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ABSTRACT. We develop relative oscillation theory for general Sturm-Liouville
differential expressions of the form

)
r dxpdx 1

and prove perturbation results and invariance of essential spectra in terms of
the real coefficients p, g, 7. The novelty here is that we also allow perturbations
of the weight function r in which case the unperturbed and the perturbed
operator act in different Hilbert spaces.

1. INTRODUCTION

The purpose of this paper is to study relative oscillation theory and related
perturbation problems for self-adjoint Sturm—Liouville operators associated with
differential expressions of the form

1 d d .

in the weighted L?-spaces L*((a,b);r;), where —o0o < a < b < co. As usual,
we impose the standard assumptions that 1/p;,q;,7; € Ll _(a,b) are real-valued
and r;,p; > 0 a.e. Our main concern in this note is the essential spectrum of
self-adjoint realizations associated with 7; and, in particular, conditions on the
coefficients which leave the essential spectrum invariant.

It is well known that only the asymptotic behavior of the coefficients near the
singular endpoints is relevant for the essential spectrum. In particular, the essential
spectrum is not affected by boundary conditions or the change of the coefficients on
any compact subset of (a, b). Moreover, by imposing an additional Dirichlet bound-
ary condition at an interior point, the problem can be reduced to two subintervals
with one regular and one singular endpoint; hence it suffices to consider the case
that the endpoint a is regular and b is singular.

As mentioned above we are interested in conditions such that two given self-
adjoint Sturm-Liouville operators Ty and Ty related to 7o and 71 in L%((a,b); 7o)
and L?((a,b);r1), respectively, have the same essential spectra. There is a vast
literature on this topic for the special case rg = r1, we mention here only [I7],
where a good introduction and further references can be found.

However, the general case 1y # r1 has not obtained much attention and to the
best of our knowledge there is no (nontrivial) criterion available. From the intuition
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and our introductory remarks one would expect the essential spectrum to remain
unchanged if the coefficients of 79 and 7; have the same asymptotic behavior. In
fact, if

lim 72 _ g P@) gy 008~ @)

z—b T (.1‘) z—b Do (x) z—b To (:L‘)
and go/ro is bounded near b, then it turns out in Theorem that 7q is limit point
at b if and only if 7y is limit point at b, both operators Ty and T3 are semibounded
from below, and

207

Uess(TO) = Oess (Tl)

The key feature in our proof is relative oscillation theory, which is discussed in
Section [2| for general Sturm-Liouville differential expressions of the form along
the lines of [3 [@, 10, II]. Roughly speaking, relative oscillation theory is an ana-
log of classical oscillation theory for Sturm—Liouville operators which, rather than
measuring the spectrum of one single operator, measures the difference between the
spectra of two different operators. This is done by replacing zeros of solutions of one
operator by weighted zeros of Wronskians of solutions of two different operators.
Besides the essential spectrum we are also interested in the possible accumulation
of eigenvalues to the boundary points of the essential spectrum. In this context we
note that the relative nonoscillatory property in Theorem (iv) does not directly
apply to boundary points of the essential spectrum and hence further assumptions
on the coefficients are needed to conclude Kneser type results in the spirit of [I1];
cf. [8] and also [2, [ [5l [6, 12] [I3] 16]. Here we first formulate Theorem as a
straightforward generalization of [T, Theorem 2.1] to obtain sufficient criteria for
accumulation and non-accumulation of eigenvalues to the bottom of the essential
spectrum in Theorem and Corollary These results contain as a special case
a variant of Kneser’s classical criterion for general Sturm—Liouville operators of the
form ; cf. Corollary

We remark that in the present paper we are only interested in the question
whether two given operators are relatively oscillatory or not. Relative oscillation
theory can also be used to compute the precise number of eigenvalues, see [9] [10]
(or [14], Sect. 5.5] for a textbook style introduction in the case of regular operators).
Relative oscillation theory can also be done in terms of the Maslov index [7], which
is particularly convenient in the case of Sturm-Liouville systems.
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2. RELATIVE OSCILLATION THEORY IN A NUTSHELL

2.1. Preliminaries. In this section we recall some results from oscillation theory.
An easy introduction in the case of regular problems can be found in [I4], for
more advanced results we refer to [3, [I'7 [18]. Our focus will be on the necessary
modifications to accommodate the case rg # 7.

Consider two Sturm—Liouville differential expressions

1 d d .
T = — <_dmpjdx +qj) ; where j =0,1, (2.1)
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on an open interval (a,b) with finite left endpoint a and we shall impose the fol-
lowing conditions

pj, ¢;, Tj are real-valued functions on (a,b),
pj(z) >0, r;j(z) > 0 for almost all z € (a,b),

]'/pjv qj, T € Llloc(aab)v
7j is regular at a

(2.2)

for j = 0,1. Note that since we are interested in the essential spectra of self-adjoint
realizations of 7;, the assumption that a is regular can be made without loss of
generality.

Recall that a nontrivial real-valued solution u; of (7; — A)u = 0, A € R, can be
represented in terms of Priifer variables, that is, there are absolutely continuous
functions p,; and 6, such that

uj() = pu, (@) sin(0y, () and  (pyu)(@) = pu, (2) cos(Bu, (), (2.3)

where the Priifer radius p,; is positive and the Priifer angle 0, is uniquely deter-
mined once a value of 6,,(x¢) is chosen by requiring continuity of 6,,,. It satisfies
the differential equation

1
0., = 27(008 0.u,)° — (qj — Ar;)(sinf,,)>. (2.4)
j

One verifies that the Priifer angle is strictly increasing at the zeros of the solution
u; and it follows that the number of zeros of u; in (a, ) is given by

0, @ﬂ ) {0 (a)

Ny, (x) := [ - - J 1, =z € (a,b), (2.5)
where [-] is the ceiling function and || the floor function. For every x € (a,b) the
solution u; has at most finitely many zeros in (a,z). We note that the function
Ny, : (a,b) — Z is non-negative and increasing.

In the following let A € R and recall that 7p— A is said to be nonoscillatory if there
is a nontrivial real-valued solution u of (79 — A\)u = 0 with at most finitely many
zeros in (a,b), that is, lim,_;, N, (z) < oco. Otherwise, 19 — A is called oscillatory.
We note that this property is independent of the choice of the solution. The number
of zeros of a solution of (79 — A\)u = 0 is closely related to the spectra of the self-
adjoint realisations of 73. More precisely, if Ty is some self-adjoint realisation of 7
in the weighted Hilbert space L?((a,b);r¢) and Ey(-) denotes the spectral measure
of Ty then

dimran(Eo((—o0,A))) < oo if and only if lin%) Ny(x) < o0 (2.6)
xT—r
for some (and hence for all) nontrivial real-valued solutions v of (79 — A)u = 0.

Furthermore, if —0o < A < p < oo and u and v are nontrivial real-valued solutions
of (1o — AN)u =0 and (79 — p)v = 0, respectively, then

dimran(Eo((A,p))) < oo if and only if lim iilf(Nv(x) — Ny(z)) <oo. (2.7)
T—
Note that by (2.6) To is semi-bounded from below if and only if there is A\ € R

such that lim,_,; N, (z) < oo, that is, 7o — A is nonoscillatory. In this case 79 — A
is nonoscillatory for all A < inf oess(T0).
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2.2. Relative oscillation theory. The central object in this section is the modified
Wronskian and its zeros. For solutions ug and u; of two different Sturm-Liouville
differential expressions,

(7'0 — )\0)’&0 = O and (’7'1 — )\1)11,1 = O,
at two different real values \g, A1 the modified Wronskian is defined by
W (uo, u1) (@) = uo(x) (pruy) (x) — (poug)(z) ur(x), = € (a,b).
In the case of real-valued nontrivial solutions uy and u; one obtains from ({2.3])
W (10, 1) (2) = Py (2)pun () 510 (B () — 0oy ()
and hence W (ug,u1)(x) = 0 if and only if 0, (x) — 0,,(x) = kx for some k € Z.
We consider the function
— auo(x)—‘ _ L9U1 (a) —

N(Uo,ul)(x) = ’70u1 (SL’) - -

auo (G)J _ ]_7 xTr E ((Z, b) (28)

Remark 2.1. Nontrivial solutions (when considered as vector-valued solutions
(u,pu’) of the associated system) correspond to a path of one-dimensional La-
grangian subspaces and hence these subspaces can be identified with the corre-
sponding Priifer angles. In particular, two such path cross whenever the Priifer
angles agree modulo 7 and hence whenever the Wronskian of the two solutions
vanishes. Consequently, (2.8]) can be identified with the Maslov index of the two
solutions on the interval (a,z) (cf. [7]).

Let us be a real-valued nontrivial solution of (75 — A2)u = 0, where 75 is a
differential expression of the form (2.1)) satisfying (2.2)). It follows from (2.5) and
the properties of the ceiling function [-] and the floor function |-| that

Ny, () — Ny () — 3 < N(ug,u1)(x) < Ny, (x) — Ny () + 1, (2.9)
— N(uy,up)(z) —2 < N(ug,ur)(x) < —N(ug,up)(z), and (2.10)
N(ug,ur)(z) + N(uy,uz)(z) — 1 < N(ug,usz)(z) < N(ug,ur)(x) —|—N(u1,u2)(g —1|—1;

for all x € (a,b).

Lemma 2.2. Suppose that (2.2) holds for j = 0. Let u and v be nontrivial real-
valued solutions of (19 — N)u = 0 for A € R. If u and v are linearly dependent
solutions then N(u,v)(x) = —1 for all x € (a,b). Otherwise N(u,v)(x) =0 for all
x € (a,b).

Proof. Since u and v are solutions of the same differential equation, the Wronskian
is constant on [a,b). If u and v are linearly dependent then the Wronskian vanishes
everywhere and due to the representation by means of Priifer variables we see
0, (x) — 0, (x) = kn for all z € [a,b) and a suitable k € Z. This implies N (u,v)(z) =
—1 for all € (a,b). Otherwise, if both functions are linearly independent then
the Wronskian has no zeros in [a, b). Hence, the difference of Priifer angles 6, — 6,
does not attain any integer multiple of 7. By continuity we have 6, (z) — 0, (z) €
(km, (k+ 1)7) for all x € [a,b) and some k € Z, which shows N(u,v)(z) =0. O

Under some additional assumptions on the coefficients of 7; it turns out that the
function N (ug,u1) in (2.8) has similar properties as the functions N, in (2.5)).

Lemma 2.3. Let u; be real-valued nontrivial solutions of (7;—A;)u =0 forj = 0,1,
and \; € R.
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(i) Assume that the conditions
po=p1 and qo— AoTo = g1 — A1 (2.12)
hold. Then N(ug,u1) is an increasing function with N(ug,ur)(z) > —1

for all x € (a,b).
(ii) Assume that the conditions

po=p1 and go— AoTo > g1 — A1ry (2.13)

hold. Then for every x € (a,b) the Wronskian W (ug,u1) has at most
finitely many zeros in (a,x) and the value N (ug,u1)(x) coincides with the
number of zeros of W(ug,u1) in (a,z).

Proof. (i) Let a < & < x < b and assume that 0y, (£) — 0,,(&) € [km, (k + 1)7)
for some k € Z. By (2.4) and the angle addition formulae sin(a + ) sin(a — ) =

cos? B — cos? a = sin® & — sin? B we obtain

11 _
9;1 - 9;0 = (1)1 — p0> cos? 0, + ((qo — Xoro) — (q1 — )\17°1)) sin? 0,

1
— (1 — M) (sim2 Ou, — sin® Quo) - = (cos2 Ouy — cos? Gul)
Po

1 1 .
( - > cos? 0y, + ((q0 — Xoro) — (@1 — A171)) sin® Oy,
b1 Do

1
_ (—1)k (po _|_ q1 — )\17"1) Sil’l(euo + 6’“1) sin(5,

where § stands for 6, — 6, — km. We consider the functions

1 1
f= ( - ) cos? Ou, + (((IO — Aoro) — (1 — )\17'1)) sin® Do (2.14)
b1 Po

and
sin &

1
h = —(—1)k ( +q — )\17“1) sin(@y, + 0u,)
Po )

Clearly, we have §' = f + hd, where the functions f, h are integrable on (a,c) for
all ¢ € (a,b). Consider the positive function g given by

g(z) = exp (— /: h(t) dt) .

(90)' = =Shg + (f +hd)g = fg >0 (2.15)

by and . Hence, gd is an increasing function. For x > £ the estimate
9(@) (0uy (2) = Ouy () — k1) = (90)(2) = (90)(&) = 9(&) (B () —Ou (§) — k) (2.16)
holds. As 8y, (&) — 04, (&) € [k, (k+ 1)7), implies 0., (z) — 0,,(z) > k7 and

s - T s

Then

This shows N (ug,u1)(§) < N(ug,u1)(z) and with £ = a one sees N (ug, u1)(z) >
—1.
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(ii) Under the stronger condition (2.13)), the inequality in (2.15) is strict (almost
everywhere in a neighbourhood of £) and, hence, also the inequality in (2.16)). In
particular, we see that for x > ¢

Ouy (§) — 04y (€) > km implies Oy, (z) — Oy (x) > (2.17)
and for x < £ the inequality in (2.16) changes accordingly and
Ouy (€) — 04y (&) < km  implies 0y, (z) — Oy, (x) < k7. (2.18)

In what follows, choose z € (a,b) and k € Z with 6, (a) — 0,,(a) € [k, (k+ 1))
which means |0, (a) — 6y,(a)] = kr. Moreover, by (2.17), we have

Ou, (y) — 0y, (y) € (km,00) forall y € (a,x).

If 0, (x) — 0y, (z) € (km, (k+1)7], then N (ug,u1)(z) = 0 by definition. By (2.17)
there is no y € (a,z) with 8., (y) — 04, (y) > (k + 1)m. Therefore

Ou, (y) — 04y (y) € (km, (k4 1)m) forall y € (a,z).

As the Wronskian W (ug, u1) is zero if and only if 6, (y) — 0., (v) equals i for some
| € Z, we see that on the interval (a,x) there are no zeros of the Wronskian. This
coincides with the value of N (ug,u1)(x).

If 0, () — Oy, (x) € ((k+ )7, (k+2)7], then N(ug,u1)(z) =1 by definition. By
there is no y € (a, z) with 0., (y) — 04, (y) > (k + 2)7. Therefore

Ou, (y) — Ouy (y) € (km, (k+2)m) forall y € (a,x).

As the function 6,,, — 6, is continuous and takes in a a value below (k+1)7 and in
x a value above (k+ 1)7, there exists y1 € (a,x) with 0, (y1) — 0y, (y1) = (k+ 1),
which is a zero of the Wronskian. An application of and with & =y
shows that this is the only zero of the Wronskian in the interval (a,x), which
coincides with the value of N (ug,uq)(z).

If 0y, (x) — Oy, (z) € ((k+ 2)m, (k + 3)7], then N(ug,u1)(z) = 2 by definition.
Similar as above, by (2.17)), there is no y € (a,z) with 6., (y) — 04, (y) > (k+ 3)7
and we conclude With and that the Wronskian on the interval (a, z)
has N (ug, u1)(xz) = 2 zeros. Continuing in this way shows the statement. (]

An important special case in Lemma (ii) is the case that ug and vy are real-
valued solutions of (79 — A)u = 0 and (79 — p)v = 0, respectively, where A < p.
In this situation holds with pg = p1 and g9 — Arg > qo — pro and hence
N (up,v0)(z) < oo is the number of zeros of the Wronskian W (ug,v) in (a, z).

As a consequence we also conclude the following useful version of Sturm’s com-
parison theorem.

Corollary 2.4 (Sturm’s comparison theorem). Let u; be real-valued nontrivial
solutions of (Tj—Aj)u =0 for j = 0,1, and \; € R, and let z¢ and z1 be consecutive
zeros of ug in (a,b). If the condition holds, then there is at least one zero
y € (xo, 1) of uy.
Proof. Let 0,,(xo) = km, 0y, (1) = (k+ 1)7, and 0, (x0) € [j7, (j + 1)) for some
k, j € Z. Then

(J = B)m < O, (w0) = Ouy (20)
and by

(j = )T < 6, (21) = Ouy (21) = O, (1) — (k+ D).
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Therefore, 6,,(z1) > (j + 1)m which yields the existence of y € (z¢,z1) with
Oy, (y) = (j + )7, that is u; (y) = 0. o

We next introduce the concept of relative oscillation. The following definition is
due to Kriiger and Teschl [9] [10], [T1].

Definition 2.5. For j = 0,1 and A\; € R consider nontrivial real-valued solutions
uj of (15 — A\j)u=0. We say that 1o — Ao is relatively nonoscillatory with respect
to T, — A1 if both limits

N (ug,uy) := liminf N(ug,u1)(x) and N(ug,uy) := limsup N(ug,u;) ()

z—b r—b

are finite. Otherwise, 79 — Ao is called relatively oscillatory with respect to T — Aq.

It turns out that the definition of relative (non)oscillation does not depend on
the particular solutions. In fact, for another pair of nontrivial real-valued solutions
vg, v1 of of (7o — Ao)u = 0 and (71 — A1)u = 0, respectively, the inequality
applied twice together with Lemma [2.2] implies

N (vo,v1)(z) < N(vg,uo)(x) + N(ug,v1)(z) + 1

< N(vg,ug)(x) + N(ug,ur)(x) + N(ug,vi)(x) +2 < N(ug,ur)(z) + 2
and
N (vo,v1)(z) > N(vg,ug)(x) + N(ug,v1)(z) — 1

> N(vo,ug)(x) + N(ug,ur)(z) + N(ug,vi)(x) —2 > N(ug,ui)(z) — 4

for all x € (a,b). Hence, the limits N (ug,u1) and N (ug,u;) are finite if and only if
N (vg,v1) and N (vg, v1) are finite. Furthermore, the notion relatively nonoscillatory
gives rise to an equivalence relation. Below we will use the following facts which are
direct consequences of and . For this let 75 be a differential expression

of the form (2.1) satisfying (2.2).

(a) If 79 — Ao is relatively oscillatory with respect to 71 — A1, then 7 — A\q is
relatively oscillatory with respect to 79 — Ag.

(b) If 79 — A is relatively oscillatory with respect to 71 — A; and 71 — Ay is
relatively oscillatory with respect to 7 — Ao, then 79 — Ag is relatively
oscillatory with respect to 7 — Ao.

Note also that under assumption (2.12)) or (2.13)) the function N (ug,uq) is in-
creasing and hence in that case

liH})N(uo,ul)(a:) = N(up,u1) = N(ug,u1) < 00. (2.19)
z—

The next lemma describes the relationship between classical and relative oscil-
lation; cf. [I0, Lemma 4.5].

Lemma 2.6. Suppose that 19 — Ao is nonoscillatory. Then 7 — A1 is relatively
nonoscillatory with respect to 19 — Ao if and only if 7 — A1 is nonoscillatory.

Proof. Let ug and u; be nontrivial real-valued solutions of (79 — A\p)up = 0 and
(11 — A1)ug; = 0, respectively. Since 19 — Ag is nonoscillatory the solution ug has
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at most finitely many zeros in (a,b) and hence we have 0 < N, (z) < ng for some
no € N and all z € (a,b). Therefore (2.9) implies

Nu, (@) = no =3 < Ny, () = Nyg () = 3
< N(ug,u1)(z)
< Nul(x) - Nuo(x) +1< Nul(x) +1

for all z € (a,b). This shows that lim,_,; Ny, (z) is finite if and only if (79 — Ag) is
relatively nonoscillatory with respect to (11 — A1). O

Along the lines of (2.7) we obtain a result on the finiteness and infiniteness of
the spectrum. Again Fy(-) denotes the spectral measure of Tp; cf. [I7, Sect. 14].

Lemma 2.7. Let Ty be a self-adjoint realisation of 1o in L*((a,b); o) and fix \, u €
R with A < p. Then dimran(Ey((A, 1)) < oo if and only if 70 — X is relatively
nonoscillatory with respect to 7o — p.

Proof. Let up and vy be nontrivial real-valued solutions of (79 — A)u = 0 and
(1o — p)v = 0, respectively. Then (2.9) and (2.19) give
lim inf (Ny, () = Nyo (2)) =3 < N(ug, vo) = N(ug, vo) < liminf (Ny, (@) =Ny, (2))+1

T— —

and hence the statement follows from (2.7). O

Observe that dimran(Ey((\, 1)) < oo implies dimran(Ey((A,n))) < oo for all
7 € [A, u] and hence Lemma also shows that 79 — A is relatively nonoscillatory
with respect to 79 — n for all n € [A, u].

The next result extends [10, Theorem 4.6] to ro # r1.

Theorem 2.8. Let T be self-adjoint realizations of T; in L*((a,b);r;) with spec-
tral measures E;(-) for j = 0,1. Fiz \,pp € R with A < p and assume that
dimran Eo((A, p)) < co. If 79 — X is relatively nonoscillatory with respect to 71 — A
and 10— is relatively nonoscillatory with respect to Ty —p, then dimran(Ey (A, 1)) <
0.

Proof. From dimran Ey((A, 1)) < oo and Lemma it follows that 79 — A is rela-
tively nonoscillatory with respect to 79 — u. As 79 — A is relatively nonoscillatory
with respect to 71 — A and 7y — p is relatively nonoscillatory with respect to 7 —
by assumption we conclude with the properties (a) and (b) from above that 71 — A
is relatively nonoscillatory with respect to 71 — . With the help of Lemma we
now obtain dimran E;((A, ) < oco.

O

3. ESSENTIAL SPECTRA OF STURM-LIOUVILLE OPERATORS

In this section we shall consider the Sturm-Liouville expressions 7;, j = 0,1,
in 7. Our main objective is to prove a result on the invariance of the
essential spectrum for the self-adjoint realizations of 7; in L?((a,b);7;). In this
context it seems natural to impose a limit point assumption for the right endpoint
b; cf. Theorem [3.2] (i). We start with a useful consequence of Theorem m which
provides the inclusion of the essential spectra.

Proposition 3.1. Let T; be self-adjoint realizations of 7; in L*((a,b);r;) for j =
0,1, and assume that 71 — X\ is relatively nonoscillatory with respect to 9 — A\ for
every A € R\ 0ess(T0). Then oess(T1) C 0ess(T0).
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Proof. For n € R\ 0ess(Tp) choose A < 1 < p such that [A, u] C R\ 0ess(Tn). Then
we have dimran Fy((\, 1)) < oo and it follows from the assumption that 79 — A is
relatively nonoscillatory with respect to 7 —\ and 79 — p is relatively nonoscillatory
with respect to 71 — u. Now Theorem implies dimran F7((\, p)) < oo which
leads to n € R\ 0ess(Th).- O

Next, we obtain a criterion for two Sturm-Liouville differential expressions being
relatively nonoscillatory with respect to each other involving all coefficients. The
special case 1o = r1 was treated in [10].

Theorem 3.2. Let T be self-adjoint realizations of 7; in L*((a,b);r;) for j = 0,1,
and assume the following conditions at the endpoint b:

(a) lim 28— 1, lim 2283 = 1, lim 2E0@) —

x—b
(B) qo/ro is bounded near b.

Then the following assertions hold:
(i) 7o is limit point at b if and only if 71 is limit point at b;
1 ) UCSS(TO) = chs(Tl);'
ii) Ty and Ty are semibounded from below;
) 71 — X is relatively nonoscillatory with respect to 9 — A for every \ €

R\ 0ess(T)-
Observe that by Theorem (i) 70 is limit circle (or regular) at b if and only if

71 is limit circle (or regular) at b, in which case oess(Th) = Tess(T1) = 0.

Remark 3.3. Observe that the conditions («) and (8) in Theorem are equiv-
alent to the conditions
ro(z) _ (z) _ (@ —ai(z) _ .
(o) lim Ty =1, lim gy = 1, lim BE05 = 0;
8" q1 /7‘1 is bounded near b.
In fact, this follows immediately from
9o—91 _ @1 —49 To a1 _ Q1*¢I0+@ To
ro ro) 1

= — s —_— =

T1 To 1 1

and hence the roles of 79 and 71 can be interchanged in the Theorem [3.2}

Proof of Theorem[3.3. (i) By assumption () there is ¢ € (a,b) such that
Po/2 < p1 <3pp/2 and 7ro/2 <711 < 3rp/2 (3.1)

a.e. on (c,b). This yields L?((c,b);r0) = L*((c,b);r1). Since gj/r;, j = 0,1, is
bounded near b by () and (8’) (see Remark [3.3), the differential expression 7; is
in the limit point case at b if and only if

= 1 d d
o oy —
J T dmp] dx

is in the limit point case at b; cf. [I8 Corollary 7.4.1]. Here T;u = 0 is explicitly
solvable with a fundamental system given by

S |

u»(x):/ dt, vi(z) =1.
! c DPj (t) !

One has vg = v1 and 2/3u; < ug < 2u; by (3.1). Hence the number of L?-solutions

near b is the same for the differential expressions 7y, 71, 7o, and 71. In particular,
this implies (i).
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(ii)—(iv) By condition (8) there is d € (a, b) such that

Ag 1= essinf %0(2)
ze(d,b) To(x)

and, thus, go — Agrg > 0 a.e. on (d,b). This implies that 79 — A4 is nonoscillatory
(see, e.g. [18, Lemma 7.4.1]) and hence Tj is semibounded from below.
Let A € R\ 0ess(70) and consider the differential expression
~ 1 d d ~
=—\|—7p—+q ), where ¢ :=q + Arg— Ar,
o dx” " dx

on (a,b). Then ro(x) 1 (qo(z) —q1(x)) — 0 as z — b. Therefore, by [10, Lemma 4.7]
applied to 79 — A and 71 — A the differential expression 71 — A is relatively nonoscil-
latory with respect to 79 — A. Because of

D = Mu=(r - Nu

1
the differential equations (71 — A\)u = 0 and (73 — A)u = 0 share the same solutions.
This implies that 71 — A is relatively nonoscillatory with respect to 79 — A for all
A € R\ 0ess(Tp) and hence Proposition yields 0ess(T1) C Oess(Tn). The same
reasoning with the roles of 79 and 7 reversed together with Remark shows the
semiboundedness of T; and the inclusion oess(7T0) C Tess(T1). O

Note that the relative nonoscillatory property in Theorem (iv) does not apply
to boundary points of the essential spectrum and hence no additional information on
the possible accumulation of eigenvalues at the boundary of the essential spectrum
can be directly obtained.

The following is a straightforward extension of [I1, Theorem 2.1] to the case
ro # r1. For its formulation suppose that (79 — A)u = 0 has a positive solution and
let up be the corresponding minimal (principal) positive solution of (79 — A)ug =0

near b, that is,
/b a
¢ Po(t)uo(t)?

for ¢ € (a,b). A second linearly independent solution v satisfying W(ug,vg) =1 is
given by d’Alembert’s formula, see, e.g., [1],

¢ dt
vo(x) = uo(x)/c PN OINOER (3.2)

Theorem 3.4. Let A denote the minimum of the spectrum of Ty (see Theorem
, suppose that 79 — A has a positive solution near b, and let ug be a minimal
positive solution near b. Define vy by d’Alembert’s formula (3.2) and abbreviate

(3.3)

(i) PP )

b1 (x Do 96)

In addition, suppose

lim v () po () ug
z—b
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Then 11 — X\ is oscillatory if

1
limsup A(z) < 1

z—b

and nonoscillatory if
1

liminf A(z) > —-.
TR Al) > —5
Proof. This is immediate from [IIl Theorem 2.1] since the transformation g; —
gj—Ar; reduces everything to the case A = 0 in which case r; becomes irrelevant. [

In the following we show a variant of Kneser’s classical result [§] (see also [15]
Theorem 9.42 and Corollary 9.43]). To this end we recall the iterated logarithm
log,, (x) which is defined recursively via

logg(z) ;=2 and log,(z) :=log(log,_;(x)).

Here we use the convention log(z) := log|z| for negative values of x. Then log,, (x)
will be continuous for x > e, _; and positive for x > e,, where e_; := —oo0 and
e, = e®—1, Abbreviate further

Ly(z) = H log;(z) and Qn(z):= iz
§=0

10gn+1

J

Here the usual convention that Zj;o = 0 is used, that is, Qo(z) = 0. In what
follows we consider as the underlying interval the interval (a, o).

Theorem 3.5. Consider the Sturm—Liouville differential expression 7 on (a,o0)
and assume, in addition, that the limits
(oo = xlggo @1(x),  Poo = xli_{gopl (1), Too:i= xlggo r1(z) (3.4)

exist in R such that poo > 0 and roc > 0. For n € Ny abbreviate

A(z) =Ly (z)? () _ Q@) = —L—ry () + 1<n_1 le(ac))2 (1 - Pf@))

(3.5)

Then Ty is in the limit-point case at oo, every self-adjoint realisation T of T in
L?((a,00);71) is semibounded from below, and

Oess(T1) = [Goo/Too, ). (3.6)
Furthermore, the following assertions hold:
(i) If
liar;riilip Alz) < —i, (3.7

then o(T1) N (=00, oo /Too) consists of infinitely many simple eigenvalues
which accumulate at Goo /Too;
(ii) If
- 1
lim inf A(z)? > 7 (3.8)

Tr—00

then o(T1) N (=00, ¢oo/Teo) consists of finitely many simple eigenvalues.
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Proof. The property of 71 — A to be oscillatory or nonoscillatory does not depend on
the left endpoint of the interval (a,c0). The same applies for the essential spectrum
and the semi-boundedness. Therefore we can assume without loss of generality that
a = e, and, hence, ug(z) := \/L,_1(z) is positive, where we set L_;(z) = 1.

We choose 70(2) := oo, Po(T) = Poos q0(T) = goo +Poc@n(¥) and A := I=. One
verifies in the same way as in the proof of [I1} Corollary 2.3] that —ug + Qnug =0
and hence

o 1 d d
(S P I NS}

Too 00

It is clear that ug is the minimal positive solution near co and the solution vy given
by d’Alemberts formula is

vo(z) = Ii\/Ln_l(a:) /m log!, (t) dt = 2i\/Ln_l(:c) log,, ().

Let Ty be a self-adjoint realization of 79 in L?((e,,o0)) with Dirichlet bound-
ary conditions in e,. From ¢o(z) = goo + Poo@n(T) > ¢ for x € (e,,00) and
lim, 00 go(2) = ¢oo We conclude

U(TO) = Uess(TO) = [qoo/roo,oo)

By Theorem 71 is in limit point at oo, T} is semibounded and (3.6)) holds. For
the function A in Theorem [3.4] we obtain

Az) = i log,, (z)*Ln—1(z) <Ln_1($) <q1 () = Qoo — Poc@n () — %(Tl(x) - %))
o=

P1(2)Poo
= Lj () (ql(x) — Qu(z) - q°°r1(x)>

P PooTo

2
+ logn(x)ZLn_l(:E) (2[11_1@)11%—1(55)> ZWO

We use the formula Lj, () = Ly, (2) 372, Lj(z)~" from [I1] and conclude

Ax) = Ly (z) (M—Qn(x)— fdoc rl(x)> +I2(x) (; z_: L-l(;c)> Pi(T) ~ Poo
j=0 7

P PooToo P1 ((E)

Thus the function A in Theorem coincides with A. Now the statements (i) and
(ii) follow from Theorem and ([2.6)). O

For the special case n = 0 Theorem 3.5 reduces to the following statement, which
extends the classical Kneser result from [§] to the case of non-constant coefficients
p1 and rq.

Corollary 3.6. Assume that the limits in (3.4) exist in R such that ps > 0 and
Too > 0. Then the following assertions hold:
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(i) If
o 1
lim sup :EZ(M - Lrl(x)) < ==,
T—00 P PooToo 4
then o(T1) N (—00, oo /Too) consists of infinitely many simple eigenvalues
which accumulate at Goo /Too;
(i) If
1
liminfa:Q(M — qim(x)) > ——
T—00 Poo  PocToo 4

then o(T1) N (—00, ¢oo/Too) consists of finitely many simple eigenvalues.

In the next corollary we impose an additional condition on the coefficient pq
and obtain from Theorem for n > 1 simplified criteria for the spectrum in
(—00, ¢oo/Too) toO be infinite or finite.

Corollary 3.7. Assume that the limits in (3.4) exist in R such that p > 0 and

Teo > 0, and let
2

x
= Poo — 3.
for some n € N. Then the following assertions hold:

(i) If

T—00 Po PooToo 4

lim sup L2 (z) <ql(x) — Qn(x) — qoon(x)) < 71,

then o(T1) N (—00, oo /Too) consists of infinitely many simple eigenvalues
which accumulate at Goo/Too;

(ii) If

z—00 Poo DooToo 4

lim inf L2 (z) <ql(x) — Qn(x) — o rl(x)> > 71,

then o(T1) N (—00, ¢oo/Teo) consists of finitely many simple eigenvalues.

Proof. Assertions (i) and (ii) follow from Theorem if we show that

Tim. Li(z)i(ni:l le(:c)>2(1 _ P ) ~0. (3.10)

= pi(x)

In fact, it is easy to see that

n—1

Z le(x) = % +o(1/x), and hence <Z le(x)> = % + o(1/z%),

j=0 §=0
that is,

n—1 2
1
(ZLj1> = +w(x), where wlg{.lo z?w(zx) = 0.
j=0
Furthermore, from (3.9) we conclude

Po_ _ P1(®) ~ Poo = k() ,  where lim Y 5 =0,
p1(x) p1() Poo + k() v T

1—
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and therefore

Ly(x) k() k(z)
li n =0 d lim L? ——— =0.
2500 @? pog + k(@) and i, Lnle )w(x)poo + k(x)
This implies (3.10) and hence (i) and (ii) follow. O

As a last result in this context we formulate a variant of Theorem where the
pointwise limits are replaced by averaged ones; cf. [I1, Theorem 2.5]. We leave it
to the reader to formulate further generalizations of the results in [I1] to the case
ro # 71 by using the transformation g; — ¢; — Ar; from the proof of Theorem

Theorem 3.8. Suppose the same assumptions and the same notation as in Theo-
rem . Suppose, in addition, that the functions A and and p := (pougvo) ' are
both bounded and p satisfies p = o(1) and %fof lp(x +t) — p(z)| dt = o(p(x)).

Then 11 — X is oscillatory if

1nf hmsup/ A(t)dt < —=

z—b

and T — X\ is nonoscillatory if

1
suphmlnf/ A(t)dt > —-.
>0 T—b z 4
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