case q(ng) =p, pr(no) =1, k=1,...,p, (4.50) and (4.51) reduce

to (B26) and (B:24) (for k = 2).

(IX) Introducing

Gpi1(z,no+1) = —(z2—b(ng + 1)) Fp(z,n0 + 1) + Tp—1(z,m0 + 1) (4.52)
one then obtains

Gp+1(z,m0+ 1) = —Gpt1(z,n0) — 2(2 — b(ng + 1)) Fp(z,n0 + 1). (4.53)

(X) At this point one can iterate the procedure step by step to construct F,(-,n),
Gpi1(-,n), Tp—1(-,n), a(n), b(n), ux(n), k =1,...,q(n), etc., for n € [ng, 00) NZ,
subject to the following assumption (cf. (4.37)) at each step:

Dp(n+1) is a finite divisor (and hence a(n) # 0) for all n € [ng,00) NZ. (4.54)

The formalism is symmetric with respect to ng and can equally well be developed
for n € (—o0,ng] NZ subject to the analogous assumption

Dp(n-1) is a finite divisor (and hence a(n) # 0) for all n € (—oo,no] NZ. (4.55)

Indeed, one first interpolates Gp4+1(-,no — 1) with the help of F,(-,ng), then with
F,(-,no— 1), etc.
Moreover, we once again remark for consistency reasons that

g, (Din) = agy (Dine)) — (n—10)Ap_ (Px,), n€Z, (4.56)

in agreement with our starting point (4.2)).
(XT) Choosing the initial data Dy, such that

’Dg(no) € My, (4.57)

where My C Sym”(KC,) is the set of finite divisors introduced in Lemma then
guarantees that assumptions (4.54) and (4.55) are satisfied for all n € Z.
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(XII) Performing these iterations for all n € Z, one then arrives at the following
set of equations for F), and Gp4; after the following elementary manipulations:
Utilizing

Gro — 40’ FFf = Rypio = (G, 1) — 4(a™)*F, F, (4.58)
and inserting
Gl =—Gpp1 —2(z—b")ES (4.59)
into
Gy —(Gppy)? —4a’FFf +4(a”)°F, F, =0 (4.60)
then yields
20°F,f —2(a”)*F, + (2 = b)(Gp1 — G, ) = 0. (4.61)
Subtracting (4.59) from its shifted version Gp11 = —G,,; — 2(2 — b) [}, then also
yields
2z —bNEf =2z —b)F, + G}, — G,y = (4.62)

As discussed in Section |2 ' 4.61) and (4.62)) are equivalent to the stationary Lax
and zero-curvature equations 1_} and ([2.60). At this stage we have verified the
basic hypotheses of Section (3| (i.e., (3.2) and the assumption that a,b satisfy the

pth stationary Toda system ([2.20])) and hence all results of Section [3| apply.
Finally, we briefly summarize these considerations:

Theorem 4.4. Suppose the set {Em}2er1 C C satisfies By, # Ey for m # m/,
m,m’ =0,...,2p+ 1, and introduce the function Rapiro and the hyperelliptic curve
K, as in . Choose a nonspecial divisor Dy ny) € Mo, where Mo C Sym?(IC,)
is the set of finite divisors introduced in Lemma. Then the stationary (complex)
Toda algorithm as outlined in steps (I)—(XII) produces solutions a,b of the pth
stationary Toda system,

+
s-Tl,(a,b) = Trer = Jpa1) _ 0, p€ N, (4.63)
P Ip+1 — 9pt1

satisfying (3.2)) and

o _ 1R @@ /A ) oy
aln)” =3 k; (pr(n) — 1)
a(n)
< TL ) = e ) 4 LD ) b)), (464)
k=1, k'#k
2p+1 q(n)
Z E,, Zpk(n)uk(n), n € Z. (4.65)
k=1

Moreover, Lemmas 4| apply.

Remark 4.5. Suppose that the hypotheses of the previous theorem are satisfied and
that a(no), b(ng), b(no+1), F,(z,n0), Fp(z,n0+1), Gpr1(2,n0), and Gpy1(2z,no+1)
have already been computed using steps (I)—(IX ). Then, alternatively, one can use

(@ PFy = @} +271 (2 = b)(Gpy1 — Ghy) + (2 — U°F,
—(z=b")(z —b)F,, (4.66)
G =2((z-b"Ff - (z-bF,)+ G}, (4.67)
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(derived from (2.60) to compute a(n), b(n), Fy(z,n), Gp+1(z,n) for n < ng and

atFtt =aF, — 27 (2 = b)(Gf; — Gpy1), (4.68)
Gt =G -2(z-b""Ft — (=N E) (4.69)

to compute a(n — 1), b(n), Fp(z,n), Gpy1(z,n) forn > ng + 1.

Theta function representations of a and b can now be derived in complete analogy
to the self-adjoint case. Since the final results are formally the same as in the self-
adjoint case we just refer, for instance, to [6], [7], [9], [10], [14, Sect. 1.3], [1§], [19],
[20], [21] (cf. also the appendix written in [§]), [25], [30, Appendix, Sect. 9], [32,
Sect. 9.2], [33], Sect. 4.5].

The stationary (complex) Toda algorithm as outlined in steps (I )—(XII), start-
ing from a nonspecial divisor Dy, € Mo, represents a solution of the inverse
algebro-geometric spectral problem for generally non-self-adjoint Jacobi operators.
While we do not assume periodicity (or even quasi-periodicity), let alone real-
valuedness of the coefficients of the underlying Jacobi operator, once can view this
algorithm a continuation of the inverse periodic spectral problem started around
1975 (in the self-adjoint context) by Kac and van Moerbeke [I5], [16] and Flaschka
[12], continued in the seminal papers by van Moerbeke [24], Date and Tanaka [7],
and Dubrovin, Matveev, and Novikov [I0], and further developed by Krichever [1§],
McKean [23], van Moerbeke and Mumford [25], Mumford [26], and others, in part
in the more general quasi-periodic algebro-geometric case.

We note that in general (i.e., unless one is, e.g., in the special periodic or self-
adjoint case), Dj(,,) will get arbitrarily close to P, since straight motions on the
torus are generically dense (see e.g. [2 Sect. 51] or [I7, Sects. 1.4, 1.5]). Thus,
no uniform bound on the sequences a(n),b(n) exists as n varies in Z. In particu-
lar, these complex-valued algebro-geometric solutions of some of the equations of
the stationary Toda hierarchy, generally, will not be quasi-periodic (cf. the usual
definition of quasi-periodic functions, e.g., in [3I, p. 31]) with respect to n. For
the special case of complex-valued and quasi-periodic Jacobi matrices where all
quasi-periods are real-valued, we refer to [4] (cf. also [3]).

5. PROPERTIES OF ALGEBRO-GEOMETRIC SOLUTIONS
OF THE TIME-DEPENDENT TODA HIERARCHY

In this section we present a quick review of properties of algebro-geometric so-
lutions of the time-dependent Toda hierarchy. Since this material is standard we
omit all proofs and just refer to [6] (cf. also [I4, Sect. 1.4], [32) Chs. 12, 13]) for
detailed presentations and an extensive list references to the literature.

For most of this section we will make the following assumption:

Hypothesis 5.1. (i) Suppose that a,b satisfy
a(-,t),b(-,t) €CZ teR, a(n,-),bn, )eCR), necZ,
a(n,t) #0, (n,t) € Z x R.

(17) Assume that the hyperelliptic curve IC,), p € Ny, satisfies and .

(5.1)

In order to briefly analyze algebro-geometric solutions of the time-dependent
Toda hierarchy we proceed as follows. Given p € Ny, consider a complex-valued
solution a(®), b(®) of the pth stationary Toda system s-Tl,(a,b) = 0, associated with
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K, and a given set of summation constants {c¢}¢=1,. , C C. Next, let » € Ny; we
intend to consider solutions a = a(t,),b = b(t,) of the rth Toda flow Tl,.(a,b) =
0 with a(to,) = a(o),b(to,r) = b© for some to,, € R. To emphasize that the
summation constants in the definitions of the stationary and the time-dependent
Toda equations are independent of each other, we indicate this by adding a tilde
on all the time-dependent quantities. Hence we shall employ the notation ]52T+2,
177,4_1, ﬁr, (~¥T+1, fs, Js, Cs, in order to distinguish them from Popi2, Vi1, Fp, Gpi1,
fey ge, ce, in the following. In addition, we will follow a more elaborate notation
inspired by Hirota’s 7-function approach and indicate the individual rth T1 flow
by a separate time variable ¢, € R. More precisely, we will review properties of
solutions a, b of the time-dependent algebro-geometric initial value problem

Tl — a(f51(a,0) = fpi1(a,0))
Tl (a,b) = at. a(~fp+1(a7 Jptila, ) —0,
(a,b) ( be, + gpt+1(a,b) — gp_H(a’ b)
(a,b)|t o = (a(0)7b(0)),
- (0) (O) — 7a(f+ +1 (p(0)7 q(o)) - fp+1 (p(o)7 q(o))) .
s-T1, (a ,0 ) = ( ngj (a(o)’ b(O)) — G (a(o)’ b(o)) =0 (5.3)

for some tg, € R, p,r € Ny, where a = a(n, t,),b = b(n,t,) satisfy (5.1) and a fixed
curve K, is associated with the stationary solutions a®, b in (5.3). In terms of
Lax pairs this amounts to solving

A L)) = Parsat), L(t)] =0, £ € R, (5.4)

dt,
[Pop2(to,r); L(to,r)] = 0. (5:5)

Anticipating that the Toda flows are isospectral deformations of L(t¢,), we are
going a step further replacing (5.5) by

(5.2)

[Popta(tr), L(t,)] =0, t.€R. (5.6)
This then implies
2p+1
P2p+2(tr)2 = R2p+2<L(tr)) = H (L(tr) - Em)a tr € R. (5.7)
m=0

Actually, instead of working with (5.4), (5.5)), and (5.6), one can equivalently take
the zero-curvature equations (2.63)) as one’s point of departure, that is, one can also
start from

U, + UV — VE U =0,
UVpsr = V51U =0,

where (cf. (2.23), 224), (2:58), (2.59))
(0 1
U(z) = (—a_/a (z — b)/a) ’

_( Gnl2) 2a-F, (2)
‘/;)Jrl(z) = (—QQin(Z') 2(z—b)Fp+Gp+1<Z)> ’ (510)
- (G (2) 24~ Fy (2)
VrJrl(Z) - <2a+%‘r(z) 2(2 — b)ﬁr(Z) + ér+l(z)>7
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and
p p
Fo2) =3 oot =[G —ps)s fo=1, (5.11)
£=0 j=1
p
Gpy1(2) = 2Pt 4 ng—t’zg + fo+1, go = —ca, (5.12)
£=0
ﬁr(z> = Zfrfszﬁ fO =1, (513)
s=0
~ r ~
G7'+1(Z) = _ZTJrl + Zgr—szs + f7'+17 gO = _517 (5'14)
s=0

for fixed p,r € Ny. Here fy, fs, ge, and gs, £ = 0,...,p, s =0,...,r, are defined
as in (2.4)—(2.6) with appropriate sets of summation constants ¢;, £ € N, and ¢,

k € N. Explicitly, (5.8]) and are equivalent to (cf. (2.55)), (2.56)), (2.32), (2.33))
a, = —a(2(z = b+ Gl + G, (5.15)

b, =2((z = b)2F + (2 = b)Gry1 + a*FF — (a7)2F7), (5.16)
0=2(z=b")Ff + G}, +Gpp1, (5.17)

0=(2—b)’F, + (2 = b)Gpy1 + a*F,] — (a7 )°F,, (5.18)

respectively. In particular, holds in the present ¢,.-dependent setting, that is,
G2y —4d°F,Ff = Rypin. (5.19)

As in (3.6)) one introduces

fij(nyte) = (i (nste), —=Gpia(pi(n,tr),nity)) € Ky, j=1,...,p, (n,t,) €Z xR,
(5.20)

ﬂj(nvtr) = (Mj(n,tr),Gp+1(uj_(n,tr),n, t) €EKp, J=1,...,p, (n,t,) EZXR,
(5.21)

and notes that the regularity assumptions (5.1)) on a,b imply continuity of p,; with
respect to t, € R (away from collisions of zeros, p; are of course C™).
In analogy to (3.7), (3.8), one defines the meromorphic function ¢(-,n,t,) on
Kp,
Y- Gp+1(27 n,tr)
O(P,n,t,) = 5.22
P te) = S ) By oy ) (5:22)

—2a(n,t,)Fp(z,n+ 1,¢)

_ , 5.23
y+GP+1(Z7n7tT) ( )
P(z,y) € Kp, (n,t,) € Z xR,
with divisor (¢(-,n,t,.)) of ¢(-,n,t,) given by
(@(-.n,t)) =Dp., jnt1t,) — P i) (5.24)

using (B-1T) and (5.20).
The time-dependent Baker—Akhiezer function ¢ (P, n,ng,t,,to ), meromorphic
on Kp \ { P, Pc_}, is then defined in terms of ¢ by

’(/}(Pa n,no, tm tO,r)
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=exp </ ’ ds(Qa(no,s)ﬁr(z,no,sw(ﬂ ng, s) + ér+1(z,no,s))>

to,r
H:;lng o(P,m,t,)  forn >mng+1,
x <1 for n = ny, (5.25)
H:f:_i &(Pym,t,)~t forn <mng—1,
P € Kpy\{Px,}, (nyn0,tr,to,) € Z* x R2.
For subsequent purposes we also introduce the following Baker—Akhiezer vector,

B P7n7n 7t7’7t T
P, 0, tor) = <ww<§: o 20, t00;>)> ’

Pe ]Cp \ {POO;(:}? (TL’ nOatratO,r) S ZQ X RQ.

Basic properties of ¢, 1, and ¥ are summarized in the following lemma.

Lemma 5.2. Assume Hypothesis and suppose that a,b satisfy (5.15)—(5.18]).
In addition, let P = (z,y) € Kp \ {Ps. }, (n,n0,tr,t0,) € Z* x R?, and r € Ny.
Then ¢ satisfies

(5.26)

ap(P) + cf(qif(P))*1 =2z-0b, (5.27)
01, (P) = —2a(Fu(2)0(P)? + ¥ (2)) + 2(s — b)) (2)6(P)
+(Gfi1(2) = Graa(2))6(P), (5.28)
(Pyopry = ) (5.29)
¢ " HG) |
oP) = o(P") = Sk (5.30)
op)+ o(p) =~ o) (531)

Moreover, ¥ and ¥ satisfy
(L= 2(P)(P) = 0, (Papsa — y(P)Y(P) = 0, (5.32)
Vi, (P) = Payiotp(P) (5.33)
= 2aF, ()" (P) + Gri1 (2)3(P), (5.34)
UH(P) =U(2)¥(P), y¥(P)=V,1¥(P), (5.35)
(5.36)

U, (P) = Vi (2)T(P), 5.36
E,(z,n,t,.)

P ’ 7t’r‘7t T P*v ’ at’l“at T :#a 5.37
Y(P,n,ng 0,m)%( n, o 0,r) Fy (2,10, o.r) ( )
a(nvtr)(¢(Pa n7ﬂo7tr,t0,r)1/1(P*,n + 17”07tr7t0,r)

Gpi1(z,m,t,)
P* 0, m0, o, JU(Pyn + 1m0, b fo,p)) = === (5,38

+ 9P, mo 0r)¥(Pin+1,m o)) F,(z,n0,to,r) (5.38)

. _ y(P)
W(¢(P» 'aHOatratO,T)71/}(P ) ° 7”07tr7t0,7')) - (539)

Fp(zanOatO,r) '

In complete analogy to the case of stationary trace formulas one obtains trace
formulas in the time-dependent setting (cf. the abbreviation (3.24))).
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Lemma 5.3. Assume Hypothesis and suppose that a,b satisfy (5.15)—(5.16]).
Then,
2p+1

Z B, Zuj. (5.40)

In addition, if for all (n,t,) € ZxR, ,uj(n, ty) # ux(n,t,) forj #k, j,k=1,...,p,

then,
P p 1
Z D) T s =)™ + Z(b@) —b?). (5.41)

k=1
k#j

M\»—t

For completeness we next mention the Dubrovin equations for the time variation
of the Dirichlet eigenvalues of the Toda lattice.

Lemma 5.4. Assume Hypothesis and suppose that a,b satisfy ([5.15)—(5.16]).
In addition, assume that the zeros pj(n,t.), j = 1,...,p, of Fp(-,n,t,) remain

distinct for all (n,t,) € Z x R. Then,

A e y(i; (n, tr))
g i tr) = =2F (i (n, 80), . ) %;;(u j(n,tr) = pe(n,t,))’ (5.42)

i=1...,p, (n,t,) €Z xR.
When attempting to solve the Dubrovin system (5.42)), it must be augmented
with appropriate divisors Dj(n.4,,) € Sym” K, as initial conditions.
For the ¢,-dependence of F}, and G4, one obtains the following result.

Lemma 5.5. Assume Hypothesis and suppose that a,b satisfy (5.15])—(5.16]).
In addition, let (z,n,t,) € C x Z x R. Then,

Fpu, = Q(FpérJrl - Gp+1ﬁ'r‘)7 (5.43)
Gpire, = 4a®(F,FF = Ff F). (5.44)

In particular, and are equivalent to
Vpt1,t, = [‘77"+17 Vpt1)- (5.45)

It will be shown in Section[f]that Lemma/5.5]in conjunction with the fundamental
identity yields a first-order system of differential equations for fy, g, £ =
1,...,p, that serves as a pertinent substitute for the Dubrovin equations
even (in fact, especially) when some of the p1; coincide.

As in the case of trace formulas, also Lemma [3.4) on nonspecial Dirichlet divisors
D; and the linearization property of the Abel map when applied to D; extends
to the present time-dependent setting. For the latter fact we need to introduce a

particular differential of the second kind, ?2&2), defined as follows. Let wgii g be the

normalized Abelian differential of the second kind (i.e., with vanishing a-periods)
with a single pole at Pu., of the form

B (CT?77+0(1)) d¢ near P, q € Ny. (5.46)

Pooy \q

Given the summation constants ... ,é&. in F, (cf. (5.13)), we then define

T

QP = Z(q + 1)6T—Q(wgo)o+,q - wgo)c_ﬂ), ¢o=1. (5.47)
q=0
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(2 )

Since the differentials wp, L g Were supposed to be normalized we have

/ﬁ@:o, j=1,...,p. (5.48)
aj

Moreover, writing

(Zd, )dg i(Zd, )d@nearPooi, (5.49)

relation (A.20) yields for the vector of b-periods U. i ) of Q12
~(2) o -
50— (@, 7). 550
2 1 '
0 = 27”/ 8 — QZCT ia(Pol)s G=1,..oip. (5.51)

The time-dependent analog of Lemma [3.4] then reads as follows.

Lemma 5.6. Assume Hypothesis and suppose that a,b satisfy (5.15), (5.16]).
Let Dy, jr={f1,...,0p} € Sym?P(K,), be the Dirichlet divisor of degree p associated

with a,b and ¢ defined according to (5.20), that is,

ain,ty) = (pi(n, ty), —Gpr1 (pi(n, tr),m, b)) € Ky j=1,...,p, (n,t,) €Z xR.
(5.52)
Then Dﬁ(mtr) is nonspecial for all (n,t,) € ZxR. Moreover, the Abel map linearizes

the auziliary divisor Dy, in the sense that

~(2)

g, (Pa(n.t,)) = 2 (Di(no o)) — (0 —=n0)Ap, (Pocy) = (tr —tor)U,. ", (5.53)

~(2
where Qo € K, is a given base point and Qi) 18 the wvector of b-periods of the

differential of the second kind Q) introduced in (15.51)).
In addition, if a,b € L>°(Z x R), then there exists a constant C,, > 0 such that

|Nj(n7tr)| < C,ua J=1....p, (na tr) €ZxR. (554)
Proof. We will prove that

0(z(P,n,t.))
0(z(P,no, to,r))

P P
X exp ((n - no)/ w§;+,P + (t, — to,r)/ Q£2)> 7
QU 0

2(Pn,t,) = Ag, (P) = ag, (Dam)) + Eq,- (5.56)

By Lemma 13.4 of [32] it suffices to show that the essential singularities at Py,
are equal. That is, by (5.25)) we need to show that

¢(P> no, 1o, try tO,r)

= exp (/ T ds(2a(no, $)F. (2,10, t,)6(P,no, to.) + Gri1(2,m0, 5 )))

tO,T

l/J(P, n,no, tr, tO,r) :C(n, tr)

where
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T
= exp (:I:(tr —tor) ZCT_kC_k_l + O(l)) for P near Py, . (5.57)
k=0

Using (5.22) and ([5.43)) one obtains
F t, 1/2 ty f,r
1/’(P7 n()?n()vt?“ato,r) = (W) exp (y/ ds M (558)
to,r

Fy(z,m0,to,r Fy(z,n0,$)

and the desired asymptotics follow from Theorem which tells us that

mﬁk(ano, S) = :l:C_k_l + O(l) for P near Pooia (559)
together with ([2.23). O

Again the analog of Remark applies in the present time-dependent context.

6. THE ALGEBRO-GEOMETRIC TODA HIERARCHY INITIAL VALUE PROBLEM

In this section we consider the algebro-geometric Toda hierarchy initial value
problem , with complex-valued initial data. For a generic set of initial
data we will prove unique solvability of the initial value problem globally in time.

While it is natural in the special self-adjoint case to base the solution of the
algebro-geometric initial value problem on the Dubrovin equations (and the
trace formula for b and formula for a?), this strategy meets with
difficulties in the non-self-adjoint case as Dirichlet eigenvalues fi; may now collide
on K, and hence the denominator of can blow up. Hence, we will develop
an alternative strategy based on the use of elementary symmetric functions of the
variables {y;};=1,. , in this section, which can accommodate collisions of ji;. In
short, our strategy will be as follows:

(7) Replace the first-order autonomous Dubrovin system of differential
equations in ¢, for the Dirichlet eigenvalues p;(n,t,), j = 1,...,p, augmented by
appropriate initial conditions, by the first-order autonomous system ,
for the coefficients f;, 7=1,...,p,9;,j=1,...,p—1, and g, + fp+1 with respect
to t,. (We note that f;, j = 1,...,p, are symmetric functions of pui,...,up.)
Solve this first-order autonomous system in some time interval (¢o , — T, to.» + 1)
under appropriate initial conditions at (ng, to,») derived from an initial (nonspecial)
Dirichlet divisor D&(no,to,r)-

(#4) Use the stationary algorithm derived in Section 4] to extend the solution of
step (i) from {ngo} x (to,r — To,t0,r + To) to Z x (to,r — To,to,r + Tp) (cf. Lemma
52).

(#4i) Prove consistency of this approach, that is, show that the discrete algo-
rithm of Section [f] is compatible with the time-dependent Lax and zero-curvature
equations in the sense that first solving the autonomous system (6.27), and
then applying the discrete algorithm, or first applying the discrete algorithm and
then solving the autonomous system , yields the same result whenever
the same endpoint (n,t,.) is reached (cf. the discussion following Lemma and
the subsequent Lemma and Theorem .

(iv) Prove that there is a dense set of initial conditions of full measure for which
this strategy yields global solutions of the algebro-geometric Toda hierarchy initial
value problem (cf. Lemma and Theorem .
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To set up this formalism we need some preparations. From the outset we make
the following assumption.

Hypothesis 6.1. Suppose that
a,b € C% and a(n) #0 for all n € Z, (6.1)

and assume that a,b satisfy the pth stationary Toda system (2.20). In addition,
suppose that the affine part of the hyperelliptic curve KCp in (3.1) is nonsingular.

Assuming Hypothesis we consider the polynomials Fj,, Gpy1, ﬁ,., and ér“

given by f for fixed p,r € Ny. Here fo, fs, 9o, and g5, £ =0,...,p, s =
0,...,r, are defined as in f with appropriate sets of summation constants.

Our aim will be to find an autonomous first-order system of ordinary differential
equations with respect to ¢, of f, and g, rather than p;. Indeed, we will take the

coupled system of differential equations properly rewritten next, as
our point of departure. In order to turn (5.43), (5.44) into a system of first-order
ordinary differential equations for f, and gy, we first need to eliminate f; , fs, Js,
and fs‘“ in terms of fy and g, as follows.

Using (2.9)), (2.23)), (2.25)), and Theorem one infers
Fo(2) =) froa2® =) ériFi(2), (6.2)
s=0 s=0

V4 LAp
Fy(z) = Zfe—kzk7 fo=1, fi= Zée—k(ﬂ)fk, £ € N, (6.3)
k=0 k=0

where m A n = min{m,n} and é(E) has been introduced in (C.4). Hence one
obtains
f0:]~a fs:fl,s(fl7"'afp)7 5:13"'7T7 (64)

where Fi 5, s =1,...,r, are polynomials in p variables.

Next, using (2.9), (2.:24), (2:26)), and Theorem [C.I] one concludes

r r+1
Gr+1(z) = _ZT.+1 + Zgrfszs + fr+1 = Z ér+175Gs(2)7 (65)
s=0 s=1

=0, Gi(z)=Gi(z)=—2z—0b,
¢
Geri(z) = G£+1(z)|ck:0,k:1,.“,€ =y Zﬁlszk + f£+1, teN, (6.6)

k=0
LAD

Ggo=0, Ge= Zész(ﬂ)(gk + fp10pk) — Cey1(E), LN
k=0

Hence one concludes

g‘O:*Ela gs:fQ,s(fla"'afpagla'"7gp—17(gp+fp+1))7 5:13"'3Ta (67)

where F3 5, s =1,...,r, are polynomials in 2p variables. We also recall (cf. (2.18))
that f,41 is a lattice constant, that is,

fp+1 = fpjry (6.8)
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Next we invoke the fundamental identity (2.34) in the form

2
R2P+2 - Gp+1

o (6.9)

— 40L2FZ;|r =
While at this point only holds in the stationary context, we will use it later
on also in the t,.-dependent context and verify after the time-dependent solutions

of (5.2)), (5.3) have been obtained that indeed is valid for all (n,t,) € Z x R.
A comparison of powers of z in then yields

4a2f3' = —2¢g; — 2c¢,

o ot (6.10)
da ff = ‘7:375(f17"'afpaglw'wgpflv(gp +fp+l)>7 {= 1a"'7p7
where F3 4, { =1,...,p, are polynomials in 2p variables.
Finally, combining (6.2), (6.3), (6.9), and (6.10), one obtains
40’ fif = =291 — 203,
y (6.11)

4a2f~'s+ = f4’5(f17'"7fp»gla~-~7gpflv(gp +fp+1))7 s=1,...,m

where F4 4, s =1,...,3, are polynomials in 2p variables.

We emphasize that also the Dubrovin equations (5.42) require an analogous
rewriting of F, in terms of (symmetric functions of) p; in order to represent a
first-order system of differential equations for u;, j =1,...,p.

Next, we make the transition to the algebro-geometric initial value problem
(G:2), (5-3). We introduce a deformation (time) parameter ¢, € R in a = a(t,)
and b = b(t,) and hence obtain t,.-dependent quantities f; = fi(¢,), g¢ = ge(t,),
F,(2) = Fy(z,tr), Gpy1(2) = Gpr1(z,t,), etc. At a fixed initial time tp, € R we
require that

(@,0))4.=to., = (a'?, ), (6.12)

where a(®) = a(-,tp,),b = b(-,ty,) satisfy the pth stationary Toda equation
(2.20) as in 76.11. As discussed in Section in order to guarantee that
the stationary solutions can be constructed for all n € Z one starts from a
particular divisor

Diino.to,) € Mo, (6.13)

where fi(ng, o) is of the form

g(no,to,r) (614)
= {1 (nostor), - 1 (nostor)s - s lgng.to.,) (105 t0.r)s - - 5 flg(nosto.) (P05 tor) }

p1(no,to,r) times Pa(no,to, ) (M0sto,r) times
with
fuk(no, to,r) = (k(no, to,r), y(fik(no, to,r))), (6.15)
wi(no,to,r) # e (no, tor) for k#K, kK =1,...,q¢(no, o),
and
q(no,to,r)
pr(no,tor) €N, k=1,...,q(no,to,r), Z pi(no, tor) = p. (6.16)

k=1
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Next we recall

q(no,to,r)
Fy(z,m0,t0,r) pr enostor)' = ] (2= m(no, to,))Prnoton),
k=1
(6.17)
Tp—l(zvn07t0,r) = _Fp(z,no,toﬂ.)
no,to,r no,to,r —1 74 v
q(no,to,r) Pr(no,to,r) (d y(P)/dC )|P:(Cﬂ7):ﬂk(no,to,r)
) Z pr(no, to,r) — € —1)!
k=1 /=0 Pk (1o, lo,r :
dpk("o,to,r)—[—l )
<\ Zemtma 1| F 70 (6.18)
q(no,to,r)
< I €-mw (no,to,r))_p’“’("o’to”)>) )
k'=1,k'#k C=pn(nosto.r)
2P+1 q(no,to,r)
b(no, to.r) = Z En— Y pr(no,tos)m(no, to,), (6.19)
k=1
Gpr1(z,m0,t0,) = =277 + ngfz(no, tor)2" + foya(tor),

=0
= —(Z - b(’l’Lo, toﬂ‘))Fp(Z, no, to,r) + Tp,1<Z, no, t07r>. (620)

Here the sign of y in (6.18) is chosen as usual by
f(nostor) = (k(no, tor), —Gpri1(pr(no, tor), no, to,r)),  k=1,...,q(no,tor).

By one concludes that uniquely determines F),(z, ng, to,) and h(eﬁr;(Q:(:T :
filno,tor)s- - fo(nosto,r)- (6.22)

By 7 one concludes that also Gp41(z,no,to,) and hence
g1(nostor),- - gp—1(n0,to.r), gp(n0, to.r) + fp+1(tor) (6.23)

are uniquely determined by the initial divisor Dy, .¢, ) in (6.13).
Summing up the discussion in (6.2)—(6.23)), we can transform the differential
equations

Fp,tr(za no, tr) = 2(Fp(z7 no, tT)éT+1(Z7 no, t’r‘)

- GP+1(Z5nO;t’r)ﬁT(z7n07t’r‘))7 (624)
Gpi1, (2,10, 1) = 4a(ng, t,)? (Fy(2, no, t,) FF (2,10, 1)
— F¥(z,n0,t,) Fr(2,n0, tr)) (6.25)

subject to the constraint

Ropia(2) = Gpia(z,no, tr)?
Fp(z7 no, t?") ’

and associated with an initial divisor Dy (ng.t,,) i (6.13) into the following au-

tonomous first-order system of ordinary differential equations (for fixed n = ng),

fj,t,- :fj(fl7"'7fp)gla"'7 pflagp+fp+1)7 .7: 17"'7p,

- 4a2F;(z,n0,tr) =

(6.26)
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gj,tr:gj(fla"'7fp7gl7"'7gp—1agp+f[)+1)’ j:17"'7p_15 (627)
(gp+fp+l)tT = gp(fla"'7fp7gl,~~'7gp—1agp +fp+l)

with initial condition

fj(nOatO,T)v j=1,...,p,

gj(n07t0,’r)7 .] = 17"'7p_ 1) (628)
9p(no,to,r) + fp+1(to,r),
where F;, G;, j = 1,...,p, are polynomials in 2p variables. As just discussed, the

initial conditions (6.28)) are uniquely determined by the initial divisor Dj(n,.4, ) in
(6.13)).
Being autonomous with polynomial right hand sides, there exists a Ty > 0, such
that the first-order initial value problem (6.27] - has a unique solution
fj:fj(n()vtr)a ]:17"‘7p7
gj:gj(n();t’r)a j:17"'7p_17
9p+ fp+1 = gp(nOa tr) + fp+1(t7')
for all t, € (toﬂ- - T(), tO,T’ + To)

(cf., e.g., 35} Sect. II1.10]). Given the solution (6.29)), we next introduce the fol-
lowing quantities (where ¢, € (to,, — To, %o, + 10)):

(6.29)

q(no,tr)

(2,70, pr o(no,tr)z" = [T (2= malno, tr))Pe"), (6.30)

k=1
TP 1(2 nOa )_ F (Zvn07tr)
q(no,tr) pr(no,ts)—1 (dé

p>

P/d(e ‘P (¢ m=fix(no,tr)
O(pr(no, t,) — £ —1)!

=0
P (no,tr)—£—1 »
x (W (=0 (6.31)
q(no,tr)
x H (= Mk’(nOatr))_pk/(nmtr))> ,
k=1, bk ¢=px(notr)
2P+1 q(no,tr)
710, Z E Z pk(nO?tT)/J’k(nO,tr), (632)
k=1
Gpr1(z,no,t,) = —2P11 + ng_g(no,tr)zf + fpt1(tr)
=0
—(2 = b(no, t+)) Fp(2,no, t) + Tp—1(2, 0, 1) (6.33)

In particular, this leads to the divisor
DE(TLO»tr) S Symp(ICp) (6.34)
and the sign of y in (6.31)) is chosen as usual by

ﬂk(n07tr) = (/Lk(n()atr)a_Gp+1(lj/k(n07t7’)7n07t’l‘>)a k= 13"'7q(n07t7’)7 (635)
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and

E(n07 ) - {Nl(nOut’r‘)a e 7M1(n07tr)7 e 7uq(no,tr)(n07t1“)7 e 7/1'q(n0,tr) (’]’L(),tr)}

p1(no,tr) times Pa(ng,tr) (no,tr) times
(6.36)
with
pu(no, tr) # pu (no, t,) for k# k', kK =1,...,q(no, t;) (6.37)
and
q(no,t.)
pr(no,tr) €N, k=1,...,q(no, t,), Z pr(no,tr) = p. (6.38)
k=1
By construction (cf. ), the divisor Dj,(p,.¢,) is nonspecial for all ¢, € (to,, —
To, to,r + o). -

In exactly the same manner as in (4.27)—(4.30) one then infers that F,(-,ng,t,)
divides R2p+2 (since t,. is just a fixed additional parameter). Moreover,

arguing as in we now assume that the polynomial
R2p+2(2) = Gpaa(z,mo,tr)* = O(2™) (6.39)

is precisely of maximal order 2p for all ¢, € (¢o, — Tp,to.» + To). One then obtains

R2P+2(Z) - GP+1(Z7nOatT)2 = 740’(”07@”)21??(27nOvtT’)Fp(zvnO + latr)a

6.40
(z,t,) € C x (to,r — To, to.r + To), (640)

where we introduced the coefficient a(ng,t,)? to make F,(-,no + 1,¢,) a monic
polynomial of degree p. As in Section [4] the assumption that the polynomial
F,(-,no+1,t,) is precisely of order p is implied by the hypothesis that

Du(no, € Mg for all ¢, € (to r To,toﬂn + To), (641)

a point we will revisit later (cf. Lemma [6.5). Given (6.40]), we obtain consistency
with (6.9 . ) for n = ng and ¢, € (to,r — To,t0,r + T0)-
The explicit formula for a(ng,t ) then reads (for ¢, € (to, — To,to0,r + 1))

a(no,tr) (gpk(notr pr(nostr)—1
a(ng t')Q = } ZO: (d o ( )/dcre )|P:(Cﬂ7):ﬂk(no,t7-)
Y 2 Pt (pr(ng, tr) — 1!
q(no,ts)
x T1 (uw(noste) = s (no,t,)) Prmets) (6.42)
k=1, k' £k

(b(2)(n0, )—b(’no, )2)

Here and in the followmg we use the abbreviation

2p+1 q(n,t,)
b (n,t,) Z B2, = > prlnte)pk(n, tr)’ (6.43)
m=0 k=1

for appropriate ranges of (n,t,.) € N x R.

With 7@ in place, we can now apply the stationary formalism as sum-
marized in Theorem subject to the additional hypothesis , for each fixed
t, € (to,r — To,t0,r + To). This yields, in particular, the quantities

Fy, Gpy1, a, b, and i for (n,t.) € Z x (to,r — To,to,r + To), (6.44)
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which are of the form (6.30)—(6.43)), replacing the fixed ng € Z by an arbitrary
n € Z. In addition, one has the following fundamental identities (cf. (4.53)), (4.58]),

(4.61), and (4.62)), which we summarize in the following result.

Lemma 6.2. Assume Hypothesis and condition (6.41). Then the following
relations are valid:

Rapsa — Gopy + 4a’FyF)f =0,

2z —bNES + Gl +Gpi1 =0,

20°F,f —2(a”)*F, + (2 = b)(Gp1 — G, yy) =0,
20z —bNES =2z —b)F, + G}, -G, =0
on Cx Z x (to, — To, to., + To)

and hence the stationary part, (5.9), of the algebro-geometric initial value problem
holds,

UVps1 =V, U =0 on CXZx (to, — To, tor + Tp). (6.49)

In particular, Lemmas [3.2H34] apply.

Lemma [6.2] now raises the following important consistency issue: On one hand,
one can solve the initial value problem , at n = ng in some interval
tr € (to,r—To, to,r+710), and then extend the quantities F,, Gpt1 to all CxZx (g, —
To, to,r + Tp) using the stationary algorithm summarized in Theorem as just
recorded in Lemmal6.2] On the other hand, one can solve the initial value problem
, at n = ny, ny # ng, in some interval ¢, € (to, — T1,%0,» + T1) with
the initial condition obtained by applying the discrete algorithm to the quantities
F,,G,11 starting at (ng,to,) and ending at (nq,%o,). Consistency then requires
that the two approaches yield the same result at n = ny for ¢, in some open
neighborhood of tg ;.

Equivalently, and pictorially speaking, envisage a vertical t,.-axis and a horizontal
n-axis. Then, consistency demands that first solving the initial value problem
, at n = ng in some t,-interval around ¢y, and using the stationary
algorithm to extend Fj,,Gp41 horizontally to n = n; and the same ¢,-interval
around ¢ ., or first applying the stationary algorithm starting at (ng, to, ) to extend
F,, G,41 horizontally to (ni,to ) and then solving the initial value problem ,
at m = n, in some ¢,-interval around ¢y, should produce the same result at
n = n; in a sufficiently small open ¢, interval around t¢ ;.

To settle this consistency issue, we will prove the following result. To this end
we find it convenient to replace the initial value problem , by the
original ¢,-dependent zero-curvature equation (5.8), Uy, + UVypq — ‘N/r':_lU =0on
Cx7Zx (tgﬂa — TO,tO,r +To)

Lemma 6.3. Assume Hypothesis and condition (6.41)). Moreover, suppose that

(6.24)—(6.26) hold on C x {ng} x (to, — To,to,r + To). Then (6.24)—(6.26) hold on
Cx7Zx (toﬂ- — T07t0,7' + To), that 18,
Fpatr (Za n, t'f) = 2(F10(Z7 n, tr)é?+1(27 n, t?“)

- Gp+1(Z7 n, tr)Fr(Za n, tr)), (650)
Gp-‘rl,tr (Z’ n, tT) = 4a(n7 tr)z (Fp(za n, tr)ﬁj('za n, tr)
_F;(Z7n7t7‘>ﬁr(z7n,t'r)), (651)
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Ropi2(2) = Gpr1(2,n,t,)% — da(n, t,)* Fy(z,n, t, VES (2, t,), (6.52)
(z,n,t,) € CXZ % (to,r — To, to.r + Tp).
Moreover,
¢i (P, t,) = —2a(n, t.) (Fp(2,n,t,)(P,n, t.)? + FF (z,n,t,))
+2(z = bt (n, t,))FF (z,n,t,) 0 (P, t,) (6.53)

+ (é’:;rl(zanat?”) - GT+1(Z>nat7‘))¢(P7natT‘)a
atr(natr) = 70’(”3 tT)(2(Z - b+(n’tr))ﬁj(zvna tT)

+ é;:_l(z, n,t.) + CNJT_H(Z, n, tT)), (6.54)
be, (nyt) = 2((z = b(n, t,))2 Fp(z,m,t0) + (2 — b(n, 1,)) Gryr (2,1, 1)
+a*(n, t,)EF(z,n,t,) — (™ (n,6,))2F7 (2,n,t,)), (6.55)

(Z n t)E(CXZX(thfTo,tOr+T0).

Proof. ByLemmaEwehave 5.22)), (5.23)), (5.27), (5.29)(5.31)), and (6.45] -

for (n,t,) € Zx (to,r —To,to,r+Tp) at our disposal. Differentiating l-l at n =ng
with respect to ¢,, inserting (6.50) and (6.51) at n = ng, yields
2F+at + CLF e 2G(Gp+1ﬁ:_ — F:ér+1)

~ ~ ~ ~ (6.56)
=2F a(~2(z —b")FF = Gy — Gor) +2a(FS G — G FF)
at n = ng. By inspection,
Ff(2)Gla(2) - Gla(2)Fl(z) = O, (6.57)

|z|—00

This can be shown directly using formulas such as (2.23])—(2.26]), (6.2]), (6.3]), (6.5]),

and (6.6). It also follows from (5.43) and the fact that F}, is a monic polynomial of
degree p. Thus one concludes that

2FFa;, = 2F a( —2(z — bN)F — Gy — Gria) (6.58)

at n = ng, and upon cancelling QF;r that holds at n = ng. This and
then also proves that holds at n = ng + 1.

Next, differentiating 2aF,¢ = y — Gp11 at n = ng with respect to t,, inserting
(]6 50)), (]6 51), and (6.54) at n = no, and using (5.23) to replace 2aF,; by —(y +

Gp+1)¢ and - to replace (Gpy1 —y) by —2aF,¢, yields (6 at n = ng upon

cancelling the factor 2aF).

Differentiating (6.46)) With respect to ¢, (fixing n = ng), inserting (6.46) (to
replace G;‘H), (6.51) at n = ngp, and (6.50) at n = ng + 1 yields

0= —2Ff (b —2(z = b*)*F +24°F, — 2(z — b*)G, )
+4(z = bY)2FSFF 4+ 4(2 = 05)Gpi B + 4(a)?FFF + Gy,
= 2+ (bf —2(2 — 07)2EF —2(2 — bY)Gy + 2a%F, — 2(a™)2FF)
—4(aM2EFEM 4 4(z = V)2 ESF 442 — )Gy B
+4a’F,FF + Gy,
= —2FF (bf —2(z = bY)2FF —2(2 — bH)G g + 20°F, — 2(a™)*F ) (6.59)
+ Gl —Hat)PES I 4 (40%F, + 4(2 — 07)?EF + 4(2 = b4) Gy ) FF

T
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at n = ng. Combining (6.46)) and (6.47) at n = ng one computes
4a")?Fft =4a’F, + 4z = b7 )’ ES +4(z = b7)Gppa (6.60)
at n = ng. Insertion of into (6.59)) then yields
0=—2FF (b} —2(z = b")2FF —2(2 —b")Glyy + 28°F, — 2(at)2FH)

+ Gl — 4t E I + AT EATES (6.61)
at n = ng. In close analogy to (6.57]) one observes that
Ef(2)F 1 (2) — Ff P (2)Ff (2) e O(zP~1) for p € N. (6.62)
Thus, since F; is a monic polynomial of degree p, (6.61)) proves that
b —2(z —b%)2EF — 2(2 — bH)G 4+ 20%F, — 2(at)2EFT =0 (6.63)

at n = ng, upon cancelling F; . Thus, (6.55)) holds at n = ng + 1. Simultaneously,

this proves (6.51) at n = ng + 1.

Iterating the arguments just presented (and performing the analogous consider-
ations for n < np) then extends these results to all lattice points n € Z and hence

proves (6.50)—(6.55) for (z,n,t,) € C x Z X (to,, — To,to,r + To)- O
We summarize Lemmas [6.2] and [6.3] next.

Theorem 6.4. Assume Hypothesis and condition (6.41]). Moreover, suppose

that
fj:fj(n07tr)7 jzla"'apv
gj:gj(n()atr)a jzla"'7p_1a
gp + fpr1 = gp(”Ov tr) + fp-i-l(tr)

fO’f’ all tr e (toﬂn — TOatO,r —+ TQ),

(6.64)

satisfies the autonomous first-order system of ordinary differential equations (6.27))
(for fized n = nyp),
fj,tr :fj(fla"'afpaglv"'7gp—1ygp+fp+1)7 .] - 17"'7pa
gj,tr:gj(f1’~"5fpagla"'7gp—1agp+fp+1)7 j:]w"'apfla (665>
(gp + prrl)tr = gp(fla sy fpagla cee 7gpflygp + fp+1)
with initial condition
fj(n07t0,r)a j:]-v"'vpv
gj(no,tor), j=1,....,p—1, (6.66)
gp(nOatO r + fp+1 tO r

Then F, and Gpy1 as constructed in l- 6.44) on C x Z x (to, — To, to,r + To)
satisfy the zero-curvature equations (5.8)), -) and -,

Up + UVyr — VU =0, (6.67)
UVyar — ViU =0, (6.68)
Vpti,t, — [‘77«+17Vp+1] =0 (6.69)

on Cx7Z x (tO,r — To,t()ﬂ« + To),
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with U, Vp41, and ‘N/H_l given by (5.10). In particular, a,b satisfy the algebro-
geometric initial value problem (5.2), (5.3) on Z x (to,r — To,to,r + To),

/Tvlr(a b) = (atT —af( N;H(a,b) - fp+1(a, b))) —0
’ br, + Gpt1(a,b) — G4y (a,b) ’
(a,b) bt = (a(o),b(o))7

—a(fr (0O, qO) = £y (p© q©
s-TL, (a®,0) = ( (gp fl’@((o)’b(m) —)ngrf-(a((‘)),b(O)) M=o, @6

(6.70)

and are given by

q(n,tr) (dpk(77'7t'r)_1y(P)/dek(n,tr)_l) |P7

1 (Cm=fuk (nt,)
a(n,t,)* = = : :
() =5 2 ()~ 1)1
q(n,ty)
< TI (uwlnate) — () () (6.72)
k'=1, k' #k
1
+ Z(b(z)(n7tr) - b(na tT)z)a
R q(n,tr)
b(n,t,) = 3 Z E, — Z pr(n, tr)pk(n, t), (6.73)
m=0 k=1

(Z,’I’L,tr) €7 x (t077~ — T07t0,r + To)
Moreover, Lemmas and apply.

As in the stationary case, the theta function representations of a and b in the
time-dependent context can be derived in complete analogy to the self-adjoint case.
Since the final results are formally the same as in the self-adjoint case we again
just refer, for instance, to [6], [7], [9], [10], [14], Sect. 1.4], [18] (cf. also the appendix

written in [8]), [25], [30, Appendix, Sect. 9], [32], Sect. 13.2], [33] Sect. 4.6], [34, Ch.
28].

As in Lemma[4:2) we now show that also in the time-dependent case, most initial
divisors are nice in the sense that the corresponding divisor trajectory stays away
from P, for all (n,t,) € Z x R.

Lemma 6.5. The set My of initial divisors Dy(n, 1, ,) for which Di(nt,) defined
via (5.53)), is nonspecial and finite for all (n,t.) € Z x R, forms a dense set of full

measure in the set Sym? (IC,)) of nonnegative divisors of degree p.

Proof. Let Mging be as introduced in the proof of Lemma Then

U (g, Mang) +:.8,7)

tr€R

= U (4ay(Px.) + ag, (S (k) + 0, (6.74)
tr€R

_ ~(2)
v U (AQO(POOJ +ag, (Sym” HKy)) + .U, )
t,€R

is of measure zero as well, since it is contained in the image of R x Sym?~*(/C,)
which misses one real dimension in comparison to the 2p real dimensions of J(K,).
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But then o
~(2
U (QQO (MSing) + nAPOO7 (Poo+) + trQr > (6.75)
(n,tr)EZXR
is also of measure zero. Applying géi to the complement of the set in (6.75]) then

yields a set M of full measure in Sym?(KC,,). In particular, M; is necessarily dense
in Sym?(KC,). O

Theorem 6.6. Let Dy ,1y,) € M1 be an initial divisor as in Lemma . Then
the sequences a,b constructed from ji(no,to,) as described in Theorem satisfy
Hypothesis[p.1l In particular, the solution a,b of the algebro-geometric initial value

problem (6.70), (6.71) s global in (n,t.) € Z x R.

Proof. Starting with Dy (n.40.,) € M1, the procedure outlined in this section and
summarized in Theoren; leads to Dy ¢,) for all (n,t,) € Z x (to, — To, to,r +To)
such that holds. But if a, b should blow up, then Dy, ;) must hit Py, or
P, _, which is impossible by our choice of initial condition. [

Note, however, that in general (i.e., unless one is, e.g., in the special periodic or
self-adjoint case), D¢, Will get arbitrarily close to P, since straight motions
on the torus are generically dense (see e.g. [2| Sect. 51] or [I7, Sects. 1.4, 1.5]) and
hence no uniform bound on the sequences a(n,t,),b(n,t,) exists as (n,t,) vary in
Z x R. In particular, these complex-valued algebro-geometric solutions of the Toda
hierarchy initial value problem, in general, will not be quasi-periodic (cf. the usual

definition of quasi-periodic functions, e.g., in [31], p. 31]) with respect to n or t,.

APPENDIX A. HYPERELLIPTIC CURVES OF THE TODA-TYPE

We provide a brief summary of some of the fundamental notations needed from
the theory of hyperelliptic Riemann surfaces. More details can be found in some of
the standard textbooks [11] and [27] as well as in monographs and surveys dedicated
to integrable systems such as [5, Ch. 2], [§], [I3, App. A, B], [32, App. A].

Fix p € N. We intend to describe the hyperelliptic Riemann surface K, of genus
p of the Toda-type curve , associated with the polynomial

Fp(z,y) = y? — Ropia(z) =0,

Zptl Al
Ropia(2) = [[ (2= Em), {Em}ify cC. A

m=0
To simplify the discussion we will assume that the affine part of K, is nonsingular,
that is, we assume that
E,#E, form#m' mm =0,...,2p+1 (A.2)
throughout this appendix. Next we introduce an appropriate set of (nonintersect-
ing) cuts C; joining Ey,(;) and Ey,(5), j =1,...,p+ 1, and denote
p+1
c=J¢, ¢ne=0, j#k (A.3)
j=1
Define the cut plane
II=C\C, (A4)
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and introduce the holomorphic function

2p+1 1/2
e 0| G0 (4.5)

m=0
on IT with an appropriate choice of the square root branch in (A.5). Next we define
the set
M, = {(z,aRgp+2(z)1/2) |z€C, 0€{l,-1}} U{Px,,Px_} (A.6)

by extending Rop1a( - )1/2 to C. The hyperelliptic curve Kp is then the set M, with
its natural complex structure obtained upon gluing the two sheets of M,, crosswise
along the cuts. Moreover, we introduce the set of branch points

B(Kp) = {(Em, 0)}7 5. (A7)
Points P € K, \ {Px } are denoted by
P = (ZaUR2p+2(Z)1/2) = (Zvy)v (A8)

where y(-) denotes the meromorphic function on K, satisfying F,(z,y) = y* —
R2p+2(z) =0 and

1 2p+1
y(P) =, :F<1 - 2( > Em)c + 0(§2)><P1 as P — Po,,(=1/z. (A9)

m=0

In addition, we introduce the holomorphic sheet exchange map (involution)

*: Kp = Kp, P=(z,y) = P"=(2,~y), Py = P, = P (A.10)
and the two meromorphic projection maps
7:Kp = CU{oo}, P=(z2,y)— 2, Po, (A.11)
and
y: Ky - CU{x}, P=(2y)—vy, Px, — 0. (A.12)

Thus the map 7 has a pole of order 1 at P, and y has a pole of order p + 1 at
P, . Moreover,

#(P') =#(P), y(P")=—y(P), Pk, (A.13)
As a result, K, is a two-sheeted branched covering of the Riemann sphere CP!

>~ C U {oo}) branched at the 2p + 4 points {(E;,,0 L p oK, s compact
£ Mop

m=0"
since 7 is open and CP' is compact. Therefore, the compact hyperelliptic Riemann
surface resulting in this manner has topological genus p.
Next we introduce the upper and lower sheets II. by

Iy = {(z,2Ropr2(2)/?) € M, | z € TI} (A.14)
and the associated charts
Ci: Hi — H, Pz (A15)

Let {a;,b; }1;7:1 be a homology basis for IC, with intersection matrix of the cycles
satisfying

ajoby, =0k, ajoar=0, bjob,=0, jk=1,...,p. (A.16)
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Associated with the homology basis {a;,b;};_; we also recall the canonical dis-
section of K, along its cycles yielding the simply connected interior 16,, of the
fundamental polygon 0K, given by

0K, = arbiay by Yashoay 1oyt -0 bt (A.17)

Let M(K,) and M!(K,) denote the set of meromorphic functions (0-forms)
and meromorphic differentials (1-forms) on C,,. The residue of a meromorphic
differential v € M (K,) at a point Q € K,, is defined by

resq(v) ! / v, (A.18)

~ 27

where g is a counterclockwise oriented smooth simple closed contour encircling @
but no other pole of v. Holomorphic differentials are also called Abelian differentials
of the first kind. Abelian differentials of the second kind w® € M(K,) are
characterized by the property that all their residues vanish. They will usually be
normalized by demanding that all their a-periods vanish, that is,

/ w® =0, j=1,...,p. (A.19)
If ng),n is a differential of the second kind on /C,, whose only pole is P; € Ian with
principal part ("""2d(, n € Np near P; and w; = (Z::O djym(Pl)Cm) d¢ near P,
then

1 2) djm (P1)
— — &m T 1) —0,1,... A.20
2m/bjwpl’m m+1 T (#.20)

Using local charts one infers that dz/y is a holomorphic differential on /C, with
zeros of order p — 1 at P, and hence
27 ldz )
77]: y ) j:17""p7 (A'21)
form a basis for the space of holomorphic differentials on /C,. Introducing the
invertible matrix C' in C?

C=(Cin)jper..p Cik= / 55 (A.22)
ag
c(k) = (ci(k),...,cp(k)), cj(k)= (Cil)ﬁk, Jhk=1,...,p, (A.23)
the normalized differentials w; for j =1,...,p,
P
wj =Y ci(O)me, / w; =0k, Jk=1,...,p, (A.24)
=1 ak

form a canonical basis for the space of holomorphic differentials on /C,.
In the chart (Up,,, ,(p.,, ) induced by 1/7 near Pu, one infers,

p (i) (P=id
W= (W, wy) = ;; (Hffjéi)lc— CEi))”Q (A.25)

= i(c(p) + C(;c(p) i:z::Em +c(p— 1)) + O(CQ))dC as P — P,
C=1/z
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The matrix 7 = (7;¢)" ,_, in CP*P of b-periods defined by

Tt :/ we, Jl=1,...,p, (A.26)
bj
satisfies
Im(7) >0 and 750 =705, j,{=1,...,p. (A.27)
Associated with the matrix 7 one introduces the period lattice
L,={2€CP|z=m+n71, m,nec Z} (A.28)

and the Riemann theta function associated with K,, and the given homology basis
{a;,b5}j=1...n;

0(z) = Z exp (2m’(@, z) + mi(n, QT)), zeC™, (A.29)
nezm
where (u,v) = uv' = Z?:ﬂTjUj denotes the scalar product in C™. It has the
fundamental properties
0(213'"azj—lvfzjazj—i-lv"wzn) :e(g)a (A30)
O(z+m+nt) =exp ( —2mi(n, z) — wi(n, QT))H(;), m,n € Z". (A.31)

Next, fixing a base point Qg € I, \ { P~ }, one denotes by J(K,) = C?/L,, the
Jacobi variety of K}, and defines the Abel map Ag by

P P
Ag,: Kn — J(Iy), AQO(P):(/ wl,...,/ wp) (mod L), P ek,.

Qo Qo
(A.32)
Similarly, one introduces

ag,: Div(K,) = J(K,), D ag (D)= > D(P)Aq, (P (A.33)
PeK,
where Div(/C,) denotes the set of divisors on K,. Here a map D: K, — Z is called
a divisor on KCp, if D(P) # 0 for only finitely many P € K. (In the main body of
this paper we will choose Qg to be one of the branch points, i.e., Qo € B(K,), and
for simplicity we will always choose the same path of integration from @y to P in
all Abelian integrals.)
In connection with divisors on C, we will employ the following (additive) nota-
tion,

DQOQ =Dq, + DQ7 DQ =Dq, +---+Dq,,, (A'34)
Q=1{Q1,...,Qn} €Sym™K,, Qoeck,, meN,
where for any Q € KCp,

1 for P =0Q,

0 for Pe K, \{Q}, (A.35)

Dg: Ky, = Ng, P+— Dg(P)= {
and Sym™ /C,, denotes the mth symmetric product of ICp. In particular, Sym™ IC,
can be identified with the set of nonnegative divisors 0 < D € Div(K,) of degree m €
N. A divisor Dg = Dq, + - -+ Dq,, will be called finite if Qi € Ky \ {Pso, , Poo_},
E=1,...,m.

For f € M(K,) \ {0}, w € MY(K,) \ {0} the divisors of f and w are denoted
by (f) and (w), respectively. Two divisors D, £ € Div(K,) are called equivalent,
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denoted by D ~ &, if and only if D — & = (f) for some f € M(K,) \ {0}. The
divisor class [D] of D is then given by [D] = {€ € Div(K,) | £ ~ D}. We recall that

deg((f)) =0, deg((w)) =2(p—1), [feM(,)\{0}, we M (K,)\ {0},
(A.36)
where the degree deg(D) of D is given by deg(D) = ZPeK,, D(P). It is customary
to call (f) (respectively, (w)) a principal (respectively, canonical) divisor.
Introducing the complex linear spaces

L(D)={f e M(Kp) | f=00r (f) 2D}, r(D)=dimcL(D), (A.37)
LYD) ={we MK,) |w=0or (w) >D}, i(D)=dimcL' (D) (A.38)

(with (D) the index of specialty of D), one infers that deg(D), r(D), and (D) only
depend on the divisor class [D] of D. Moreover, we recall the following fundamental
facts.

Theorem A.1. Let D € Div(K,), w € M(K,) \ {0}. Then,
i(D) =r(D — (w)), pe€No. (A.39)
The Riemann-Roch theorem reads
r(=D) = deg(D) +i(D) —p+1, neN. (A.40)
By Abel’s theorem, D € Div(K,), p € N, is principal if and only if
deg(D) =0 and aq (D) = 0. (A.41)

Finally, assume p € N. Then ag, : Div(K,) — J(K,) is surjective (Jacobi’s
inversion theorem,).

Theorem A.2. Let Dg € Sym” Ky, Q = {Q1,...,Qp}. Then,
1<i(Dq) =s (A.42)

if and only if there are s pairs of the type {P,P*} C {Q1,...,Qp} (this includes,
of course, branch points for which P = P*). Obviously, one has s < p/2.

Next, we denote by 2o, = (£, - - -»=Q,,) the vector of Riemann constants,
1 P p
EQo,j 25(1—5-7']‘,]')—2/ o.)g(P)/ wj, J=1,...,p. (A.43)
o=1" e Qo
1%

Theorem A.3. Let Q = {Q1,...,Q,} € Sym” K}, and assume Dgq to be nonspecial,
that is, i(Dg) = 0. Then,

0(Eq, — Ag, (P) + ag, (DQ)) =04 and only if P € {Q1,...,Qp}. (A.44)

APPENDIX B. SOME INTERPOLATION FORMULAS

In this appendix we recall a useful interpolation formula which goes beyond the
standard Lagrange interpolation formula for polynomials in the sense that the zeros
of the interpolating polynomial need not be distinct.
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Lemma B.1. Let p € N and S,_1 be a polynomial of degree p—1. In addition, let
E, be a monic polynomial of degree p of the form

q q
Hzfp’k 5 ijNa /Lje(caj:]-a"'acb Zpk:p (Bl)
k=1 =

Then,
pr—1 S(f) 111;)

Sp—1( Z;% a k—é—l) (B.2)

k=1

qpe—t—1 g
x (dek-e-l <(z—<)1 1T (C—uw)’”“))
k'=1,k'#k C=pk

In particular, Sp—1 is uniquely determined by prescribing the p values

Sp—l(,uk)ﬂs;:)—l(uk)v"'7S;z(;pk1 1)( k)a k: 17"'aQ7 (BS)

at the given points pi. ..., g
Conversely, prescribing the p complex numbers

e I (L T N2 (B.4)

there exists a unique polynomial T,,_1 of degree p — 1,

q pr—1 (12)
T, 1 ( Zzﬂ k_g_l) (B.5)
k=1 ¢=0

, z€C,

qpe—t—1 . g .
X dcre 1 (z=0) H (N
k'=1, k'sk C=pn
such that
Tya () = o, Ty () = o, T () = ™Y, k=1,...,q.
(B.6)

Proof. Our starting point for proving (B.2) is the following formula derived, for
instance, by Markushevich [22 Part 2, Sect. 2.11, p. 68],

1 [d¢Sp—1(C) Fp(¢) — Fp(2)
Sy = P P P C B.7
p-1(2) = 55 %F F,(0) c—z ' *Fb (B-7)
where I is a simple, smooth, counterclockwise oriented curve encircling i1, ..., tq

strictly in its interior. Since the integrand in is analytic at the point ( = z,
we may, without loss of generality, assume that I' does not encircle z. With this
assumption one obtains

1 [d¢Sp-1(0)

2me Jp (—z
and hence deforming I" into sufficiently small counterclockwise oriented circles 'y
with center at up, k = 1,...,q, such that no u, k' # k, is encircled by I'y, one
obtains

Sp1() = -

=0 (B.8)

Fp(z)% d¢ Sp-1(Q)
2mi FFP(C)(C_Z)

dQSp 1(
- 2m Zé )
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qplS() d¢ (¢ — )’
- 2m Z F _kz
k=1 (=0 r, Fp(O(C —2)
_ _Fy(2) zq:pil S;(:ej1(ﬂk) ‘7{ d¢ (¢ — pe)*
et e S r, (C—2) 151 (¢ — )P
_ B zq:p . Sg()é)1(ﬂk) 7{ d¢ (¢ — pg)ePr
== A RN
q pr—1 S()1 (1x) dC(C_,U/k)K_pk
, B.9
i kg 2 iRer 17, (¢ (B9)
where we used
%F d¢ (¢ — )P f(¢) =0 for £> pg, L €N, (B.10)

for any function f analytic in a neighborhood of the disk Dy with boundary I,

k=1,...,q, to arrive at the last line of (B.9)). An application of Cauchy’s formula
for derivatives of analytic functions to Gﬂj then yields

q pr— 15(5)
Spa(2 (2>
k=1 ¢=0
1 1 1

2mi Jp, (¢ — Mk)(p’“_e_l)ﬂ (F) HZ':l,k’;ﬁk(C — g PR

, z€C,
(=pr

dplk—f—l 1
. (dcm‘“ ((2 = O T, o (€ — )P ))

and hence (B.2)). Conversely, a linear algebraic argument shows that any polynomial
Tp—1 of degree p — 1 is uniquely determined by data of the type

(B.11)

Ty () Tyoa () T2 (), k=100 (B.12)
Uniqueness of the representation (B.2) then proves (B.5). O

We briefly mention two special cases of (B.2]). First, assume the generic case
where all zeros of F), are distinct, that is,

q=p, pe=1, pr#uy for k#KE, kK =1,...,p. (B.13)
In this case (B.2)) reduces to the classical Lagrange interpolation formula

e Syo1(1n)
5r1(2) = B) 2 T 070 Yo = )

zeC. (B.14)

Second, we consider the other extreme case where all zeros of F}, coincide, that is,

g=1, pi=p, Fy(z)=(z—-—m)?, zeC (B.15)
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In this case (B.2) reduces of course to the Taylor expansion of S,_; around z = p,

L2 52 () .
Sp—1(z) = Z T(z —m), zeC. (B.16)
=0 ’

APPENDIX C. ASYMPTOTIC SPECTRAL PARAMETER EXPANSIONS AND
NONLINEAR RECURSION RELATIONS

In this appendix we discuss asymptotic spectral parameter expansions for F),/y
and Gp41/y as well as nonlinear recursion relations for the corresponding homoge-
neous coefficients fg and g, and analogous quantities fundamental to the polynomial
recursion formalism for the Toda hierarchy.

We start by recalling the following elementary results (which are consequences
of the binomial expansion). Let

{Em}m=0....2p+1 C C for some p € Ny (C.1)
and 1 € C such that |n| < min{|Eo|™",..., |Faps1| '}
Then
2p+1 —1/2 00
(ML O-5m) =Y e (€2)
m=0 k=0
where
CO(E) = 17
k . .
; (250)! - (2j2p11)! :
é(E) = - : E?...E?** L eN. C.3
k(E) . Z o 250D (Gapsa )2 0 2p+1 (C.3)
JOs--3J2p+1=
Jo+-+j2pr1=k
The first few coefficients explicitly read
1 2p+1
o(B) =1, a(E)=; ;Em,
1 2p+1 3 2p+1
. _ 2
&2(B) = 5 > EmEm, + S Y EL, et (C.4)
my,mo=0 m=0
my<mgz
Similarly,
2p+1 1/2 00
(ML a-Bm) =S a@n" (©5)
m=0 k=0
where
co(E) =1,
240)! -+ (2 AR
cn(E) = Z (2j0) (272p+1)! By 2p+1 keN. (C.6)

o) - (ap1)2(2jo — 1)+ Zapr1 — 1)’
Jot-+i2p+1=k

The first few coefficients are given explicitly by

2p+1

1
oB)=1, aB)=-35 > En,
m=0
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2p+1 2p+1

Z EpyEmy — = Z ete. (C.7)

ml,mg =0
mi<mgo

Theorem C.1. Assume (2.1), s-Tl,(a,b) = 0, and suppose P = (z,y) € K, \
{Ps,,Px_}. Then F,/y and G,q1/y have the following convergent expansions as
P—Py,,

oo o0

Zf e+l Gpr1(2) = Z GeCt, (C.8)

£=0 Yy {=—1

where ¢ = 1/z is the local coordinate near Py, and fg and gy are the homogeneous
versions of the coefficients fo and go introduced in (2.8). In particular, fo and ge
can be computed from the nonlinear recursion relations

fo=1, fi=-b fo=a®+(a7)?+ 1

R K—‘rl {+1
foro = —*Zfew I —=20 " ferrnfe
k=1 k=0

(=3 fomfr + a2 f, fu + (@) femi )

M&

+

~ o
|
L4

(- 26% fo1 1 fr + 2@2bfgt1_kfk + 2(07)21)]3@—1—1@]?;;)

+
(]

~ O
Iy

+ (azbsz_g_kfk + (a7)252fz—2—kfk_ + az(a7)2fl—~_—2—kfk_

ES
I
=3

30 B = 3@ e fO), LN (©9)

gfl = _15 QO = 07 gl = _2a/2a
¢ £

1 1
~ _ = + A ~ - ~ ~
ger1 =5 > (b4 )ge-1-kdr + 5 > Ge-kdn (C.10)
k=—1 k=0
-1
5 D (00 G2y — a* (G g+ Ge2-k)(@ +0), LEN.
k=—1
Moreover, one infers for the E,,-dependent summation constants cg, £ =0, ..., p+1,
in F, and Gp41 that
co=c(E), £=0,....,p+1 (C.11)
and?]
ZCZ k fk7 €:O7"‘7p7 (Cl2)
¢
ge + fp+10 ,e—zcz K(E)gr — cor1(E), £=0,...,p, (C.13)
k=0

3m A n = min{m,n}.
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LAD
ZCM )fr, €€ No, (C.14)
Z/\p

ge =" e w(E)(gr + fp110pk) — éer1(E), L €N, (C.15)

Proof. Dividing F}, and G,41 by R;ﬁQ (temporarily fixing the branch of R;ﬁz as

2P*+1 near infinity) one obtains

%| = (ZC )(gm“> :gﬁz“, (C.16)

Ropy2(2)
% (Zc ) (§§42E> _ Z*l i gézfé (017)
R2p+2( 1/2 |z ‘ =0 =—1

for some coefficients f; and g, to be determined next. Here we have temporarily
introduced the notation

p p+1
Gp1(2) = ="' 4> gy iz’ + fop1 =D Gpe2’ (C.18)

£=0 —
Dividing (2 and - 2.39) by Rapio and inserting expansions (C.16) and (C.17)
into the resultlng equations then yield the nonlinear recursion relatlons (C.9) and

(C.10) (with fg and §, replaced by f; and gy, respectively). More prec1sely, one
first obtains |fo| = |§_1| = 1 and upon Choosmg the signs of fo and §_q such that

fo= fo =1 and §g_; = —1 one obtains and - Next, dividing (2 and
(2.32) by R%Z/)iz, inserting the expansvions and -, and comparing powers
of 27% as z — o0, one infers that f, and gz satisfy the linear recursion relations
(2.4)—(2.6). Hence one concludes that

fe=Ffo, Gge=g, (€N (C.19)

for certain values of the summation constants c¢,. To show that fg = f@, Je = §e,
and hence all ¢4, £ € N, vanish, we recall the notion of degree as used in the proof
of Lemma|5.4] which serves as an efficient tool to distinguish between homogeneous
and nonhomogeneous quantities. To this end we employ the notation

ST r>0
" =5y f= nez CC, S = ( ’ =7 rez, (C20
I ) ) hog T (©)
and introduce
deg(a™) = deg(b") =1, recZ. (C.21)
This results in R
deg(fe) =¢, deg(ge) =¢+1, (€N (C.22)

using induction in the linear recursion relations (2.4)—(2.6)). Similarly, the nonlinear
recursion relations (C.9) and (C.10]) yield inductively that

deg(fr) = ¢, deg(gr) =¢+1, LeN. (C.23)
Hence one concludes that
fo="Ffo, ge=g. CEN,. (C.24)
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A comparison of coefficients in (C.16)) proves (C.14)). Similarly, we use (C.17) to

establish (C.15). Next, multiplying (C.2) and (C.5)), a comparison of coefficients of
k .

1" yields

k
> e o(E)co(E) = b0, k€ No. (C.25)
£=0

Thus, one computes

14 4 m 4 14
S comE)fm=>> co-m(E)em (E)f =Y cop(E)ep i(E)fr
m=0

m=0 k=0 k=0 p=k

¢ -k
= Z ( Z Cé—k—m(E)ém(E)>fk =fi, €=0,...,p, (C.26)
k=0 m=0

applying (C.25)). Hence one obtains (C.12)) and thus (C.11)) (cf. (2.9)). The corre-
sponding proof of (C.13]) is similar to that of fj. O
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