LONG-TIME ASYMPTOTICS OF PERTURBED FINITE-GAP
KORTEWEG-DE VRIES SOLUTIONS

ALICE MIKIKITS-LEITNER AND GERALD TESCHL

ABSTRACT. We apply the method of nonlinear steepest descent to compute the
long-time asymptotics of solutions of the Korteweg—de Vries equation which
are decaying perturbations of a quasi-periodic finite-gap background solution.
We compute a nonlinear dispersion relation and show that the z/¢ plane splits
into g + 1 soliton regions which are interlaced by g + 1 oscillatory regions,
where g + 1 is the number of spectral gaps.

In the soliton regions the solution is asymptotically given by a number of
solitons traveling on top of finite-gap solutions which are in the same isospectral
class as the background solution. In the oscillatory region the solution can be
described by a modulated finite-gap solution plus a decaying dispersive tail.
The modulation is given by a phase transition on the isospectral torus and is,
together with the dispersive tail, explicitly characterized in terms of Abelian
integrals on the underlying hyperelliptic curve.

1. INTRODUCTION

Consider the Korteweg—de Vries (KdV) equation
(1.1) Vi(z,t) =6V (z,t)Va(x,t) — Vaze(2,t), (2,t) € R xR,

where the subscripts denote differentiation with respect to the corresponding vari-
ables.

Following the seminal work of Gardner, Green, Kruskal, and Miura [I7], one
can use the inverse scattering transform to establish existence and uniqueness of
(real-valued) classical solutions for the corresponding initial value problem with
rapidly decaying initial conditions. We refer to, for instance, the monograph by
Marchenko [28]. Our concern here are the long-time asymptotics of such solutions.
The classical result is that an arbitrary short-range solution of the above type will
eventually split into a number of solitons traveling to the right plus a decaying ra-
diation part traveling to the left. The first numerical evidence for such a behaviour
was found by Zabusky and Kruskal [37]. The first mathematical results were given
by Ablowitz and Newell [1], Manakov [27], and Sabat [31]. First rigorous results for
the KAV equation were proved by Sabat [3I] and Tanaka [33]. Precise asymptotics
for the radiation part were first formally derived by Zakharov and Manakov [36],
by Ablowitz and Segur [2], [32], by Buslaev [6] (see also [5]), and later on rigorously
justified and extended to all orders by Buslaev and Sukhanov [7]. A detailed rig-
orous proof (not requiring any a priori information on the asymptotic form of the
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solution) was given by Deift and Zhou [§] based on earlier work of Manakov [27] and
Its [18] and is now known as the nonlinear steepest descent method for oscillatory
Riemann-Hilbert problems. For an expository introduction to this method applied
to the KdV equation we refer to [20]. For further information on the history of this
problem we refer to the survey by Deift, Its, and Zhou [9].

In this paper we want to look at the case of solutions which are asymptotically
close to a quasi-periodic algebro-geometric finite-gap solution of the KdV equation.
In this case the underlying inverse scattering transform was developed only recently
by Grunert, Egorova, and Teschl [12], [13], [14]. So while the initial value problem
for this class of solutions is well understood, nothing was known about their long-
time asymptotics even though the first attempts by Kuznetsov and Mikhailov [23]
date back over 35 years ago. It is the aim of the present paper to fill this gap. In
case of the discrete analog, the Toda lattice (see e.g. [34]), Kamvissis and Teschl
[21], [22] (with further extensions by Kriiger and Teschl [26]) have recently extended
the nonlinear steepest descent method for Riemann—Hilbert problem deformations
to Riemann surfaces and used this extension to prove the following result for the
Toda lattice:

Let g be the genus of the hyperelliptic curve associated with the unperturbed
solution. Then, apart from the phenomenon of the solitons traveling on the quasi-
periodic background, the (n,t)-plane contains g + 2 areas where the perturbed
solution is close to a finite-gap solution from the same isospectral torus. In between
there are g + 1 regions where the perturbed solution is asymptotically close to a
modulated lattice which undergoes a continuous phase transition (in the Jacobian
variety) and which interpolates between these isospectral solutions. In the special
case of the free lattice (g = 0) the isospectral torus consists of just one point and
the known results are recovered. Both the solutions in the isospectral torus and
the phase transition were explicitly characterized in terms of Abelian integrals on
the underlying hyperelliptic curve.

In the present paper we will use this extension for Riemann-Hilbert problems on
Riemann surfaces to prove an analog result for the KdV equation to be formulated
in the next section.

2. MAIN RESULTS

To set the stage we will choose a quasi-periodic algebro-geometric finite-gap
background solution V;(z, ) of the KAV equation (cf. the next section) plus another
solution V(z,t) of the KAV equation such that

400
(2.1) | @Rl Vet - Vi s < oo
— 0o

for all t € R. We remark that such solutions exist which can be shown by solving
the associated Cauchy problem via the inverse scattering transform [12].

To fix our background solution V, let us consider a hyperelliptic Riemann surface
K4 of genus g € Ny with real moduli Ey, £, ..., Ey. Then we choose a Dirichlet
divisor D (4,4 and introduce

(2.2) A R x t
Qg (Dﬂ(w,t)) =Qapg, (DE) + %Qo + 12%Q27
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where Ap  (ag,) is Abel’'s map (for divisors), and Zp , Uy, and U, are some
constants defined in detail in Section [3| below. Then our background solution is
given in terms of Riemann theta functions (cf. (3.13)) by

Vo(@,t) = Eo + Zg:(Ew—l + E2j — 2p;(x, 1))
(2.3) '

Jj=1
g
+ Z(EQj—l + EQj - 2)‘3) - 282 lno(g(pooa :E,t))a
j=1

where )\j S (E2j—1a Egj), j=1...,9.

In order to state our main result, we begin by recalling that the perturbed KdV
solution V' (z,t), x € R, for fixed ¢t € R, is uniquely determined by its scattering
data, that is, by the right reflection coefficient R (A, t), A € o(H,), and the eigen-
values p, € R\o(H,), k =1,..., N, together with the corresponding right norming
constants vy x(t) >0, k=1,...,N. Here

g—1

(2.4) o(Hy) = |J B, Eaj1] U [Bag, 00)
§=0

denotes the finite-band spectrum of the underlying background Lax operator
(2:5) Hy(t) = =07 + Vy(x,1).

The relation between the energy A of the underlying Lax operator H, and the
propagation speed at which the corresponding parts of the solutions of the KdV
equation travel is given by

(2.6) v(\) =

T
?7

where

. —12Re(i f (Mtie, +)wp,x’2)
(27) U(A) - Eh_r,% Re( ()\+16 +)

K
pomO)
and can be regarded as a nonlinear analog of the classical dispersion relation. Here
wp.,0 and wp_ o are Abelian differentials of the second kind on the underlying
Riemann surface defined in and . We will show in Section |5 that v is
a decreasing homeomorphism of R and we will denote its inverse by ((v).
Furthermore, we define the limiting KdV solution V; ,(x,t) via the relation

') Pj ]_
/ Viw — V) t)dy =— 3 41/ wpwo+—/ log(1 — |R|*)wp 0
x C

pi<C(v) Y EWP)

0(2(poc, x, 1) + 6(v))
(2.8) + 20, ln< 0 (e(pms,)) )

3

with )
=2 30 Aselo) + 5 [ log(1 = [RE)G
pj<¢(v) C)
where R = R (), t) is the associated reflection coefficient and ¢ is a canonical basis

of holomorphic differentials. Moreover, C(v) is a contour on the Riemann surface
obtained by taking the part of the spectrum o(H,) which is to the left of {(v) and
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lifting it to the Riemann surface (oriented such that the upper sheet lies to its left).
Here we have also identified p; with its lift to the upper sheet and E(p;) denotes
the branch point closest to p;. If v = z/t we set Vi(z,t) =V} ¢(,1).

Then our main result concerning the long-time asymptotics in the soliton region
is given by the following theorem:

Theorem 2.1. Assume V(z,t) is a classical solution of the KdV equation (1.1)
satisfying

+oo
(2.9) / (L + [ ™)V (2, 1) = Vo(z,t)])dz < oo,
for some integer n > 1 and abbreviate by ¢ = v(py) the velocity of the k’th soliton.
Then the asymptotics in the soliton region, {(z,t)|{(x/t) € R\o(Hy)}, are the
following:

Let e > 0 be sufficiently small such that the intervals [cy — e, ¢, +¢], 1 <k <N,
are disjoint and lie inside v(R\o (Hy)).

If |§ — ck| < € for some k, the solution is asymptotically given by a one-soliton
solution on top of the limiting solution:

o 0
@10) [ = Vi) 0)dy = 25 dog (ers (1) + O
as well as
82

(2.11) (V= Vi )(z,t) = 253 log (ci,x(z,t)) + O(™™),
where
(2.12) ar(z,t) =1+ %/ Ul (1> Y, 1) dy
and

o 0(2(px,0,0) +d(cx)) \* /"’“

W‘“( 0(z(px.0,0)) _Heszﬁ%ﬁ
(2.13) pji<C(ck)

-1
- eXp 7/ IOg(l_ |R|2>wpkpoo .
T JC(er)

Here ¢ 4(p, z,t) denotes the Baker—Akhiezer function corresponding to the limiting
KdV solution Vi ,(x,t) and wy,, denotes the Abelian differential of the third kind
with poles at p and q.

If | —ckl = ¢, for all k, the solution is asymptotically close to this limiting
solution:

(214) [ v = vy = o),
as well as
(2.15) V(z,t) = Vi(z,t) + O@™™).

In particular, we see that the solution splits into a sum of independent solitons
where the presence of the other solitons and the radiation part corresponding to
the continuous spectrum manifests itself in phase shifts given by (2.13]). Moreover,
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observe that in the periodic case considered here one can have a stationary soliton
(see the discussion in Section .
The proof will be given at the end of Section

Theorem 2.2. Assume V(z,t) is a classical solution of the KdV equation (1.1)
satisfying (2.1)) and let D; be the sector Dj = {(x,t) : ((z/t) € [Eaj+¢€, Eaj41 —¢l}
for some € > 0. Then the asymptotic is given by

+oo X
(2.16) / (V—=V)(y,t)dy =4 Re(B(z,t))AT(z;) + O(t™%),

-
¢ (2)t
respectively
(2.17)

- g
(V-=V))(z,t) =4 N; [Im(ﬁ( t))—iRe(8 Z Z Ckg(g)Ck(Zj)} +0(t™9)
¢"(z)t 1 =1
for any 1/2 < a < 1 uniformly in D; ast — co. Here

[P x [P
(2.18) o) =21 [ w027 [y

Po Po
is the phase function,

(2.19) o"(z) _ 12 R0k (25 — 20) =0
. i - pl/2 9
1R2g+1( 2j)

(where R;ﬁ_l(z) the square root of the underlying Riemann surface K, and we
identify z; with its lift to the upper sheet),

(2.20) A (z)) = wp (2 Zth%wmw

k=1+¢=1

with wp__ 0 an Abelian diﬁerential of the second kind with a second order pole at
Poo (cf. eq. -) and w(p) denoting the value of a differential evaluated at p in
the chart given by the canomcal projection, and cre(P), ag—1(Dp) some constants

defined in (6.24), , respectively. Moreover,

ﬂ(x,t) :\/Ijei(7r/4—arg(R(zj))+arg(F(il/))+2uo¢(zj)) (¢ (Z])) —th(Z )t—u/
1

L 0(2(2,0,0)  0(z(z,@t) +d(x/t)
0(2(zj,z,t) + 8(x/t)) 0(z(2;,0,0))
1 1—|R)?
B2 e ( pk<§c<:r/t>/ ezt /cu/t) o <T(ZJ)|Z) ) 7

where I'(z) is the gamma function, w., Pl Abelian differential of the third kind
defined in ,
1
(2.22) v=—5-log (1—|R(2))*) >0,
™
and o(z;) is a constant defined in (6.9).

The proof of this theorem will be given in Section [6] of this paper.
Finally, note that if g(x,t) solves the KAV equation, then so does ¢(—z, —t).
Therefore it suffices to investigate the case t — oc.
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3. ALGEBRO-GEOMETRIC QUASI-PERIODIC FINITE-GAP SOLUTIONS

This section presents some well-known facts on the class of algebro-geometric
quasi-periodic finite-gap solutions, that is the class of stationary solutions of the
KdV hierarchy, since we want to choose our background solution V; from that class.
We will use the same notation as in [I6], where we also refer to for proofs. As a
reference for Riemann surfaces in this context we recommend [15].

To set the stage let Ky be the Riemann surface associated with the following
function

(3.1) Ry (2) —11_[\/ E;, Ey<E;<---< By,

where g € Ny and {E}} ji o is a set of real numbers. Here ,/. denotes the standard

root with branch cut along (0,00). We extend Régil(z) to the branch cuts by
1/2

setting Ryy " 4 (2) = lime o R;ﬁ_l(z +ie) for z € C\II. Hence we have
(3.2)
(=191 for z € (—o0, Ey),
1/2 i p1/2 . (=1)9%9i  for z € (Eaj, Eojt1), j = 0 .91
Ryyi1(2) = |Royy(2)] (—1)9%7  for 2 € (Eaj41, Fajya), 5=0,...,9—1,
i for z € (Eag,00).

Kg4 is a compact, hyperelliptic Riemann surface of genus g.

A point on K, is denoted by p = (z, j:RQﬁH( ) = (2,%), z € C, or pso

(00, 00), and the projection onto C U {co} by m(p) = z. The points {(E};,0),0
j <29} U{(c0,00)} C K, are called branch points and the sets

IN

g—1

(83) M ={(z+Ry}(2) |z € C\ ([ J[Eoj, Boja] U [Eag, 00)} C Ky
j=0

are called upper, lower sheet, respectively.

Next we will introduce the representatives {a;, b; }]9:1 of a canonical homology
basis for KCy. For a; we start near Ep;_; on Il , surround E»; thereby changing to
II_ and return to our starting point encircling Fy;_1 again changing sheets. For
b; we choose a cycle surrounding Ey, E2;_1 counterclockwise (once) on ;. The
cycles are chosen such that their intersection matrix reads

(34) aioaj:biobjzo, aiobj:(s ].SZ,]SQ

The corresponding canonical basis {(; ?:1 for the space of holomorphic differ-
entials can be constructed by

R

g k= ldn
(3.5) G= cilk)—7m—,
k=1 R2g+1

where the constants ¢;(k), j,k =1,...,g are given by

J=1q Eopk i=14
(36) (k) =C5l, Cjk:/ %:2/ 22 cr
ak

1
Rogta Eok—1 R2£+1(2)
The differentials fulfill

(3.7) / G = Ok.j, / G = Thyjs Tk, = Tjks Jk=1,...,g.
ag bk



ASYMPTOTICS OF PERTURBED FINITE-GAP KDV SOLUTIONS 7

Let us now pick g numbers (the Dirichlet eigenvalues)

(3.8) (f15)9=1 = (15, 05)9=;

whose projections lie in the spectral gaps, that is, pu; € [Eaoj—1,Es;), j =1,...,9.
Associated with these numbers is the divisor

R _ 1 p:ﬂJ’]:177ga
(3.9) D"(p){ 0 else

g

and we can define g numbers (fi;(x,t))_; = (1;(2,1),05(x,t))7_; via Jacobi’s

inversion theorem by setting

. N T t
(3.10) Qr, (Dg(w,t)) = ap, (Dp) + %QO + IQEQQ
such that [1;(0,0) = ;. Here U, and U, denote the b-periods of the Abelian
differentials w0 and w,_, 2, respectively, defined below, and Ag, (ag,) is Abel’s
map (for divisors). The hat indicates that we regard it as a (single-valued) map
from Iy (the fundamental polygon associated with K, by cutting along the a and
b cycles) to CY.

Next we introduce

(3.11) z(p,z,t) = EE — AEO (p) + &g, (Dpap) € CY,

0

where g is the vector of Riemann constants

2 I+ Tk .
(3.12) :Eo’j:%, j=1,...,g.

By 6(z) we denote the Riemann theta function associated with IC, defined by

(3.13) 0(z) = Y exp2ri ((m,z} + <m7m>> ., zeCv.

2
meZI

Note that the function 6(z(p, x,t)) has precisely g zeros fi;(x,t). This follows from
Riemann’s vanishing theorem (cf. [34] Theorem A.13]).

Introduce the time-dependent Baker—Akhiezer function
(3.14)

oo @) 0(zp0,0) oo P T
7/’:1(197 vt)* 9(§(poo7x’t)) 9(@(]9,0,0)) p( /Eo Poo,0 12t/Eo Poo,2)~

Here wy,__ o and wy,__ o are normalized Abelian differentials of the second kind with
a single pole at p,, and principal part w™?dw and w*dw in the chart w(p) =
+iz1/2 for p = (2, =), respectively. The Abelian differentials are normalized to
have vanishing a; periods and have the following expressions

lH?:1(7T =)

= o 7R1/2 ™,
2g+1

(315) wpwg

with /\j S (EQj—l,EQj)7 j = ]-7' - 9, and

1 H?:o(” - S\J)
(3.16) G2 =
2g+1

dm,
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where \;, 7 =0, ..., g, have to be chosen such that they fulfill Z?ZO A= 1 Z?io E
We also remark

g —_ .
(3.17) %m%MMﬁaﬂznzzmﬁﬂ, p=(z )
j=1

Then our background KdV solution is given by

g
(3.18) Vo(,t) = Bo + > (Bgjo1 + Eaj — 2);) — 203 0(2(poc, 7, 1)).
j=1
The Abelian differentials of the third kind wg, ,, with simple poles at ¢; and
q2, corresponding residues +1 and —1, vanishing a-periods, and holomorphic on
Ky \ {q1, 2}, are explicitly given by ([16, Appendix B])

1/2 1/2 1/2 1/2
(319) w, . — (Rzg+1+R2g+1(p1) Rygi1 + Rog'1 (p2 )+P (Z))di
’ p1p2 (7T —7(p1 ) 2(7T — ﬂ(pz)) P Réﬁ_l’
Rz 1 +R2 1(291) dm
(3:20) wp, p. = ( ng( _ g+ ) +Pplpoo(z))T7
™ —7m(p1 Roy'q

where p1,p2 € Ky \ {ps} and P, p,(2) and P,, ,_(2) are polynomials of degree
g — 1 which have to be determined from the normalization fae Wp,p, = 0 and

fae Wp, po, = 0, respectively. In particular,

dm

1/2
Wppr = <R2£+1(p)
pp R%gil

(3.21) )

+ Ppp- (W))
We will also need the Blaschke factor

P P
(3.22) B(p,p) = exp (/ wpp*) = exp (/ wpp*), m(p) € R,

Eo E(p)
where E(p) is Ey if p < Ey, either Eyj_1 or E; if p € (Egj_1,E2;), 1 <j <g. It
is a multivalued function with a simple zero at p and simple pole at p* satisfying
|B(p,p)| =1, p € 011 Tt is real-valued for w(p) € (—oo, Ey) and satisfies

(3.23) B(Eg,p) =1 and B(p*,p) = B(p,p") = B(p,p)”"

(see e.g., [39]).
The Baker—Akhiezer function is a meromorphic function on K, \ {pso} with an
essential singularity at p.,. The two branches are denoted by

(324) Q/Jq,i(Z,x»t) :1/)q(P7$7t)» b= (Zvi)a
and it satisfies
Hy()vq(p, z,t) = m(p)iby(p, . 1),

 a(p 2, t) = Pya(t)ba(p, 7. 1).

(3.25) o

Here
Hq(t) = 892: + Vq('7t)v
(3.26) P, o(t) = =402 4+ 6V, (., 1)0: + 3V, 4 (., 1),
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are the operators from the Lax pair for the KdV equation, that is,
d
dt

It is well known that the spectrum of H,(t) is time independent and consists of
g+ 1 bands

(3‘27) Hq(t) = Hq(t)PqQ(t) - Pq,Q(t)Hq(t)~

(3.28) o(Hy(1) = |J B2y, Baji1] U [Bag, 00).
=0

For further information and proofs we refer to [16].

4. THE INVERSE SCATTERING TRANSFORM AND THE RIEMANN—HILBERT
PROBLEM

In this section we recall some basic facts from the inverse scattering transform
for our setting. For further background and proofs we refer to [4], [I4], and [12]
(see also [29]).

Let g +(2,x,t) be the branches of the Baker—Akhiezer function defined in the
previous section. Let ¢4 (z,z,t) be the Jost functions for the perturbed problem

(4.1) ( - 9%+ V(l‘,t))’l/Ji(Z, x,t) = zby (2, 2,t),
defined by the asymptotic normalization
(4.2) dim T (y (2, 2,1) — gz (2,2,1)) =0,

where k(z) denotes the quasimomentum map

(4.3) k(z) =— /P Wpo 05 p=(z,+).

Ey
The asymptotics of the two projections of the Jost function are (cf. [29] Theo-
rem 2.3])
+o0

@4 Vilnt) = byaGa)(1F [V =V dug 2 +o(1/V3)).

x

as z — o0o. We will assume that the poles of the Baker—Akhiezer function uy are
all different from the eigenvalues p; without loss of generality (otherwise just shift
the base point (xg,t9) = (0,0)).

One has the scattering relations
(4.5) T(2)Yg (2,2, t) = Y1 (2, 2,t) + Re(2)¢+ (2, 2, 1), z € o(Hy),
where T'(z), Ry(z) are the transmission respectively reflection coefficients. Here
Y4 (z,x,t) is defined such that ¢4 (z,2,t) = lim. oY+ (2 + i€, 2,t), 2 € o(Hy). If
we take the limit from the other side we have ¢4 (2, z,t) = lim. o ¥4 (2 — ie, z, t).

The transmission and reflection coefficients have the following well-known prop-
erties:

Lemma 4.1. The transmission coefficient T'(z) has a meromorphic extension to
C\o(Hy) with simple poles at the eigenvalues p;. The residues of T'(z) are given by

1/2
_ 2R25/;+1(Pj) V.5
17— (o5 — pw) et

(4.6) Res,, T'(2)
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where
(4.7) Vgl = / e (05, 9, 6) Py

are referred to as norming constants and ¥_(pj,x,t) = c;v+(pj, x,t).
Moreover,

(4.8) T(2)R+(2) + T()R-(2) =0,  |T(2)* + |Rx(2)]* = 1.

In particular, one reflection coefficient, say R(z) = R (z), and one set of norming
constants, say v; = v+, will be sufficient for us.

We will define a sectionally meromorphic vector on the Riemann surface K4 as
follows:

—(2z,x,t ,T,t
T@) et whian), p=(=+)

faGan TO5ERy). p=(0)
We are interested in the jump condition of m(p,z,t) on X, the boundary of I
(oriented counterclockwise when viewed from top sheet II;). It consists of two
copies Xt of o(H,) which correspond to non-tangential limits from p = (z,+) with
+Im(z) > 0, respectively to non-tangential limits from p = (z, —) with FIm(z) > 0.
To formulate our jump condition we use the following convention: When repre-
senting functions on Y, the lower subscript denotes the non-tangential limit from
IT; or II_, respectively,

(4.9) m(p,z,t) =

(4.10) mx(po) = lim  m(p), po € X.

11+ 3p—po

Using the notation above implicitly assumes that these limits exist in the sense that
m(p) extends to a continuous function on the boundary away from the band edges.
Moreover, we will also use symmetries with respect to the sheet exchange map

(411) o= {(z, F) forp=(z%),
Poo forp:poov

and complex conjugation
(Ev :l:) for p = (Z, :l:) € %,
(4.12) p=q(7F) forp=(z,%) €L,
Poo for p = poo-

In particular, we have p = p* for p € 3.
Note that we have m4(p) = m(p*) for m(p) = m(p*) (since * reverses the

orientation of ) and m(p) = m4(p*) for m(p) = m(p).
Note that we have the following asymptotic behavior for m(p, z,t) near pso:

(@13) mip) = (1 1) =5 [TV (41 1)) p= ()
for p near p,,. Here we made use of and

1 e 1
(4.14) T(z) =1+ oW /_OO(V — Vo)(y, t)dy + 0(%)

(cf. [29 Corollary 3.7]).
We are now ready to derive the main vector Riemann—Hilbert problem:
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Theorem 4.2 (Vector Riemann—Hilbert problem). Let S.(H(0)) = {R()\), A €
o(Hy); (pj,v5), 1 < j < N} the right scattering data of the operator H(0). Then
m(p) = m(p,x,t) defined in (4.9) is meromorphic away from ¥ and satisfies:

(i) The jump condition

(4.15) 2 .
_ _ 1—|R(p)| —R(p)O(p,w,t)e™ "
my (p) =m- (p)J(p)a J(p) - (R(p)@(p,x,t)et¢(p) 1 ’
forpe ¥,
(ii) the divisor
(4.16) (m1) > =Dp(ay» = Dps  (m2) > =Dpesy — Dy
and pole conditions
(4.17)
2Ryt (0) e t)
m1(p) + g 1 D2 2o (p) ) > —Dpganys near pj,
( 1(2) 1 (pj — 1) T(p) — pj Vg (p*, 2, 1) 2 )> a) !

( _2R;§il(/’j) Vi Ye(p*,,t)
[Ti=1(pj — p) w(p) — pj Yq(p,,t)

(iii) the symmetry condition

mq (p) + mo (p)) Z _Dﬁ(m,t)a near p;(’

(1.15) m) =m@) (] o)
(iv) and the normalization
(4.19) mpeo) = (1 1).
Here (f) denotes the divisor of f and
(4.20) D,=Y D,, Dp=) D
J J

denotes the divisor corresponding to the points p; = (p;,+) € Kgq. The phase ¢ is
given by

x P x [P
(4.21) o(p, ?) = —241/ Wpo2— 2i?/ wp.0 €IR  forpe 3.

Po Po

Moreover, we have set

0(z(p, z,1)) 0(z(p*,0,0))

(4.22) Ot = 5.0.0) 0.2 0)
such that
Ya(py2t) o)
quI(p*’m7t) — @(p71‘,t)et p),

Here we have extended our definition of R to ¥ such that it is equal to R(z)
on ¥ and equal to R(z) on ¥_. In particular, the condition on X, is just the
complex conjugate of the one on ¥._ since we have R(p*) = R(p) and m (p*, z,t) =

my (p,z,t) for p € X.
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Proof. The jump condition follows by using and . By Riemann’s vanish-
ing theorem (cf. [34, Theorem A.13]) the Baker—Akhiezer function v, has simple
zeros at fi;(x,t) and simple poles at fi;, j = 1,...,g. Moreover, the transmission
coefficient T'(z) has simple poles at the eigenvalues p;, j = 1,...,N. Thus the
divisor conditions are indeed fulfilled. The pole conditions follow from the
fact that the transmission coefficient T'(z) is meromorphic in C\ o(H,) with simple

poles at p; and its residues are given by (4.6). The symmetry condition (4.18)
1.10) is

obviously holds by the definition of the function m(p). The normalization (
immediately clear from (4.13]). O

We note that the symmetry condition is in fact crucial to guarantee that the
solution of this vector Riemann—Hilbert problem is unique.

Theorem 4.3. The vector m(p) defined in (4.9) is the only solution of the vector
Riemann—Hilbert problem (4.15)—(4.19)).

Proof. The argument is similar to [22] Thm. B.1]. It suffices to show that the corre-
sponding vanishing Riemann—Hilbert problem, where the normalization condition
is replaced by m(peo) = (0 0), has only the trivial solution.

Let m be some solution of the vanishing Riemann—Hilbert problem. We want
to apply Cauchy’s integral theorem to m(p)m!(p*). To handle the poles of m
we will multiply it by a meromorphic differential df2 which has zeros at p and
p* and a simple pole at p., such that finally the differential m(p)m!(p*)dQ(p) is
holomorphic away from the contour. Here ' denotes the adjoint (transpose and
complex conjugate) vector of m.

More precisely, let

?:1 (m — ;)

1/2

(4.23) dQ =
_R2g+1

dm

and note that —( I1; (z—,uj))R;glﬁ (z) is a Herglotz function. That is, it has positive
imaginary part in the upper half-plane (and it is purely imaginary on o(H,)). Hence

m(p)mT (p)dQ(p) will be positive on 3.
Next, consider the integral

(4.24) 0= /D (p)in (5*)dQp).

where D is a *-invariant contour consisting of two loops on the upper and on the
lower sheet encircling none of the poles p;, p;. We first deform D to a *-invariant
contour consisting of several parts: Two pieces D4 wrapping around the + side of
¥ plus a number of small circles Dy ;, D_ ; around the poles p;, pj, respectively.
Then the contribution from ¥ is given by

/D ! (7)) = / (s ()i (57) + i ()] (5°)) ARUp)

(4.25) - / ()T (p) + ()t 3)dAp) > 0
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and the contribution from the poles is given by

/ m(p)m! (57)dQUp)
UM, (D4,;UD ;)

N
(Res,, 1i(p)rin! (5°)d2p) + Res, (@) (5°)d2(p)

<.

(4.26) =2

1
N
j:

Res,, m(p)m! (5*)dQ)(p).

To compute the residues we use the pole conditions (4.17) which imply (using

(3-17)
ISR 275
Res,, m(p)m! (p*)dUp) = =g——"—55%a(p;) ma(p;)* > 0.
r=1(pj = 113)
In particular, both contributions to the integral (4.24) are non-negative and thus
both must vanish. It follows from the that m = 0 vanishes along 3. and consequently

m(p) = 0 as desired. O
We will also need another asymptotic relation
1
(4.27) my - mg = 1—|—(V—V;1)(3:,t)%+o(z_l).

which is immediate from the following well-known result.

Lemma 4.4. We have

Y-(z,3,1) Pi(z,t)

wq,*(zv €, t) ¢q,+(2‘> €, t)

Proof. We will use the following representation of the Jost solutions
+o0

(429) ¢i(zv Zz, t) = wq,i(za z, t) exp ( + / (mi(za Y, t) - mq,i(z7 Y, t)>dy>7

x

(4.28) T(z) =1+ %(V —Vo)(z, t)% +o(z7h).

where

wél:(z,xvt) (/1,:|:(Z7x7t)

’(/)i(Z,JJ,t)’ wq,i(zvx’t)

are the Weyl-Titchmarsh functions. Here the prime denotes differentiation with
respect to 2. Using the expansion of the Weyl m-functions (cf. [29] Lemma 6.1])
and the one for log T'(z) (cf. [29, Theorem 6.2]) for z — oo proves the claim. O

my(z,z,t) = £ mg+(z,2,t) ==

For our further analysis it will be convenient to rewrite the pole conditions as
jump conditions following the idea of Deift, Kamvissis, Kriecherbauer, and Zhou
[11]. For that purpose we choose ¢ so small that the discs |7(p) — p;| < € are inside
the upper sheet I1; and do not intersect with the spectral bands. Then redefine
m(p) in a neighborhood of p; respectively pj in the following way:

1 0

w(p)—p;|<

m(p) <'Yj(p7w’t) 1) ’ | 1;))61_?1‘ E’
m(p)—p;

- i (p"x,t)
(4.30) m(p) = m(p) e Im(p)—psl<e
0 1 TooopEle

m(p), else,
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where v;(p, z,t) is a function which is analytic in 0 < |7(p) — p;| < &, p € I+ and
satisfies ) 1o

lim 7j (p’ z, t) "/}q(p , Ly t) _ 2R29+1(pj) 'YJ

ppj Ye(pox,t)  TTi=i(pj — )
For example, we can choose

1/2
_2R2£+1(pj) 7/1q(paT/,t) )
i:l(pj 7:“‘]6) wq(P*JJat) I

vi(p, z,t) =

or

—2R) 1 (p))  tq(py 1)
(p,x,t) = g+1\"J q\P; T, N
LG v B e e ST P

Lemma 4.5. Suppose m(p) is redefined as in (4.30). Then m(p) is meromor-
phic away from X and satisfies (4.15)), (4.18), (4.19)), the divisor conditions change
according to

(4.31) (m1) = —Dp(ay,  (Mm2) = —Dyayp)
and the pole conditions are replaced by the jump conditions
1 0

mi(p) =m-p) | uowen ], PEXe(py),

(4.32) m(p)=p; )
1 _’Yj(P ,Z,t) .

m+(p) = m—(p) 0 ’T(?—Pﬂ' . P EX(p)),
where
(4.33) Y.(p)={qelly : |n(q) —z| =€}, p=(z%),

is a small circle around p on the same sheet as p. It is oriented counterclockwise
on the upper sheet and clockwise on the lower sheet.

Proof. Everything except for the pole conditions follows as in the proof of Theo-
rem That the pole conditions (4.17)) are indeed replaced by the jump conditions
(4.32)) as m(p) is redefined as in (4.30) can be shown by a straightforward calcula-

tion. O

The next thing we will do will be to deduce the one-soliton solution of our
Riemann-Hilbert problem, i.e., the solution in the case where only one eigenvalue
p corresponding to one bound state is present and the reflection coefficient R(p)
vanishes identically on K.

Lemma 4.6 (One-soliton solution). Suppose there is only one eigenvalue and a
vanishing reflection coefficient, that is, S+ (H(t)) = {R(p) =0, p € &; (p,v)}. Let

(4.34) oy (p,a,t) = 1+ yWioty (g, 2, 1), Yg(p, 2, 1) = 1 + 7/ Ve(p,y,t)*dy

and

Y ¢q(P>$7t)W(m t)(¢q(pa$7t)7¢q(p>$7t))
4.35) Ye~(p,x,t) =Ye(p, 2, t) + : .
( ) Q’Y( ) q( ) Z—p Cqﬂ(P,I,t)
Here the dot denotes a derivate with respect to p and W, 1y (f,9) = (f(x)g'(z) —
f(x)g(x)) is the usual Wronski determinant, where the prime denotes the derivative

with respect to x.
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Then the unique solution of the Riemann—Hilbert problem (4.15)—(4.19) is given

by
— (o _ Yan (@2 t)

mO(p) - (f(p a‘r,t) f(paxat))a f(p,x,t) - ¢q(p,$,t) .

In particular
°° 0
(4.36) |V =V 0y = =27 1ok (eg (.1,
or
62

(4.37) (V =V (z,t) = 2@ log (¢q,y(ps 2, 1)).

Proof. Since we assume the reflection coefficient vanishes, the jump along ¥ disap-
pears. Moreover, since the symmetry condition ([4.18)) has to be satisfied it follows
that the solution of the Riemann—Hilbert problem (4.15)—(4.19) has to be of the
form mo(p) = (f(p*, x,t)  f(p,z, t)) The divisor conditions (4.16|) follow from the
fact that the Baker—Akhiezer function v, has simple zeros at ji;(x,t) and simple
poles at fi;, 7 = 1,...,g and by construction of 4. It is obvious that the nor-
malization condition holds. Thus it is only left to check the pole conditions
(4.17)). For this purpose we compute

. o ps,t) .
;lgk(z —-p)f(p*) = mw(x,t) (Vg(p,x,t),0q(p", 2, 1))

1/2
v(p,x,t) 2R2§+1(p)

Cq,’y(pwx?t) zzl(p_ﬂk)7

where we defined

’(/)q(pvxvt) to(
— DL — A O(p, x, t)e!t?P)
bty O

and we used (cf. [I6, Equ. (1.87)])

v(p,x,t) =~

o QRéézﬂ(Z)
W(¢q7¥ (2)» z/}q,:i: (2)) = im.

Moreover,

W, L, 1), Py (py
lim f(p) = 1+ —— Jim —0 (Yq(p, 2,1), %g(p, 3, 1))
p=p Cqy(py ;1) p=p z—p

T i O )

cq,’Y(p7$7t) p—p Z=p
t) — t
_ 1/);(p,$,t) hm 1/1q(p,x, ) 1/%1(0,1’7 )]
p—p z—p
Lt Wi (W02 2.8), Uy, 8)) = ——
= Y x, P, Z,1), P T, = T N
cqan(p,,t) (0% ! cqr(py 7, 1)

Hence we see that the pole conditions (4.17)) are satisfied.
The formula (4.36]) follows after expanding around p = p, that is,

f(p7$7t) = 1 + (Z _ p)czfy(p,x,t) %(Pv%’f) (%(Pax,t)mq(nffat) - %(Pa (E,t))

v 2 1 -1
DY ,.’E,t - + O z ) = (%5 + )
Cqﬁ(ﬂ,l'at)wq(p ) vz G p=(ad)
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where we have used that the Weyl-Titchmarsh m-function has the following as-
ymptotic expansion for p near py, (cf. [29, Lemma 6.1])

(4.38)  mga(z,2,t) = qi(zxt; +ivz + Vale, )—i-O(z_l)7 p=(z,%).

1/’47 (z,2,1 \f
Thus comparing with ( proves the equation (4 .

To see uniqueness, let rho (p) be a second solution which must be of the form
mo(p) = (f(p*) f(p)) by the symmetry condition. Since the divisor Dy (s 1) is
nonspecial, the Riemann—Roch theorem implies f (p) = af(p)+p for some «, 8 € C.

But the pole condition implies 5 = 0 and the normalization condition implies
a=1. (I

Since up to quasi-periodic factors ¢q(p, z,t) is a function of x — v(p)t, where
—12Re [ Hw,,omg
Re (p +) ’

Wpeo ,0

(4.39) v(p) =

we will call v(p) the velocity of the corresponding soliton.

5. THE STATIONARY PHASE POINTS AND THE NONLINEAR DISPERSION RELATION

In this section we want to look at the relation between the energy A of the
underlying Lax operator H, and the propagation speed at which the corresponding
parts of KAV solutions travel, that is, the analog of the classical dispersion relation.
If we set

_ —12Re(i [0 Pw, n)  —12Im [0,
(5.1) v(A) = hr% (>\+1s 5 = hr% Oie ) ,
= Re( poo’o) = Im f poo;O
our first aim is to show that the nonlinear dispersion relation is given by
x
(5.2) v(A\) = T

Recall that the Abelian differentials are given by (3.15) and (3.16).
For p € R\o(H,) the denominator is nonzero and the formula agrees with the
soliton velocity defined in (4.39)). In particular, recalling the definition of our phase

¢ from (4.21)), this implies
x x
(5.3) wWp)=7 & Red(p,7)=0
in this case. In particular, this definition reduces precisely to the definition of the
velocity of a soliton corresponding to the eigenvalue p (cf. the discussion after

Lemma .

For A € o(H,) both numerator and denominator vanish on o(H,) by (3.2).
Hence by virtue of the de I’'Hospital rule we get

B 12 H?:o()‘ B 5‘])

(5.4) v(\) = TR
that is,
(5.5) v(\) = % s §( f) = 0.

In other words, v(A) coincides with a stationary phase point in this case.
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So let us discuss the stationary phase points, that is the solutions of ¢'(X, ) = 0,
next. The solutions are given by the zeros of the polynomial

(5.6) 12H(z—ij)+§1‘[(z—xj).
5=0 j=1

Since our Abelian differentials are all normalized to have vanishing a;-periods, the
numbers Aj, 0 < j < g, are real and different with precisely one lying in each
spectral gap, say A; in the j'th gap. Similarly, :\j, 0 < j < g, are real and different
and S\j, 1 < j < g, sits in the jth gap. However Ao can be anywhere (see [34]
Sect. 13.5]).

The following lemma clarifies the dependence of the stationary phase points on
x/t.

Lemma 5.1. Denote by z;(v), 0 < j < g, the stationary phase points, where
v=ua/t. Set \g = —00 and Ag41 = 00, then

(57) /\j < Zj(’U) < /\j+1

and there is always at least one stationary phase point in each spectral gap. More-
over, zj(v) is strictly decreasing with

(5.8) Ugr_noo zj(v) =Xjy1 and Ulgrolo zj(v) = Aj.

Proof. Since the Abelian differential w,__ 2 + vwp__ o has vanishing a periods, the
polynomial must change sign in each gap except the lowest. Consequently
there is at least one stationary phase point in each gap except the lowest, and they
are all different. Furthermore, by the implicit function theorem,

, q(z)) IT—: (2 — M)

Z. = — — = - 3
’ q'(zj) +vq'(25) 1217 o ki (25 — 21)

where
i(z) =12[[(z=M). a(z) =[] (z = M)
k=0 k=1

Since the points Ay are fixed points of this ordinary first order differential equation
(note that the denominator cannot vanish since the z;’s are always different), the
numbers z; cannot cross these points. Combining the behavior as v — £oo with
the fact that there must always be at least one of them in each gap, we conclude
that z; must stay between \; and A;y1. This also shows 27 < 0 and thus z;(v) is
strictly decreasing. [

In other words Lemma tells us the following: As v = x/t runs from —oo
to co we start with z4(v) coming from oo towards Es,, while the other stationary
phase points z;, j =0,...,g — 1, stay in their spectral gaps until z;(v) has passed
Es4 and therefore left the first spectral band [Ea,,00). After this has happened,
the next stationary phase point z4_1(v) can leave its gap (Fag—1, Fag) while z4(v)
remains there, traverses the next spectral band [Eg4_o, Fay_1] and so on. Finally
zo(v) traverses the last spectral band [Fy, E1] and moves to —co. So, depending
on x/t there is at most one single stationary phase point belonging to the union of
the bands o(H,) which is then the one solving (5.5).

Lemma 5.2. The function v(\) defined in (5.1)) is continuous and strictly decreas-
ing. Moreover, it is a bijection from R to R.
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Proof. That v(\) defined in (5.1)) is continuous is obvious except at the band edges
A = E;. However, in this case (5.1) becomes by using the de I'Hospital rule.
The function v(A) defined in (5.4]) is obviously continuous at the band edges E;
since A; lies in the j'th gap and thus does not hit the band edges.

Furthermore, for large A\ we have

. v\
(5:9) Wm o=

v(A)
1m
A—=4oo —12X

? )

which shows limy_, £ o, v(A) = Foo.

In the regions where there is one stationary phase point z;(v) € o(H,) we know
that z;(v) is the inverse of v(\) and monotonicity follows from Lemma In the
other regions we compute

j=o(z = 2 (v(2)))

1/2 (z,+) ’
21R2£+1( ) EZ Wpeo ,0
Let the stationary phase points be ordered such that we have z;(v(z)) = z for
z € (Egj—1 —¢€,Eaj_1] and z;_1(v(z)) = z for z € [Eaj;, Faj +¢). Then we claim
zj(v(2)) < z < zj_1(v(2)) for z € (Egj_1, F2j) (set z_1 = 00). In fact, the above
differential equation implies that v(z) can cross the curve z;(v(z)) only from below
and hence must stay above this curve since it starts on this curve at z = Eo;_;.
Similarly, it can cross the curve z;_;(v(2)) only from below and would hence remain
above this curve afterwards. Thus this can only happen at z = Es;. ([l

(5.10) v'(2) =

In summary, we can define a function ((z/t) via
(5.11) v(¢) =~

In particular, different solitons travel at different speeds and don’t collide with each
other or the parts corresponding to the continuous spectrum.

Moreover, there is some (p for which v({p) = 0 and hence there can be stationary
solitons provided (o & o(Hy).

Lemma 5.3 (Stationary solitons). There exists a unique (o such that v(¢o) = 0.
Moreover, if (o € o(Hy) or Ao € o(Hy), then (o = Xo. In particular, (o € o(Hy) if
and only if Ao € o(Hy).

Proof. Existence and uniqueness of (o follows since v is a bijection. It is left to
show that (o = Ao if ( € o(Hy) or A\ € o(H,). Assume (y € o(H,). Then using
v(¢p) = 0 and (5.4)) we get

g

g
11 —=%) = (=) HCO—

Jj=0

Since 5\j € (Egj_1,FE9),j=1,...,g it follows (s = Xo. Now suppose )\ € o(Hy)
and again use (5.4)) to get

Xo) [T =) =0
j=1

Since A\; € (Egj_1, Eaj), j =1,...,g we obtain 1)(5\0) =0 and thus {; = Ao. O

In summary we conclude that depending on v = ¥ there can occur three cases:
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+ P
Ci1 - *\"“\03'2
Djl + Zj’ Pt + Dj2
E2j + ) R + E2j+1 ,
--:’-_--—-—"_,

i1, * \“\ * j2
J Djl B R Z] J

Egj -

+

FI1GURE 1. The lens contour near a band containing a stationary
phase point z; and its flipping image containing z7. Views from
the top and bottom sheet. Dotted curves lie in the bottom sheet.

(1) ¢(v) € (E2j, Eajq1) for some j = 0,...,g (setting Eog4q1 = 00). In this
case ((v) is a stationary phase point and all other stationary phase points
lie in open gaps.

(ii) ¢(v) € R\ o(H,) and all stationary phase points lie in open gaps.

(ii) ¢(v) = E; for some j and all other stationary phase points lie in open
gaps.

These three cases define corresponding regions in the (x, t)-plane: the oscillatory

region (case (1)), the soliton region (case (ii)), and the transitional region (case (iii)).

Case (i): The oscillatory region. Note that in this case we have

B 12 Hi:o,k;ﬁj(zj - 2k)

> 0.
.pl/2
1Rzé+1(zj)

Suppose ((v) = z;(v), belongs to the interior of the band [Es;, Eaj41] (with Eagy1 =
00). Then we introduce the “lens” contour near that band as shown in Figure

The oriented paths Cj = Cj1 UCj2, CF = CJ; UCT, are meant to be close to the
band [Egj, E2j+1].

Concerning the other bands [Eok, Eok11], k # j, k= 0,..., g (setting Eogiq =
00), one simply constructs “lens” contours near each of the other bands [Eay, Eoj41]
and [E3,, B3, 1] as shown in Figure

The oriented paths Cy, C; are meant to be close to the band [Eoy, Fogt1]. In
particular, these loops must not contain any of the eigenvalues p;.

Then an investigation of the sign of Re(¢) shows the following:

Re(¢(p)) >0, p€ Dj1UDyg, n(p) <((x/t),
Re(¢(p)) <0, p€ Dj2U Dy, m(p) > ((x/t),

withk=1,....q, k # j.
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+
Ck

FI1GURE 2. The lens contour near a band not including any sta-
tionary phase point. Views from the top and bottom sheet.

Observe that our original jump matrix (4.15) has the following important fac-
torization

(5.13) J(p) = b_(p) b+ (p),

where

* * e—t (p
(5.14) b_(p) = ((1) R(p )@(l{ Jo™t? )> , bi(p) = (R(p)@lp)etq%p) (1)) ’

(
((z/t),0)), i.e.,

which is the right factorization for p € L\C(z/t) = L N7}
w(p) > ((x/t). Similarly, we have
. {1 —=1|R(p)|? 0
(5.15) R G B W PN
1-|R(p)|?
where

1 0 1 _B@HOEHe W
(5.16) B_ (p) = R(p)O(p)et?® y B+ (p) = 1-[R(p)[? .
~~imer - L 0 1

This constitutes the right factorization for p € C(z/t) = SN7~1((—o0, {(z/t)), i.e.,
m(p) < ((x/t). Here we have used R(p) = R(p*), for p € X. To get rid of the diag-
onal part in the factorization corresponding to 7(p) < ((x/t) and to conjugate the
jumps near the eigenvalues we need to find the solution of the corresponding scalar
Riemann—Hilbert problem, the so-called partial transmission coefficient. Again we
seek a meromorphic solution. This means that the poles of the scalar Riemann—
Hilbert problem will be added to the resulting Riemann—Hilbert problem. On the
other hand, a pole structure similar to the one of m is crucial for uniqueness. We
will address this problem by choosing the poles of the scalar problem in such a way
that its zeros cancel the poles of m. The right choice will turn out to be Dy (that
is, the Dirichlet divisor corresponding to the limiting lattice defined in )
Define a divisor Dy, ) of degree g via

(5.17) ap, (Do) = @, (Dae.p) +(/1),
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where

618 S/ =-2 Y Apgode)+on [ losl - RP)G
pre<C(z/t) C(z/t)
with C(z/t) = XN~ ((—o0,((z/t)) and ((x/t) as defined in (5.11]).
Then Dy () is nonspecial and 7(;(x,t)) = vj(x,t) € R with precisely one in
each spectral gap (see [22]).
We define the partial transmission coefficient as
(5.19)
T(p,x1) < G 20 +0/1)  O(elpzt)
T 0(z(poosz,t))  O(z(p,z,t) + 6(x/t))
P 1
: ( H exp ( —/ Wi pZ)) €xp (%/ log(1 — ‘R|2)proo)7
pr<((x/1) Eo C(e/t)

where d(z,t) is defined in and wy, p, is the Abelian differential of the third
kind with poles at p; and ps.

The function T'(p, z,t) is meromorphic in K, \ C(x/t) with first order poles at
pr < ¢(z/t), Dj(x,t) and first order zeros at i;(z,1t).

Lemma 5.4. T(p,x,t) satisfies the following scalar meromorphic Riemann—Hilbert
problem:

Ty(pa,t) =T-(p,z,t)(1 = |R(D)*), p € Clz/t),

(5.20) (T(pzt))= Y. Dy— ¥, Dy +Das) — Do),
pr<Clx /1) pr<C(e/t)
T(poo, z,t) = 1.

Moreover,
(i)

T(p*,2,t)T(p,z,t) = HZ_V z=m(p).
.7

(ii) T(p,x,t) = T(p, x,t) and in particular T (p, x,t) is real-valued for w(p) €
R\o(Hy).

Proof. The argument is similar to [22, Thm. 4.3]. The solution of a Riemann—
Hilbert problem on the Riemann sphere is given by the Plemelj-Sokhotsky formula.
Since our problem is now set on the Riemann surface Ky the Cauchy kernel is given
by the Abelian differential of the third kind wy, .. (cf. [35]). In particular, T'(p, ,t)
satisfies the jump condition from along C(x/t). Next we have to check that
the function T'(p, x,t) extends to a single-valued function on ICy. For that purpose
note that the only possible contribution which causes multi-valuedness may come
from the b-cycles since all Abelian differentials are normalized to have vanishing
a-periods. So for the by-periods £ =1,..., g we compute for p € C(x/t)

T ) 3
P o (2mide [ o1 IRPIGE 3 iAo
<0 T(p — ie, x,t) Clx/t) pre<C(z/t)

which is indeed equals 1 by the choice of d; in (5.18)).
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Concerning the poles and zeros of the function T'(p, =, t) we see that by Riemann’s
vanishing theorem (cf. [34, Theorem A.13]) and the choice of the divisor Dy, 4
defined by that the ratio of theta functions is meromorphic with simple zeros
at [i; and simple poles at ;. Moreover, from the product of the Blaschke factors
we get that 7" has simple poles at p; and simple zeros at pj for which pi, < ((x/t)
is valid.

To prove uniqueness let 7' be a second solution and consider T//T. Then T/T
has no jump and the Schwarz reflection principle implies that it extends to a mero-
morphic function on XCy. Since the poles of T cancel the poles of T, its divisor
satisfies (T/T) > —Dj(a,p)- Since Dy, ¢y is nonspecial, T/T has to be a constant
by the Riemann-Roch theorem (cf. [34] Theorem A.2]). Setting p = poo, We see
that this constant is one, that is, T = T as claimed.

Finally, T(p, z,t) = T'(p, z,t) follows from uniqueness since both functions solve
(5.20)). O

We will also need the expansion around po, given by

Lemma 5.5. The asymptotic expansion of the partial transmission coefficient for
P mear po S given by

Ty (xz,t 1
(5.21) T =172 400, p= (b,
where
Pk 5
Ty (x,t) = — 2 — log(1 — |R
e pk<<§(€c/t> /Ewk)%“’ﬁ%ﬂ Cla/t) o8l = 1R )upe0
(5.22)

)

o1 [ 0@y, t) +8(/1)
4 9(§(poo,y,t)) f—

and wp__ o 15 the Abelian differential of the second kind defined in (3.15)).

Proof. This can be verified similarly as in the case of the full transmission coefficient
(cf. [29, Theorems 6.2 and 6.3] and by expanding the ratio of theta functions near

Doo- (]

Now that we have solved the scalar Riemann—Hilbert problem for T'(p, z,t) we
can conjugate our original Riemann—Hilbert problem.

Since to each discrete eigenvalue there corresponds a soliton, it follows that
solitons are represented in our Riemann—-Hilbert problem by the pole conditions
(4.32)). For this reason we will study how poles can be dealt with in this section.
We will follow closely the presentation of [24, Section 4].

In order to remove the poles there are two cases to distinguish. If p; > ((x/t),
the jump at p; is exponentially close to the identity and there is nothing to do.

Otherwise, if p; < ((x/t), we need to use conjugation to turn the jumps at these
poles into exponentially decaying ones, following [I1]. It turns out that we will have
to handle the poles at p; and p} in one step in order to preserve symmetry and in
order to not add additional poles elsewhere.

Moreover, the conjugation of the Riemann—Hilbert problem also serves another
purpose, namely that the jump matrix can be separated into two matrices, one
containing an off-diagonal term with exp(—t¢) and the other with exp(t¢). Without
conjugation this is not possible for the jump on C(z/t) = S Na~!((—o0,((z/t))),
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since in this case there also appears a diagonal matrix if one wants to separate the
jump matrix.

For easy reference we note the following result, which can be verified by a
straightforward calculation.

Lemma 5.6 (Conjugation). Assume that Y C %. Let D be a matriz of the form
d(p*) 0 >
( ) (p) < 0 d(p)

where d : ICg\i — C s a sectionally analytic function. Set

(5.24) m(p) = m(p)D(p),
then the jump matrixz transforms according to
(5.25) J(p) = D-(p)~'J () D+.(p)-

m(p) satisfies the symmetry condition (4.18]) if and only if m(p) does. Further-

more, m(p) satisfies the normalization condition (4.19)) if m(p) satisfies (4.19) and
d(pso) = 1.

Lemma 5.7 ([26], Lem. 7.2). Introduce

(5.26) B(l% p) = Cp(x’t)a(z(peizgfi‘)l)fg (p))

Then B(.,p) s a well defined meromorphic function, with divisor

B(p,p)-

(5.27) (B(.,p)) = —=Dj + Dy — Dpe + Dy,
where v is defined via

(5.28) ag,(Dy) = ag,(Da) + 245, (p).
Furthermore,

(5.29) B(Poo, p) = 1,

if

0(2(poo, x,t) + 2Ag, (p))
0(2(Poo 7, 1))

Now, we can show how to conjugate the jump corresponding to one eigenvalue
following [26].

(5.30) Cyx,t) =

Lemma 5.8. Assume that the Riemann—Hilbert problem for m has jump conditions
near p and p* given by

10
m(p) = m—(p) ( 1(p) 1) , peX(p),
(5.31) ”(”)_pv(p*)
m(p) =m—(p) (é _”(fW) , PET(p),

and satisfies a divisor condition

(532) (m1) Z —DE*, (mg) Z -D

=
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Then this Riemann—Hilbert problem is equivalent to a Riemann—Hilbert problem for
m which has jump conditions near p and p* given by

1 Bwe ) (x(p)—p)
m(p) = m-—(p) 0 V<P>Bip*:ﬂ*> ;. pEXAp),
5.33
(5.33) ] ] ) 0 *
mi(p) =m-(p) | _Be o)aw-p |, PEX(pY),
v(p*)B(p,p*)

divisor condition

(5.34) (m1) > =Dy, (e) > =Dy,
where Dy is defined via
(5.35) ag,(Dy) = ag, (Dp) + 245, (p),

and all remaining data conjugated (as in Lemma@) by

D) = <B(p* )0 )

(5.36) Blp, ")

-1

To turn ~ into v~ introduce D by

)-
B( 0
p 7) , peU,
B(p, p*)
0
o] PrEeU,
B(p, p*)

else,

Proof. Denote by U the interior of ¥.(p

m(p)—
(e, )
T w(p)—p 0
p )
B(p,p))’

and note that D(p) is meromorphic away from the two circles. Now set m(p) =
m(p)D(p). The claim about the divisors follows from noting, where the poles of
B(p, p) are. O

Note that Lemma can be applied iteratively to conjugate the eigenvalues
pj < ((x/t): start with the poles p = pu° and apply the lemma setting p = p;. This
results in new poles u' = v. Then repeat this with i = u', p = p2, and so on.

All in all we will now make the following conjugation step: abbreviate

—2R,0% 1 (pr) by (p, 2, 1)
H?:l(pk - ﬂl) ’(/Jq(p*7.'L‘,t) g

FYk(pw’Lt) =

and introduce

1 m(p)=pk )<
x,t w(p)— &
_(pszit) %(18 ) Do(p), Dern s pe < C(x/t),
m(p) =Pk A
(5.37)  D(p) = 0 —etat) o
7(p)—pk ([i) P& | Do(p), | (Z;;)erffK s pre < C(x/t),
Y (p*2,t)
Do(p), else,
where

Dy(p) = (T(p*éxvt) T(pf)a:,t)) '
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Note that D(p) is meromorphic in K \C(z/t) and that we have

(5.38) D(p*>=((f (1)) D(p) ((1) é)

Now we conjugate our problem using D(p):

Theorem 5.9 (Conjugation). The function m?(p) = m(p)D(p), where D(p) is
defined in (5.37)), is meromorphic away from C(z/t) and satisfies:

(i) The jump condition

(5.39) mi(p) =m2(p)J*(p), pEX,
where the jump matrix is given by
(5.40) J*(p) = Do-(p)~"J (p) Do+ (p),
(ii) the divisor conditions
(541) (mf) Z 7'D2(£7t)*, (m%) 2 7'D2(1.7t),

All jumps corresponding to poles, except for possibly one if pr = ((x/t),
are exponentially decreasing. In that case we will keep the pole condition
which is now of the form:

o DTO 0 o
m5(p) ) 2 —Dy(u,)+, near p,
7(p) — px T(p,x,1) 2(p) (1) p

'Yk(p*7$7t) T(p,l',t) 2 2
mi(p) +m p)E—D;,m’ , near pj.
(F07 = o T, 2,10+ 780)) 2 Dot neor i

(iii) the symmetry condition

(m3w) +
(5.42)

(iv) and the normalization
m?(pso) = (1 1).

Proof. Invoking Lemma and (4.15)) we see that the jump matrix J?(p) is indeed
given by (5.40). The divisor conditions follow from the one for T'(p, z,t) and m(p).
Moreover, using Lemma [5.8] one easily sees that the jump corresponding to pi <

¢(x/t) (if any) is given by

T(p,z,t) (7 (p)—=pr)
J*(p) = 0 V'C(Pvzvt)lT(P*’””’t) . pEX(pr),

(5.43)
2 1 0 *
S 0) = | 10 enc@-p) 1] PEZe(pp);

Vi (p*,2,t) T (p,x,t)

and by Lemma the jump corresponding to pg > ((z/t) (if any) reads

1 0
Jg(p): ('yk(p,r,t)T(;D*,m,t) 1) ) P € Xe(pr),
T(p,x,t)(m(p)—
(5.44) (pyz,t)( (11) 3]
1 @z )T(pat)
Py =y TTERIEmT ), pe ()
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That is, all jumps corresponding to the poles py # ((x/t) are exponentially decreas-
ing. That the pole conditions are of the form in the case pr = ((z/t) can
be checked directly: just use the pole conditions of the original Riemann—Hilbert
problem (4.17) and the divisor condition for T(p,z,t). Furthermore, by
(4.18]) an one checks that the symmetry condition for m? is fulfilled. From
T(poo, x,t) = 1 we finally deduce

(5.45) m?(poc) = m(pee) = (1 1),
which finishes the proof. O

For p € ¥\ C(z/t) = N7 ! ((¢(x/t),0)) the jump matrix J? can be factorized
as

‘]2 = (g—)ilg-i-a

where Bi = DalbiDo, that is,
(5.46)

. 1 T (p,z,t) R(p*)(_)(p*)e—tqﬁ(p) - 1 0

b = T(p*,z,t) N b, = * .

(o 1 T\ T RO (e 1
For p € C(z/t) =X Na ! ((—o0,((z/t))) we can factorize J? in the following way
']2 = (B—)ilé-‘m
where Bi = D;lBiDi, that iS,
(5.47)
5 1 0 - 1 fTTQ(p’I’?) Rfﬂ}?gpl“;)eftwm
B.o=|_1 0" Rpew , By = T+ (*@.t) 1-R(p .
N Tf(pp»:v,t) 1—fR(p)plzet¢(p) 1 0 1
Note that by T'(p,z,t) = T(p, x,t) we have
T_(p*,x,t) T_(p*,x,t) 1 T. (p,x,t)
5.48 = = , peC(z/t),
O T T Ten 1 BEP  Tup.h o/
respectively
T t T t 1 T_(p*,x,t

(5.49) +p2l) Tt L )

T_(p*7l‘,t) B T+(p*7l‘,t) 1- |R(p)|2 T_(p*,x,t)7

We are now able to redefine the Riemann—Hilbert problem for m?(p) in such a
way that the jumps of the new Riemann—Hilbert problem will lie in the regions
where they are exponentially close to the identity for large times. The following
theorem can be checked by straightforward calculations:

Theorem 5.10 (Deformation). Define m?(p) by

m?(p)B1(p)~Y, p€ Dy UDj1, k< j,
m?(p)B_(p)~', p€ DyuUD}, k<]

(5.50) m3(p) = mz(p)l~7+(p)*1, p € DpUDjs, k> j,
m?(p)b—(p)~Y, p€ DyUDL, k> j,
m?2(p), else,

where the matrices by and By are defined in (5.46) and (5.47), respectively. Here
we assume that the deformed contour is sufficiently close to the original one. Then
the function m3(p) satisfies:
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(i) The jump condition
(5.51) m (p) = mZ (p)J°(p), forpe X,

where the jump matriz J> is given by

Bi(p), peCiUCH, k<j,
B—(p)ila peCI:UC;la k<]7
(552) ‘]d(p) = b+(p)7 p € Ck U Cj27 k> j7
b-(p)™', peCiuCh, k>
JQ(p)7 else,
(ii) the divisor conditions
(5.53) (m3) = =Dyt (M3) = =Dp(ap),

The jumps on the small circles around the eigenvalues remain unchanged.
(iii) The symmetry condition

. 0 1
(5.54) m*(p*) = m*(p) (1 0) )
(iv) and the normalization

(5.55) m?(pso) = (1 1).

Here we have assumed that the reflection coeflicient R(p) appearing in the jump
matrices admits an analytic extension to the corresponding regions. Of course this
is not true in general, but we can always evade this obstacle by approximating R(p)
by analytic functions. We relegate the details to Section [7}

The crucial observation now is that the jumps J? on the oriented paths Cy, C
are of the form I + exponentially small asymptotically as t — oo, at least away
from the stationary phase points z;, z;. We thus hope we can simply replace these
jumps by the identity matrix (asymptotically as ¢ — oo) implying that the solution
should asymptotically be given by the constant vector (1 1). That this can in fact
be done will be shown in the next section by explicitly computing the contribution
of the stationary phase points thereby showing that they are of the order O(t’l/ 9,
that is,

m*(p)= (1 1)+0(t"'?)
uniformly for p away from the jump contour. Hence all which remains to obtain
the leading term V; in Theorem is to trace back the definitions of m3 and m?
and comparing with . First of all, since m? and m? coincide near po, we have

mi(p) = (1 1) +0(t %

uniformly for p in a neighborhood of ps,. Consequently, by the definition of m?
(see Theorem [5.9)), we have

m(p) = (T(p*,x,t)™" T(p,a,t)"") + O(t"/?)

again uniformly for p in a neighborhood of p.,. Finally, using the expansion of
T(p,z,t) near ps (see Lemma[5.5) and then comparing the last identity with ({.13)
shows

(556) [ vy = 21,0 + 06,
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where T} is defined via (5.22)), that is,

Pk 1
L =- 3 2wt [ oo R
pre<C(z/t) E(pr) ™ C(z/t)
_iom 0(2(poo, 2, 1) + (/1)) '
0(2(poo, x,t))

Similarly one obtains
(5.57) (V= Vo)(at) = O(t™'/%),

by using (4.27) instead of (4.13)).

Hence we have proven the leading term in Theorem [2.2] the next term will be
computed in Section [6]

Case (ii): The soliton region. In the case where no stationary phase points lie
in the spectrum the situation is similar to the case (i). In fact, it is much simpler
since there is no contribution from the stationary phase points: There is a gap (the
j-th gap, say) in which two stationary phase points exist. Similarly as in case (i)
an investigation of the sign of Re(¢) shows the following:

Re(¢(p)) >0, pe€ Dy, k<j,
Re(¢(p)) <0, p€ Dy, k> j.

Now we construct “lens-type” contours Cj (as shown in Figure [2)) around every
single band lying to the left of the j-th gap and make use of the factorlzatlon
J? = (b_)"'b;, where the matrices b_ and by are defined in We also
construct such “lens-type” contours Cj around every single band lylng to the right

of the j-th gap and make use of the factorization J2 ( B_)~!'B, with the matrices
B_ and B+ given by (.47 - Indeed, in place of (5.50) we set

m()~;(p)7 pEDkuk<j7
m*(p)B='(p), p € Df, k<,
(5.58) m®(p) = { m*(P)b3' (p), p € Dy, k>3,
m*(p)b_*(p), p€ D}, k>j,
2

Now we are ready to prove Theorem[2.1]by applying Theorem[A-§]in the following
way:

If |¢(x/t) — pr| > € for all k we can choose 7§ = 0 and w{ by removing all
Jumps corresponding to poles from w?. The error between the solutions of w! and
w} is exponentially small in the sense of Theorem [A.§] that is, [|w® — w§|e <
O(t™Y) for any [ > 1. We have the one soliton solution (cf. Lemma mo(p) =
(f(p*,x,t) f(p,m,t)), where f(p) = 1 for p large enough. Using Lemma
compute

m(p) =tito(p) (T(p*’g T t)‘l)

(1 + 800 4 o1y 1- Bl g O(z—l)) .
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Comparing this expression with (4.13)) yields

/ C(V = V) D)y = 2T (1) + O,

and thus by our definition of the limiting solution we finally have

[0 == [ (0= V) (0= Vil 0))dy = 0

for any n > 1 if R(p) has an analytic extension. This proves the second part of the
theorem.

If |¢(z/t) — pr| < e for some k, we choose 7§ = 7 and wf = 0. Again we
conclude that the error between the solutions of w® and w{ is exponentially small,
that is, ||w! —wh||ee < O(t7), for any I > 1. By Lemma [4.6| we have the one soliton

solution 1 (p) = (f(p*,x,t) f(p,x,t)), with
f(p,l’,t) -1 + &k wl,ck(kaxvt)W(x,t)(wl,ck(kaxvt)ﬂ/)l,ck(p»zvt)),
Z = Pk wl,ck(pax7t)cl,k(xat)
for p large enough, where 4y is defined as in ([2.13]). We will again use

. T(p*, z,t)~! 0 Fp* ) Flpat
m(p) - mO(p) < 0 T(p,l‘,t)_l = (T((f;*,:c,t) T((Z,m,t))) ’

and now expand f (p) as in the proof of Lemma Finally a comparison with

(4.13) yields

> e, (Pr: T, 1)
[0 = Vt0dy = 2173 0. + 22 lPEL I oo
v ci(z,t)
and hence by our definition of the limiting solution (2.8)) we obtain (2.10f) for any
n > 1 if R(p) has an analytic extension. Similarly we obtain (2.11)) by using (4.27)

instead of (4.13]).

Case (iii): The transitional region. In the special case where the two stationary
phase points coincide (so z; = z; = Ej, for some k) the Riemann—Hilbert problem
arising above is of a different nature. We expect a similar behavior as in the constant
background case [I0] (cf. also the discussion in [22]). However, we will not treat
this case here.

6. THE “LOCAL” RIEMANN-HILBERT PROBLEMS ON THE SMALL CROSSES

In the previous section we have reduced everything to the solution of the Riemann—
Hilbert problem

) =mZ (p)J*(p),
(m?) 2 7Dﬁ(w,t)*a (mg) Z 7D2(;c,t)a

N 0 1
wt )=o) (3 o)
m3(poo) = (1 1) 5
where the jump matrix J2 is given by (5.52). We have performed a deformation in
such a way that the jumps J? on the oriented paths C, C; for k # j are of the

form “I 4 exponentially small” asymptotically as t — co. The same is true for the

oriented paths Cj1, Cja, CFy, CJy at least away from the stationary phase points
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Es; < p Esji1
C}‘kl CJ’-‘Q
CJ’-‘Q

Eyiiq

G

F1GURE 3. The small cross containing the stationary phase point
z; and its flipping image containing 2. Views from the top and
bottom sheet. Dotted curves lie in the bottom sheet.

*

zj, z;. The purpose of this section will be to derive the actual asymptotic rate at

which m?3(p) — (1 1) following again [22]. The jump contour near the stationary
phase points (cf. Figure will be denoted by %¢(z;) and Zc(z;-‘). On these crosses
the jumps read

T R'©" —t¢

. (1 —L &8
Py TR pecn

~ 1 0
P07~z s s 1) PECH

- 1 0
3 _ _ .
J _a“‘<§R@&¢ J’ P € e,

_ 1 —LR*@* t? .
J3b1( T >,pej2

(6.1)

- 0 1

To reduce our Riemann—Hilbert problem to the one corresponding to the two
crosses we proceed as follows: We take a small disc D around z;(x/t) and project it
to the complex plane using the canonical projection w. Now consider the (holomor-
phic) Riemann—Hilbert problem in the complex plane with the very jump obtained
by projection and normalize it to be I near co.

The corresponding Riemann—Hilbert problem is solved in [25], Appendix A]. To
apply [25, Theorem A.1] we need the behavior of the jump matrix J3, that is, the
behavior of T'(p, z,t) near the stationary phase points z; and 2.

The following lemma gives more information on the singularities of T'(p, x, t) near
the stationary phase points z;, j = 0, ..., g and the band edges E;, j = 0,...,2g+1
(setting Eagqq = 00).

Lemma 6.1. For p near a stationary phase point z; or z; (not equal to a band
edge) we have

(6.2) T(p,a,t) = (z— 2)™e*(2), p=(2%),
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where e*(2) has continuous limits near z; and

1
(6.3) v= —%log(l —|R(2))]?) > 0.
Here (z — z;)* = exp(£ivlog(z — 2;)), where the branch cut of the logarithm is
along the negative real axis.

For p near a band edge Ey, € C(xz/t) we have

(6.4) T(pz,t) = T (2)e%(2), p= (2, %),
where é*(z) is holomorphic near Ej, if none of the vj is equal to Ey, and éx(z) has
a first order pole at E = v; else.

Proof. By factorizing the jump according to 1 — |R(p)|? = (1 — |R(zj)|2)%

one can rewrite (5.19). Then one considers the Abelian differential wy,,~ for p €

Kg\{poo} which is explicitly given by the formula (3.21). One has
1

©5) 5[ e = Eloge - 5) Ealz) + OG- z), p=(a)
2 Jow

and thus
(6.6) / Wppoo = tlog(z — z;) £ alz;) + O(2 — 25), p=(z=),
Clx/t)

since fc(x/t) fWpp, = %fc(x/t) fwpp for any symmetric function f(q) = f(q*).
From this the first claim follows. For the second claim note that the function

T(z), =(z,4) eIll;,
t(p):{ ngi_l, zzgz,—g EH:

satisfies the following (holomorphic) Riemann—Hilbert problem
ti(p) =t-(p)(1— [R(P)*), peX,
t(poo) = 1.

Thus T'(p, z,t)/t(p) has no jump along C(x/t) and is therefore holomorphic near
C(x/t) away from band edges Ej, = v; (where there is a simple pole) by the Schwarz
reflection principle. (I

Moreover,
Lemma 6.2. We have
(6.7) () =eF(2),  p=(5%) €T\ Cla/t)

and
(6.8)
O(g(poo,x,t) +é(l‘/t)) 0(@(25,1:,75))

+0,) — : _ '
e (Zj) exp (lVa(ZJ)) e(g(poo, z, t)) e(g(zj, x, t) + é(gj/t))
Pk 1 1 _ |R‘2
.eXp<— / wzjz;"i_i./ 1Og PR YD) wzjz; 5
et B AT oy <1 - IR(ZJ')I2>
where
(6.9) afz;) = lim (1/ wpp+ — log (m(p) — z))
o5 \2 Jo@m !

Here a(z;) € R and wyp+ is real on C(x/t).
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Proof. The first claim follows from the fact that
T(p*",2,1) = T(5,2,t) = T(p,a8) for p€ B\ C(a/1).

For the second claim just follow the argument used in the proof of the previous
lemma. ([

By Lemma [6.1| one deduces that near the stationary phase points the jumps are
given by

2iv
R ¢ (25) T
B+ - 1 _( i (Z_Z])) 1_|T|2€ t(b ) pELJI)
0 1

—2iv *
o , e L’
. (ZJ)(Z—Z]')> ThEe'? 1 PE S

o
<

*

2iv
( Mizj)(zzj)) e pern,

where (cf. eq. (6.2])
_ et (z;) (8" (z)\ "™
(6.11) r= RO 0 5 ( 1 ) .
The error terms will satisfy appropriate Holder estimates, that is
(6.12) 1B+(p) = B+ ()| < Clz = z|*,  p=(2+) € Cpn,

for any o < 1 and similarly for the other matrices. Thus the assumptions of [25]
Theorem A.1] are satisfied and we can conclude that the solution on 7(X%(z;)) is
of the form

My 1

(613) M(Z) =0+ Z_izjm—‘rO(t_aL
where
. 0 —B(t)
_ 1"( .. v
(6.14) Moy =1y/i/¢" (%) (,B(t) 0 > ,
(6.15) B(t) = ﬁei(ﬂ/4—arg(7‘)+arg(F(iV)))e—t¢(Zj)t—iV7

and 1/2 < a < 1. Now we lift this solution in the complex plane back to the small
disc D on the Riemann surface ICy by setting

M(z), p € D,
(6.16) M@p)={ (0 1 0 1 .
1 0 M(z) 1 0) P€ D*.
Thus we conclude that the solution on X¢(z;) is given by
1 M,

(617) Mc(p) :H+77+O(tia)7 p:(za+)7
t1/2 z — z;
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and the one on ¥¢(z}) reads

(6.18) MC(p) =1 t1/2 M_ t=), p=(z,-).
Then
m*(p)MC(p)~t, peD
(6.19) mi(p) = {m*(p)MC(p)~t, pe D,
m3(p), else

has no jump inside D U D* but jumps on the boundary 0D U dD*. All jumps
outside DU D* are of the form I+ exponentially small and the jump on 0D UJD*
is of the form I+ O(t~'/?). In order to identify the leading behavior it remains
to rewrite the Riemann-Hilbert problem for m* as a singular integral equation
following Section [Al Let the operator Cys : L?(X%) — L?(X*) be defined by

(6.20) Cusf = C_(fu')

for a vector valued f, where w* = J* — I and

(621)  (Caf)(g) = lim - RO o= 0
' =1\ p—qeDt o *p’ =r 0 Q%’p‘” ’

are the Cauchy operators for our Riemann surface. In particular, Q%’q is the Cauchy
kernel given by

g
(6.22) 027 =wyq+ Y IPp)G,
j=1
where

(6.23) 1?@:Zw@/%w.
=1 q

Here wg o is the (normalized) Abelian differential of the second kind with a second
order pole at g (cf. Remark below) and wy, ¢ denotes the Abelian differential of
the third kind with simple poles at p and q. Note that I jg’q(p) has first order poles
at the points .
The constants c;¢(2) are chosen such that Q%’q is single valued, that is,
-1

g
) dﬂ'
(6.24) (cer(2) 1<z k<g = Z
j=1 R2g+2(/"“£)

where ¢ (j) are defined in (3.6) (cf. Lemma [A.3]).

Consider the solution p* of the singular integral equation

1<4,k<g

(6.25) p=(1 1)+ Cuap in L*E.
Then the solution of our Riemann—Hilbert problem is given by
1 X
2 =01 1)+ — Lt Q.
(6.26) m*(p) = ( )+2Wi/24uwfp
By |lw?||eo = O(t~'/?) Neumann’s formula implies

(6.27) pg) = 1= Cu)™ (1 1) = (1 1)+0@ ).
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Moreover,
2 4 _ _zl\f/lgjtl%_'_o(t_a)v peaD,
(6 8) w (p) B _EL + O(t*a) aD*
z—z; t1/2 , b€ .

Hence we obtain

TR G Ry S W
mi(p)=(1 1) 172 27 aDw—ZjQ”

oy
/2 2mi

— - E D ogey LU Mogeie o

=0 Ve

X (iBQ{ P (2)) — 1B P (21) —BORT () + 1BOET (z;))
(6.29) +O0(t™9).

1 |2 —a
/6 Q-+ 0(t™7)

D* 7T_Z]

Since we need the asymptotic expansions around p,, we note

Lemma 6.3. We have

(6.30) Q7= (2)) = M ()¢ + A3(2)¢ +0(¢?)
for ¢ = z=Y/2 being the local chart near pos and
R 9 9
(6.31) AT(%) = wpe 0(2) = DD ere(@)ag1(96)Ce (),
k=1 (=
X 1 19 lg
(6.32) A3(z5) = wpeen(z) — 5 SO ene@)Gr(z),
k=1/¢=1

where wqk, k=0,1,..., is an Abelian differential of the second kind with a single
pole of order k + 2 at q and ag_1(P) denotes a constant defined in Remark

below.
Proof. Use the local coordinate ¢ = 2z~ /2 near po, = (00, 00) and expand the
differential wy,_ like it is done in [35, Theorem 4.1] and [ ; ws,,0 by using the

expression (6.33). For g > 1 one gets
wp,0(C) = —ag_1 () =+ O(C%)
and thus the claimed formulas for Alﬁ(zj) and Ag(zj) follow. O

Remark 6.4. The Abelian differential appearing in the previous lemma is explicitly
given by
1/2 1/2 A Ry (9)
Rypir + Ralfia () + £330 (m = v) + Pog - (m = v)?
2R2g+1(u)

1/2
2(m — V)2R2£/J+1

(6.33) Wp0 = dm,
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with Py.o a polynomial of degree g —1 which has to be determined from the normal-
ization. We will use the notation

(6.34) Poo(z) =) a;(0)2.
j=0

Concerning the Abelian differential wy_ o we refer to (3.15). The differential wy__ 1
is given by

35/2 1 dm
(6.35) Wpeo,1 = (‘ ;+ "’PpOO,l)RlTa
2g+1

where P,__ 1 is a polynomial of degree g — 1 which has to be determined by the
vanishing a;-periods as usual.

Note that the following relations are valid

Wpeo,0(2]) = —Wpe0(25),
(636) wpm71(z;) —+ wpoo71(zj) =—1,
and
(6.37) cre(0") = —cpe (D), Ck(z;) = —Cr(zj).

Moreover, the coefficients o (?), j = 0,...,9 — 1 of the polynomial P; ¢ fulfill the
relation
(6.38) o, (D7) = —a;(D), j=0,...,9—1

Now we come to prove Theorem [2.2] As in the previous section, the asymptotics
can be read off by using

+ 0
(6.39) m(p) =m*(p) | TELTY
T(p,x,t)
for p near po, and comparing with (4.13)). From that one deduces

ma(p) =ma(p)T(p) ™" =

i : 1% AN % —a 1 -1
W(IBAT(ZJ') —1BAT(2])) — Th(z,t) + O(t )) 7 +0(z7),
where we have used ((6.29)), (6.30)) and (5.21). Comparing this asymptotic expansion
with (4.13]) yields

S

+oo i N — A
/ (V = Vy)(y)dy =2 W(BA%(Z» — BAT(2))) + 20Ty (z,t) + O(t ™).

Invoking (6.36)), (6.37)) and (6.38)) one gets
Af(z) = —AT(2),

AT (z)) = AT(z)),

(6.40)

and therefore
i

¢ (2)t

(6.41) /W(V—Vq)(y, t)dy = 4 Re(B(x,t)) A (x, t)+ 20T} (2, ) + Ot %).
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Finally, using the definition of the limiting solution (2.8) proves the claim. Note
that one obtains the same result if one compares the expressions for the component
my

Similarly one obtains (2.17) by using (4.27)) instead of (4.13).

7. ANALYTIC APPROXIMATION

In this section we want to show how to get rid of the analyticity assumption
on the reflection coefficient R(p). To this end we will split R(p) into an analytic
part R, plus a small rest R, following the ideas of [§] (see also [25] Sect. 6]).
The analytic part will be moved to regions of the Riemann surface while the rest
remains on ¥ = 71 (O’(Hq)). This needs to be done in such a way that the rest is
of O(t~1) and the growth of the analytic part can be controlled by the decay of the
phase.

In order to avoid problems when one of the poles v; hits ¥, we have to make the
approximation in such a way that the nonanalytic rest vanishes at the band edges.
That is, split R according to

(2 — Egj)(Eaj1 — 1)
(E2j1 — Eoj)(2 — 1)
(7.1) +Q;(p)R(p), p=(2%),

where @Q,;(p) is a rational function with first order zeros at Es;, Epj+1 and with all
other zeros and poles away from ¥, and approximate R. Note that if R € clx),
then R € C'-1(%).

We will use different splittings for different bands depending on whether the
band contains our stationary phase point z;(x/t) or not. We will begin with some
preparatory lemmas.

For the bands containing no stationary phase points we will use a splitting based
on the following Fourier transform associated with the background operator H,.
Given R € C'(X) we can write

(7.2) mmzééw%m@mm

where 1,(p, z,t) denotes the time-dependent Baker—Akhiezer function and (cf. [14],
[121)

(2 — Eoji1)(FBoy — i)

R(p) :R(E2j) (Egj — E2j+1)(z - i)

+ R(E2j41)

- 1 151 (w(p) — 1)
(73) R(@) = 5 § BOIp2,0) 220 ),
x 2R,y (p)
If we make use of (3.14]), the above expression for R(p) is of the form
(7.4) R(p) = / R(x)eq(p,x, 0) exp (ixk(p))dm.
R

where k(p) = —iprD Wp.o,0 and B4(p, n,t) collects the remaining parts in (3.14]).
Using k(p) as a new coordinate and performing [ integration by parts one obtains

(ct. [12))

A const
. <
(7.5) R <

provided R € CL(%).
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Lemma 7.1. Suppose R € L*(R), #'R(z) € L*(R) and let 8 > 0 be given. Then
we can split R(p) according to

R(p) = Rai(p) + Rrt(p),
such that R, +(p) is analytic for in the region 0 < Im(k(p)) < e and
(7.6) [Ras(p)e™ ™| =0(t™"), 0<Im(k(p) <e,
(7.7) [Rra(p)| =0(™"), pex.
Proof. We choose

R,.(p) = /T_K(t) R(m)ﬁq(p, x,0) exp (imk;(p))dx

with K(t) = %t for some positive Sy < . Then, for 0 < Im(k(p)) < ¢,
|Ra7t(k)eiﬁt’ < Cei'Bt/ |é(x)|e71m(k(p))zdx
z=—K(t)

< Ce PR Pl = || Bjyem P=Fo))
which proves the first claim. Similarly, for p € ¥,

0 LD ID(_ ~
|Rr,t(,€)|§0/ vlfa)l g, < ol BEDlh O
=K (%) x K(t) t

O

For the band which contains z;(z/t) we need to take the small vicinities of the
stationary phase points into account. Since the phase is cubic near these points, we
cannot use it to dominate the exponential growth of the analytic part away from X.
Hence we will take the phase as a new variable and use the Fourier transform with
respect to this new variable. Since this change of coordinates is singular near the
stationary phase points, there is a price we have to pay, namely, requiring additional
smoothness for R(p).

Without loss of generality we will choose the path of integration in our phase
¢(p), defined in ([£.2I), such that ¢(p) is continuous (and thus analytic) in D;;
with continuous limits on the boundary (cf. Figure . We begin with

Lemma 7.2. Suppose R(p) € C°(X). Then we can split R(p) according to
2=z

(7.8) R(p) = Ro(p) + ~H(p), p=(2+%)€XNDjy,

zZ—1

where Ro(p) is a real rational function on M such that H(p) vanishes at zj, z} of
order three and has a Fourier transform

(7.9) H(p) = / H(x)e™*P)dy,
R
with 2H () integrable. Here ¢ denotes the phase defined in (#.21)).

Proof. We begin by choosing a rational function Ry(p) = a(z) + b(z)Réé?H(P) with
p = (z,%£) such that a(z), b(z) are real-valued rational functions which are chosen
such that a(z) matches the values of Re(R(p)) and its first four derivatives at z;

and iflb(z)Régil(p) matches the values of Im(R(p)) and its first four derivatives
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at zj. Moreover, all poles are chosen away from Y. Since R(p) is C® we infer that
H(p) € C*(¥) and it vanishes together with its first three derivatives at z;, 2.
Note that ¢(p)/i, where ¢ is defined in has a maximum at 2] and a mini-
mum at z;. Thus the phase ¢(p)/i restricted to ¥ND; ; gives a one to one coordinate
transform ¥ N D; 1 — [¢(2])/i, #(z;)/i] and we can hence express H(p) in this new
coordinate (setting it equal to zero outside this interval). The coordinate transform
locally looks like a cube root near z; and z7, however, due to our assumption that
H vanishes there, H is still C? in this new coordinate and the Fourier transform
with respect to this new coordinates exists and has the required properties. (I

Moreover, as in Lemma we obtain:

Lemma 7.3. Let H(p) be as in the previous lemma. Then we can split H(p)
according to H(p) = Hy1(p) + Hyt(p) such that H,+(p) is analytic in the region
Re(¢(p)) < 0 and

(7.10) |Hot(p)e? P2 = 0(1), pe Dj1, |Hps(p)|=0@11), pe 2.

Proof. We choose H, +(p) = fxoi_K(t) H(x)e"*®)dz with K (t) = t/2. Then we can
proceed as in Lemma[7.1}

|Ha,t(p)e¢(p)t/2\ < ||_ﬁIH1‘e—K(t)¢(p)+¢(p)t/2‘ < ||HH1

and

|Hrt(p)| < ﬁ /oo x| H(—z)|dz < %

c=K(t)

Clearly an analogous splitting exists for p € ¥ N Djo.

Now we are ready for our analytic approxnnatlon step. First of all recall that our
jump is given in terms by and By defined in and (/5.16] -7 respectively. While
by are already in the correct form for our purpose, this is not true for By since
they contain the non-analytic expression |T'(p)|?. To remedy this we will rewrite
By in terms of the left rather than the right scattering data. For this purpose
let us use the notation R,(p) = R4 (p) for the right and R;(p) = R_(p) for the
left reflection coefficient. Moreover, let T,.(p,z,t) = T(p,z,t) be the right and
Ti(p,x,t) = T(p)/T,(p, x,t) be the left partial transmission coefficient.

With this notation we have

o)), w(p) > (),
1y Jg(”‘{é_(p)—li(p), 7(p) < C(2/1),

where

B — (1 T Be(p )9(1?*)6“5(”))
0 1 ’

- 1 0
by = (p* ., _ ,
+ (TZ:T(&,Q,:)) R, (p)O(p)e to(p) 1)
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and

. 1 0

B_ = ( Tr.—(",z.t) R (p)O(p) ot $(p) 1) ’
Tr—(pxt)  |T(p)?

) 1 —Laat) B(p)O@) —té(p)

B=(, “Twan TP :

Using (4.8) we can write

0
(%ZjﬁR ®@k4m”1>’

T, T * * —
(1 pler Ry @U@@)ew@v_
0

1

Now we split R,(p) = Ra.¢(p)+R,¢(p) by splitting R, (p) defined via according
to Lemma for w(p) € [Eok, Fary1] with & < j (i.e., not containing ((z/t))
and according to Lemma for m(p) € [Ea;,¢((z/t)]. In the same way we split
Ri(p) = Rau(p) + Ree(p) for 7(p) € [((x/t), E2j11] and w(p) € [Eak, Eok1] with
k> j. For B in Lemma we can choose

[ minyee, —Re(é(p)) >0, w(p) > ((z/t),
(7.12) 5‘{Im%au%w@»>m 7(p) < Cla/t).

In this way we obtain
b (p) = ba,t, 2 (P)br,t,(P) = btk (D)bat, 2 (),
B (p) = Ba,t,:l:(p)ér,t,:t(p) = Br,t,:l:(p)Ba,t,:l:(p)-
Here Ew,i(p), Bm,i(p) denote the matrices 0btain~ed from 5i~(p) by replacing R, (p)
with R +(p), Ry+(p), respectively. Similarly for B, 4+ (p), Byt +(p). Now we can

move the analytic parts into regions of the Riemann surface as in Section [5| while
leaving the rest on ¥. Hence, rather than (5.52)), the jump now reads

bos.t (p), peCi, w(p)>((a/t),

bor(p) ", peCi, n(p)> /),

_ ) b)) e (p),  pemH((¢(z/t), +00)),

@13 FO= 5w peCh ) < clah,
Bai- ()1, peCy, ) <(la/),

Br,t,f(p)_lBr,t,+(p)7 p € 7T_1(—OO, C(‘T/t)))

By construction R .(p) = Ro(p) + (7(p) — 7(2;))Ha 1 (p) will satisfy the required
Lipschitz estimate in a vicinity of the stationary phase points (uniformly in ¢) and
the jump will be J3(p) = I+ O(¢t~1). The remaining parts of ¥ can be handled
analogously and hence we can proceed as in Section [6]

APPENDIX A. SINGULAR INTEGRAL EQUATIONS

In the complex plane, the solution of a Riemann—Hilbert problem can be reduced
to the solution of a singular integral equation (see [3]). In our case the underlying
space is a Riemann surface M. The purpose of this appendix is to generalize this
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approach to meromorphic vector Riemann—Hilbert problem with simple poles at p,
p* of the type

my(p) =m—(p)J(p), pEX,
(ml) Z —DE* — Dg, (m2) Z _,Dﬂ_ Dﬁ*’

R0 v W)
[Ti—i(p = &) ©(p) — p by (p*)

(- R0 v )
[T (p = 1) T(p) — p g (p*)

m(p*) = m(p) (? é)
m(pse) = (1 1),

Since we require the symmetry condition for our Riemann—Hilbert problems,
we need to adapt the usual Cauchy kernel to preserve this symmetry. Moreover,
we keep the single soliton as an inhomogeneous term which will play the role of the
leading asymptotics in our applications.

Concerning the jump contour X and the jump matrix J we will make the following
assumptions:

A ()

ma(p)) = ~Dj, near p,

mi(p) + mg(p)> > =Dy, near p*,

Hypothesis H. A.1. Let ¥ consist of a finite number of smooth oriented finite
curves in M which intersect at most finitely many times with all intersections being
transversal. Assume that the contour ¥ does not contain any of the points fi and
is invariant under p — p*. It is oriented such that under the mapping p — p* se-
quences converging from the positive sided to 3 are mapped to sequences converging
to the negative side. The divisor Dy is nonspecial.

The jump matriz J is nonsingular and can be factorized according to J =
b ', = I —w ) "I+ wy), where we = +(by — 1) are Hélder continuous and
satisfy

(r2) wst) == (7 o)urt (§ 9). wex

Moreover,
(A.3) [wlloo = llwi oo (s) + lw=|[Loo(s) < 0.

Remark A.2. The assumption that that none of the poles [i lie on our contour %
can be made without loss of generality if the jump is analytic since we can move the
contour a little without changing the value at po, (which is the only value we are
eventually interested in). Alternatively, the case where one (or more) of the poles
ftj lies on 3 can be included if one assumes that w+ has a first order zero at fi;.
In fact, in this case one can replace p(s) by fi(s) = (w(s) — p;j)u(s) and wi(s) by
W (s) = (m(s) — py) " w(s).

Otherwise one could also assume that the matrices w4 are Hélder continuous and

vanish at such points. Then one can work with the weighted measure —iR;éil(p)dw

on X. In fact, one can show that the Cauchy operators are still bounded in this
weighted Hilbert space (cf. [19, Thm. 4.1]).
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Our first step is to replace the classical Cauchy kernel by a ” generalized” Cauchy
kernel appropriate to our Riemann surface. In order to get a single valued kernel
we need again to admit g poles. We follow the construction from [30] Sec. 4]/

Lemma A.3 ([22, 25]). Let Dy be nonspecial and introduce the differential

R g .
(A.4) G =wpp+ Y (D)
j=1

where

(A.5) Zcﬂﬁ / Wiig,0-

Here wq is the (normalized) Abelian differential of the second kind with a second
order pole at q (cf. Remark and the matriz cj; is defined as the inverse matriz
of ne(fij), where (o = ne(z)dz is the chart expression in a local chart near fi; (the
same chart used to define wp; o).

Then Q,%"’ 1s single valued as a function of p with first order poles at the points
fb.

Next we show that the Cauchy kernel introduced in (A.4)) has indeed the correct
properties. We will abbreviate LP(X) = LP(X, C?).

Theorem A.4 ([22] 25]). Set
a*p”
e [ Qp 0
(A.6) Q" = ( pO Qﬁ,p>7

and define the matriz operators as follows. Given a 2 X 2 matriz f defined on X
with Holder continuous entries, let

(A7) (CHp / FOLET, for pE s,
and
(AS) (Ch)@) = lim (C)p)

from the left and right of ¥ respectively (with respect to its orientation). Then
(i) The operators Cy are given by the Plemelj formulas

(CF)@) — (C_)(g) =
(C (@) + (C- ][ffz“”

and extend to bounded operators on L*(X). Here f denotes the principal
value integral, as usual, and the bound can be chosen independent of the
divisor as long as it stays some finite distance away from X.

(ii) Cf is a meromorphic function off ¥, with divisor given by ((Cf);1) >
—'DE* and ((Cf)j2) > _IDE

(iii) (CH)(p*)=(0 =),  (Cf)(p)=(x 0).
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Furthermore, C restricts to L2(X), that is

(A.9) ©Hw) = (] o). rems

for f € L2(X) and if wy satisfy we also have

(A10 Co(fu)() = O o) (3 g) pes
Now, let the operator Cy : L2(E) — L2(E) be defined by

(A1) Cuf = Cylfw) +C-(fuy), f e LA(E),

for a 2 x 2 matrix valued f, where
wy =by —1 and w_=T-b_.
Recall from Lemma [£.6] that the unique solution corresponding to J = I is given by
mo(p) = (f(0*) f(p).

for some given f(p) with (f) > —Dp — Dy~ Since we assumed D to be away from
¥, we clearly have mg € L2(X).

Theorem A.5 (|22 25]). Assume Hypothesis and let mg € C? be given.
Suppose m solves the Riemann—Hilbert problem (A.1]). Then

(A1) m(p) = (1= mofr) + 5 [ p(s)(wa ) + - ()25,
where

1 1]
p=myb' =m_b"" and co= (/ w(s)(w(s) + w_(s))Qﬁ,of> .
2mi » 1

Here (m); denotes the j’th component of a vector. Furthermore, [ solves

(A.13) (I—Cuw)p= (1 —co)mo(p).
Conversely, suppose [i solves

(A.14) (L= Cy)it = mo,

and

2mi

then m defined via (A.12)), with (1 —cg) = (1 — &)~ ! and p = (1 — &)1, solves
the Riemann—Hilbert problem (A.1l)) and p = mibil.

%—<1tLM$m4@+w4W¢ZX¢Q

Hence we have a formula for the solution of our Riemann-Hilbert problem m/(z)
in terms of (I—C,)~tmg and this clearly raises the question of bounded invertibility
of I — C,. This follows from Fredholm theory (cf. e.g. [38]):

Lemma A.6 ([22, 25]). Assume Hypothesis [A.] Then the operator I — C,, is
Fredholm of index zero,
(A.15) ind(I—-Cy) =0.

By the Fredholm alternative, it follows that to show the bounded invertibility of

I — C, we only need to show that ker(I — C,,) = 0. The latter being equivalent to
unique solvability of the corresponding vanishing Riemann—-Hilbert problem.
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Corollary A.7. Assume Hypothesis[A]]

A unique solution of the Riemann—Hilbert problem exists if and only if the
corresponding vanishing Riemann—Hilbert problem, where the normalization condi-
tion is given by m(ps) = (O O), has at most one solution.

We are interested in comparing two Riemann—Hilbert problems associated with
respective jumps wp and w with ||w — wp||ec small, where

(A.16) oo =l oo sy + ol oes)-
For such a situation we have the following result:

Theorem A.8 ([24]). Assume that for some data wl the operator
(A.17) [—Cyy : L*(%) = L*(%)

has a bounded inverse, where the bound is independent of t.
Furthermore, assume w' satisfies

(A.18) lw* = whlloe < a(t)

for some function a(t) — 0 ast — co. Then (I — Cyue)™t 1 LX) — L*(X) also
exists for sufficiently large t and the associated solutions of the Riemann—Hilbert

problems (A.1)) only differ by O(a(t)).
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