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ABSTRACT. We revisit the asymptotic analysis of the KdV shock problem in the soliton
region. Our approach is based on the analysis of the associated Riemann—Hilbert problem
and we extend the domain of validity of the asymptotic formulas while at the same time
requiring less decay and smoothness for the initial data.

1. INTRODUCTION AND MAIN RESULTS

The aim of this note is to revisit the RHP approach (introduced by Deift and Zhou [I]
extending ideas of Manakov [13] and Its [I0]) for the study of the long-time asymptotics for
solutions of the Korteweg—de Vries (KdV) equation

(1.1) qe(z,t) — 6q(z,t)qe(z,t) + graa(x,t) =0
with step-like initial data g(x) = g(x,0) satisfying the condition

. . 2
(1.2) whﬁn;() q(z) =0, xEIPooq(a:) =—c°, ¢>0.
This is known as the KdV shock problem and the solution will split into a decaying dispersive
tail on the background —c?, a dispersive shock wave, and a number of solitons. Moreover, it
was shown by Khruslov [I1] that at the wave front of the dispersive shock, z = 4¢?t, solitons
will emerge which are not associated with points of the discrete spectrum.

However, while these principal regions are well understood (]2, [4, [8, 9]), the regions where
the corresponding asymptotics are established do not overlap. In particular, it is typically
a quite delicate task to improve the domain of validity of these formulas to achieve the
aforementioned overlap. In this vein, the aim of the present paper is to refine the Riemann—
Hilbert analysis in the soliton region z > 4c?t to both increase the domain of validity as
well as weaken the decay and smoothness requirements for the initial data. In particular, the
degree of decay will appear in the domain of validity.

More specifically, we assume that the initial data are such that ¢(z) € C™(R) and

(1.3) / || (q(x)|+yq(—m)+c2|)dx+/xmo—1q<i>(:c)|dx<oo, i=1,...,no,
R+ R
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where
(1.4) mg >4, ng>mg+ 3.

In the following we refer to the Cauchy problem ((1.1)—(1.4) as the KdV shock problem of low
regularity. For comparison, the previously available results for the shock problem (|1.1)—(|L.4])
from [2] in the soliton region

x> (42 + o)t

were established under the assumption of exponential decay:

(1.5) / e’ (|g(z)| + |g(—=) + ¢?|) dz < o0, p>c.
R4

Decaying (nonsteplike) initial data of low regularity were considered for the KdV equation

in [7] (with ¢ = 0, mp = 6, ngp = 3) and for the mKdV equation in [I2]. Both results are

obtained outside a small sector containing the transition region ¥ ~ 0, that is, for z > et.

In this connection, two interesting questions arise: Is it possible to expand the boundary
of the soliton region for the KdV shock problem (and thus narrowing the boundaries of the
transition region) using the RHP approach? And is it even possible to achieve this under the
low regularity assumptions 7

Using the classical inverse scattering transform the multisoliton asymptotics were recently
derived in [4] in the expanded soliton region

m0—3/2—€

(1.6) x> 4t + logt, mgy > 3.

Namely, assume that the discrete spectrum of the scattering problem associated with (|1.1])—
([1.4) is given by —k% < -+ < —~k?, and that the corresponding norming constants of the
right eigenfunctions are given by v;, j = 1,..., N. Then for ¢ — co uniformly in the domain

(1.6) the solution to (1.1))—(1.4) can be represented as
1
(L7) ot.t) = e +0( L),

tmo -3 —€
where

2
2/<;j

N
18) ¢l =-Y

2 N
J=1 COSh2 </‘€j$ — 4,{;3,15 _ %log ;TJ] _ ZN log Ki n]>

i=j+1 Kitkj
In the present paper we use the RHP approach to show the following result:

Theorem 1.1. Assume that the initial datum q(x) satisfies (1.3)—(1.4)), does not have a
resonance at the edge of the continuous spectrum —c?, and has a nonempty discrete spectrum
—K% < o0 < —rK7. Assume that x — 0o, t — oo such that

(1.9) (z,t) € D := {x2402t+ﬁlogt, t>1, ﬂZO}.
c

Then in the domain D we have

1
(1.10) qlz,t) = ¢z, t) + O(tv)’ v =min{mo — 3,8+ 1} > L.
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The proof is based, among other things, on a new matrix solution of the underlying model
problem and will be given in Subsections [2.2] [2.3] and Section [3]

Our restrictions (1.4]) on the regularity assumptions on the initial datum were made
such that one can guarantee the existence of a unique classical solution g(z,t) of re-
maining within the realm of classical scattering theory, i.e. such that below holds for
all times, as established in [4]. However, , is not necessary for such a solution to
exist and if existence of a classical solution satisfying is known by other means (see e.g.
[6] for results in this direction), the minimal estimates used to prove Theorem imply the
following:

Corollary 1.2 (Largest possible class). Assume that for the initial nonresonant data q(x)
satisfying (1.3) with mg =4 and ng =5, a unique classical solution of (1.1)—(1.3) exists and

satisfies
“+00
(1.11) / lz|(Jq(z, )| + |g(—2,t) + 2|)dz < oo, vt e R.
0

Then the following asymptotic is valid for t — oo uniformly in the domain x > 4c?t:

qlz,t) = ¢*(z,t) + O(t'/?).
2. FrRoOM THE INITIAL RHP TO THE PRE-MODEL RHP

2.1. Statement of the initial RH problem. Let ¢(z) be as in Theorem [1.1|and let ¢(x, t)
be the solution of (L.I)—(T.4). Condition implies (cf. [4]) that this solution exists,
is unique and satisfies (1.11)). Let ¢(k,z,t) be the right Jost solution of the associated
Schrédinger equation

d2
L(t)y = =y + alw, t)y = Ky,
satisfying
(2.1) lim e %@k, 2,t) = 1,

Tr—-+00

and let ¢1(k, z,t) be the corresponding Jost solution associated with the left background,
(2.2) lim eMTh (kyw,t) =1,  ky = V2 + 2

Here k1 > 0 for k € [0,ic),. The subscript ”r” in the last notation indicates the right side of
the cut along the interval [0,ic]. Note that the function ¢(k,x,t) is a holomorphic function
of kin Ct := {k € C : Imk > 0} and continuous up to the real axis. It is real-valued
for k € [0,ic], and does not have a discontinuity on this interval. The function ¢1(k,x,t) is
holomorphic in the domain C* \ (0,ic] and continuous up to the boundary. On the different
sides of [0, ic] it takes complex conjugated values. Denote the Wronskian of the Jost solutions
by
W(k) = ¢ (ka €, 0)¢/(k7 Z, 0) - ¢ll(k7 Z, O)¢(k7 €, 0)7
where f/ = % f. The conditions of Theorem exclude a possible resonance at the point ic,
that is, we assume the condition
W (ic) # 0.
On [0,ic] introduce the function

(2.3) X(k) = ol
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One can verify that x(k) = i|x(k)| and x(ic) = x(0) = 0.
Let R(k) be the right reflection coefficient of the initial data ¢(z) and let
Y= ”(z)(i"ijv "O)”ZE(R)
be the right norming constants for j = 1,..., N. The set
(24) {R(k’),k’ER, |X(k)|7k€ [0716]7 15]77]7‘7:1>7N}>

constitutes the minimal set of scattering data to uniquely reconstruct the solution of the

initial value problem (1.1)—(1.4) (cf. [3 4]).
The Jost solutions ([2.2)) and (2.1)) are connected by the scattering relation

T(k,t)p1(k,x,t) = o(k, x,t) + R(k, t)p(k, x,t), Kk €R,

where T'(k,t) and R(k,t) are the right transmission and reflection coefficients. We will use
the notation T'(k) = T'(k,0) and R(k) = R(k,0).

We define a vector-valued function m(k, z,t) = (my(k, z,t), ma(k, x,t)), meromorphic with
respect to the spectral parameter k € C\ (R U [—ic, ic]) for fixed z,t, as follows:

B T(k,t)p1(k,z,t)e* ¢k, x,t)e k) ke Ct\(0,id,
(2:5) m(k, z,t) = { ( 1 m(—k,x,t)oq, ) ke C™\[—ic,0),

where o1 = (}) is the first Pauli matrix. The vector function m(k,z,t) has at most simple

poles at the points +ix;. For & — oo, the following asymptotic formula holds
(2.6) q(z,t) = lim 2k*(my(k, z, t)yma(k, z,t) — 1),
k—o0

which we will use to extract our asymptotics.
Let € > 0 and § > 0 be two arbitrary small parameters. We divide the domain

D= {(ac,t):332402t+610g757 t>Ty>1, 520}
c

into a union of the following regions
Dy = {(z,t) € D: x> (4r% + €)t},
D = {(x,t) € D: (4% — o)t < x < (4K + o)t}
D= {(z,t) € D: (4&? —e)t>x > (4/@?_1 +e)t},
Dt ={(z,t) €D : (4] —et <x < (4K} +e)t}, j=1,....N—1,
Do = {(z,t) : 4¢*t + glogt <z < (4r? — o)t}
Denote the small nonintersecting circles around the points of the discrete spectrum by
D; :={k:|k—ikj| <6}, T;:=0D;={k:|k—ik;|=0d}, j=1,...,N,

with counterclockwise oriented boundaries (see Fig. . Let T; = {k : —k € T;} be small
circumferences around the points —ik;, again with counterclockwise orientation. Introduce
the functions

N

L k + iﬁj

(2.7) Bk = 1
l=j

) ]{G(CJ'_, ]:177N7 PN+1(k):1>
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and the matrices
1 0 1 s
(2.8) Aj(k) = iy2e2teie) , Bj(k)= in2e® ) ) i =1 .. N,
S =T 0 1
J
where A;j(k) = Aj(k,z,t), Bj(k) = Bj(k,x,t). The phase function ®(k) = ®(k,z,t) is defined
by
®(k) = 4ik3 + ik%, keC.

In the domain (k,z,t) € CT x D;, j =1,...,N — 1, we redefine m(k) given by (2.5) as

m(k)Ai(k)[Pj41(K)]772, kel 1<1<7j,
(2.9) m(k,j) =m(k,z,t,5) = ¢ m(k)B(k)[Pj1+1(k)] 73, ke, NZ>I>j,

m(k)[Pj1 (k)] 7%, k€ (CH\(0,id) \ UL, Dy,
where o3 = ({ %) is the third Pauli matrix. For (k,z,t) € CT x Dy we set
k)A;(k ke, I<N
(210) m(k7x7t’N) _ m( ) l( )a € Uy, = ) N o~
m(k), ke (CH\ (0,ic]) \ UL, Dy.
In the domain (k,x,t) € CT x Dj-"l, j=1,...,N, we set
m(k)Ai(k)[Pja (k)] ke, 1<1<j,
(211)  m*(k,5) = m* (k,x,t,5) = { m(k)By(k)[Py41 ( 7%, keby, N>1>j
m(k)[Pj1(R)] =72, k € (C*\ (0,ic]) \ U, Dy

We also redefine m(k, j) = m(—k, j)o1 and m**(k, j) = SOZ( k,j)oy for k€ C™.
Next we introduce the jump contour

(2.12) ¥ =R,y UR_Ulic,0] U [~ic,0] U, (T; UT})
as depicted in Fig. [I] with the following orientation: left-to-right on R4, right-to-left on
R_ = R%, top-down on [ic, 0], bottom-top on [—ic,0] = [ic, 0]*, and counterclockwise on T}

and T;. By I" we refer to the contour consisting of the points —k : k € I with the following
orientation: if k moves in the positive direction of I, then —k moves in the positive direction
of I*.
We observe that m(k,j) is a piecewise holomorphic vector function with jumps on ¥ and
mso (k,j) is a piecewise meromorphic function with simple poles at ix; and —ix; and with
the same jumps as m(k, j) except at T; and T7, where it does not have jumps. Note that

(2.13) mi(k,z,t,j)ma(k, z,t,5) = mi(k, z, t)ma(k,x,t), k— o0, (z,t)€ Dj,
and
(2.14) mi% (k, x,t j) Uk, x,t,7) = my(k, x, t)yma(k, x,t), k — oo, (z,t) € Dj-(’l.

Theorem 2.1. Let ) be the right scattering data of the initial datum q(x). Assume that
x and t are arbitmry large fized values such that (x,t) € Dj (resp. (z,t) € Dj"l). Then
the vector function m(k,j) = m(k,x,t,j) (respectively m*°(k,j) = m*°(k,x,t,5)) defined
n (2.9), (resp. ) is the unique solution of the following vector Riemann—Hilbert
problem:

Find a vector-valued function m(k, ), holomorphic (resp. m*°(k, ), meromorphic) away from
¥ (resp. away from X\ (T; UT})), satisfying:
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TN® 1IKN Re@(iﬂj) =0

A
Y

C*

FIGURE 1. Part of the jump contour X.

(1) The jump condition:
my(k, j) = m-(k, j)v(k, j) (resp. m5%(k, j) = m*" (k, j)v** (k, 5)), where

— 2 —R(k)P2 —2t®(k)
(Pﬂzll(k)’f;glg@(k) R(k)lD]Jrll(k)e ) , keRy,
1 0 .
v(k, j) = (x(/c)P]fl(k;)eM(k) 1) , k € [ic, 0],
Ai(F) [P (k)] 7%, keT, <7
Bi(k)[Pya (R)] 77, keT, 1> j;
| o1v(—k)o, k€ R_UJ[—ic, 0] UN, T}

(resp. v*° (k,7) = v(k,j), k€ 2\ (T; U T3); vk, j) =1, k€ T;U T?)
(2) the pole conditions:

0 0
sol . : sol .

K k) =1 ka : =2 (s iK; )
Resix; m** (k, j) k_lglﬁj m**(k, j) <17]2Pj+21(1/€j)62t¢( ) 0)

Cin2P2  (ig)e2t®(ing)
Res-io, m*(5, 1) = i (k, ) (3 R G,

k—>—il{j O
(3) the symmetry conditions:
m(_kaj) :m(k7j)017 k‘E(C\E,
(resp. m*°*(—k, j) = m**(k,j)o1, ke C\ (X \(T;U T?)))
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(4) the normalization condition
“lir, j) = (1 1).

(5) The function m(k,7) resp. m**(k,j) has continuous limits as k approaches 3.

lim m(ik,j) = lim m
K—00 K— 00

Remark 2.2. The results listed in this theorem are slight modifications of the results obtained
in [2, 5], and we omit the proof.

2.2. Properties of the scattering data and their analytic continuations. First assume
that the initial datum g¢(z) is smooth and satisfies (L.F). Then the reflection coefficient
R(k) has an analytic continuation to O, U O}, Where Oi ={k:+Rek > 0,0 <Imk <
p}. In contrast to the case of fast decaying 1n1t1al datum in the step-like case the analytic
continuation of R(k) has a jump along [ic,0] N {0 < Imk < p}, given by (cf. [2, Lemma 3.2])

(2.15) R_(k) — Ro(k) +x(k) =0, ke [ic,0]n{0<Imk < p}.

On the other hand, if the initial datum satisfies ((1.3]), which is the case we consider, R(k)
and x(k) are my — 1 times continuously differentiable except for the node point k£ = 0, and
the following formula is valid ([4, Section 3])

dl
) RO (40) 4 (=) RO(+0) = hm dhlx(lh),

where l
d
) il - _
RY(+0) = 1_1}110 dk:lR(k)’ [=0,1,...,myg— 1.

Respectively,

mo—1 mo—1 577V . AN mo—1

RO(+0) RO(+0) XV(0) :

(2.16) > i > —r (k) = > gk, for k=i,

1=0 1=0 1=0

Thus, this formula agrees with ([2.15]) for the case (1.3]). In fact, the decomposition of y at 0
has only odd degrees of k and
(2.17) RV (40) = (=1)'RO (+0).

Set 7 = ¢4 In the domain O, where
(2.18) O .= {k:£Rek > 0, 0<Imk<g},

introduce a rational function
no+mo

ak)= > ﬁ

s=ng+1
where the coefficients as € C can be uniquely defined to satisfy

mo—1 mop—1

(2.19) > R(l) Z q() +0

=0
An elementary analysis of the algebraic system of equations for as together with (2.17)) implies
Gng+2s € R, apgr2s+1 € 1R,  for ng odd,
Ano+2s € IR, apy42s+1 € R, for ng even,
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and therefore
q(—k) =q(k), keR.

The same property is valid for the reflection coefficient, R(—k) = R(k), k € R.
We showed that the function

(k + iT)no+1 (k + iT)”0+2 (k + iT)”0+3

p(kr) _ (_1)n0+1 < Qno+1 Qngp+42 Qnop+3
Qa
. _1)ymo—1 n0+mo
satisfies
(2.20) plk) =

q(
and is the Tailor decomposition for R(k) as k — —0. On the other hand, it is analytic in O~
(cf. (2.18))). Therefore we have

R(k) — q(k) = O(kK™™Y), as k — +0; R(k) — p(k) = O(K™ 1), as k — —0;
and from (2.16]) and (2.19) it follows that
p(ih — 0) — q(ih +0) + x(ih) = O(R™ 1), as h — +0.
By [3, Theorem 4.1],

B =q(-k), keR,

d 1
R(k)—0< ) k— 400, 1=0,1,...,mo— 1.

dk! knotl
Therefore,
d' 1
W(R(k)—q(k)):() ot ) k— 400, 1=0,1,...,mg— 1.
d' 1
W(R(k)—p(k)):O ot ) k— —oco0, 1=0,1,...,mp—1.

Introduce the function

then we proved the following

Lemma 2.3. (1) The function R(k) has the following properties
e R € Cm~L(R);
o LR(k)=0(mter) k—£o0, 1=0,1,...,mo— 1
o LR(0)=0, 1=0,1,...,mg—1;
(2) For the function
(2.21) (k) := x(k) +p(k — 0) —q(k +0), ke [5,0],

the estimate is valid:

(2.22) fk)=0@(F™ 1, k—o0.
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Set e
ok = B Ry
By Lemma [2.3] we have
(2.23) G € C"™3(R); iZQ(O) =0; Cig(kz) = O(1>,
dk! dk! kno—3
k—oo, 1=0,...,mg—3.

Evidently, G € L*(R) N L>®(R). Let

A 1 .
=— k)e' " dk
6(w) = 5- [ Glbye
be the Fourier transform for G(k). From Lemma [2.3| and (2.23) we get

Corollary 2.4. The following properties are valid:
.« G(-k) =GR
e G(x) € CIR) (o) € R:
o z™073G(x) € L'(R).

In terms of G the function R can be represented as a sum,
2

k2 ct o k2 —c?t 00 R e
R L = A VAR
=: Ra(k,t) + Ry (k,1).

The function R,(k,t) can be continued analytically in the strip 0 < Imk < §. Moreover,
from Corollary [2.4] it follows that

(2.24) Ra(—k,t) = Ra(k,t), Rp(—k,t)=R,(k,t), keR.
Lemma 2.5. The following estimates hold:
(1) Ry(-t) € L'(R) N L=(R);
2
(2) ‘,R’T’(k7t)‘ S tmgf?) ké€+17 k € R;

(3) |Ra(k,t)| < C“C”]z%ergllmku‘

2.3. Estimates for the jump matrices. Recall that the jump matrix v(k, j) = v*°(k,j)
satisfies for k € R the symmetry property

(2.25) 'U(k,j) = 017)(—k,j)0’1.
On R, we factorize this matrix in the following way:
(226) U(kaj) = 0'1[V(—ki,j)]_l[W(—k,j)]_10'1Y(k,j)W(k,j)V(k‘,j), ke RJF?
where
L 1— |Re(k,t)]?  —Ry(—k, )P (k)e 2*®)
(227) Y(k,]) - <Pj;21(k)Rr(k,t)eth>(k) 1 )

. 1 0 . 1 0
(2'28) V(k,j) = (q(k)ijl(k)e%q)(k) 1) ) W(kJ) - <Ra(k,t)P~2 (k)e%(b(k) 1) :
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Respectively, due to (2.24) and ([2.20]) one has

_ 2 —2td(k)
o1V(=k,j)o1 = <(1) q( )PJ+11(k)e ) )

R (kP2 —2t®(k)
oW (—k, )on = ((1) 'Ra(k?)Pj+11(/€)e ) .

Extend now the factorization (2.26)) to R_ = R% by (2.25). The matrices V (k, j) and W (k, j)
admit analytic continuations to the domains OF defined by ([2.18). In O they read as in

(2.28) while in O~ we have
1 0

. . 1 0
V(kv]) = <p(k)P;|_21(k)e2t¢(k) 1) ’ W(kvj) = <Ra(k,t)Pj:_21(k)e%(b(k) 1) .

Introduce symmetric domains in the lower half plane,
[OF] = {k: —k € OF}.
Redefine m(k, j) (resp., m*®(k,4)) in OF and in [O~]* by
ik, j) = mk, )V (k)W E ] ke O,
ik, j) = m(k, j)or[V(=k, )] W (=k, j)] " ou, NG

k
and extend this redefinition to O~ U [OF]* by the symmetry m(—k,j) = m(k,j)o1. In the
remaining region C\ (O~ U [OF]* U O+ U[O~]*) we keep m(k, j) = m(k, j).

Introduce additional contours as in Fig.

C:{ke@:lmkzg}, and C*:{kEC:Imk:—g},

oriented left-to-right and right-to-left. Let us split the new jump contour 3 into symmetric
parts with respect to k — —k and denote
S =YcUXi=XUCuUC

where ¥ is defined in . Then the vector function m(k,7) (resp. m**(k,j)) is the unique
piecewise holomorphic (resp meromorphic with two simple poles at +ik;) solution of the jump
problem

tg (k, j) = (k,5)o(k,5) (resp. m%(k, j) = m* (k, j)0°" (k. 5)),

where
Y(k,j), kEeRy,
(W (k, )V (k. )) kec,
(2:29) Ok, g) = W=(k, H)V=(k, ) ok, Ve (k, W (R, 5), Kk € [5,0],
v(k,7), k € [ic, ? ] val T,
\ 010(—k, j)o1, ke X5,

(resp. 9°(k,j) = 0(k,5), k€ScUSE\(T;UTS); 9°(k,j) =1, keT;UT}.)

The pole conditions for m*°*(k, j), the symmetry and normalization conditions are the same
as for m(k,5) (resp. m*(k,j)).
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Lemma 2.6. For z > 4¢t + glog t, we have
(2.30)  [[E* (0(k,J) = D) I 1 (sypees) = OWY), v =min{mo -3, B+ i} s=0,1,2.
Proof. Estimate (2.30) is trivial for the matrices (2.8) on the circles T; and Tj. It is also
evident for Y (k,j) due to Lemma item 2. Thus, we already have
(2.31) 1k* (0(k,j) —T) ||L1(i)m;oo(i) = O(t_m0+3)7 =R Ul]il (T UT;).
Now let k = % +y € Cn{k:Rek > 0}. The only nonzero (off diagonal) element of the jump
matrix W1V ~1 — I can be estimated as
War(k, 5) + Var(k, )| < [Pisa (k)] - lg(k) + Ra(k, )| e ?®
<C [ o5 1+2t Re ®(k)
— |k—irl6
1 et(—gc3—12cy2)
yt+1 ’
On the remaining parts of C and C* the estimates are literally the same. As a result we get

165 (8(k, ) = 1) | 1 cuemynpoecuey < € C>0, x>4ct.

< C(myg,J) y >0, x>4ct.

It remains to estimate ¥(k,j) — I = 93°!(k,j) — I on the contour [ic,0]. The only nonzero

J
element of this matrix is
. x(k), k€ [ic, ],
2.32 do1(k, 7) = P2 (k)e*t®®) 2
(2.32) 21(k, ) = P5 (k) )
where the function f(k) continuous on [¥,0] is defined in (2:2I)) and satisfies (2.22). Note
that the analytic continuation of R,(k,t) does not have a jump on [%,

account to get (2.32)).

Consider first the contour [ic, %} Recall that we study the nonresonant case and therefore
x(k) = C(k —ic)/2(1 + 0(1)), k—ic, C#0,

see (2.2)), 2.3). For x > 4c*t + ¢, ¢ > 0, an elementary estimate holds for k = ix, $§<r<g

3 2
t®(ir, x,t) = 4(k* — )kt — k¢ < (k — c)%t - g( <0.

0]. This was taken into

Therefore,

(2.33) 091 (i, §)| < Cc — 1)/ 2e=Clemr)=eC.

For all regions under consideration except of Dy we have ¢ > (4x% — 4c? — €)t, and therefore
021 (K, §)| + 035" (k, §)| < Ce™, k€ [ic, %], (a,t) € DjuUD,

where C' = C(j) > 0,5 =6(j) >0, 5 =1,...,N. In the domain Dy, which depends on f,
consider first the case 8 = 0, that is, ( = 0. We observe that the function on the r.h.s. in
(2.33) can be estimated from above via maxyegr, u(y,t), where u(y,t) = y/2e=C¥t . Since

g—; = 0 for y = 55 and maxyer, u(y,t) = \/ﬁ, we conclude that |09 (k,0)| = O(t'/?)

uniformly with respect to k£ and x in the domain under consideration. If g > 0, that is,
Do = {(z,t) 1 2 > 4Pt + %bgt}, then

021 (K, 0)| = O(t™P71/2), k€ [ic,], (x,t) € Dy.
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It remains to estimate 0o (k, j) = 95¢'(k, j) on the interval [¥,0]. Taking into account (2.32)
and (2.22)) we conclude that

‘621(1}17]” < C(j)hm07168h3t7802ht72€hlogt

< C max hmo_le_462th, j=0,...,N.
hel0,5]
Since
max ymo—le—Cyt < C(m())’

yER, tmofl

then
~ . N . C(mOa]) i

(234) ‘v21(kvj)‘ + ’U;?l(k7j)| < W’ ke [%70}

Collecting estimates (2.31)—(2.34)) together and taking into account the symmetry property
o(k, j) = ovi(=k. j)or, ke,
we get (2.30)). O
Hence we can reformulate our pre-model RHP as follows
Theorem 2.7. Assume that (x,t) € D; (resp. (x,t) € DJS-OZ). Then

o the vector function m(k, j,x,t) (resp. m*° (k,j,z,t)) is the unique piecewise holomor-

phic (resp. meromorphic) solution of the jump problem
m+<k,]):m_<k,])(H+W(k,])), kEXA],
(resp. M (k, §) = 0 (k, §)(T+ W(k, 5)), k€ %)

where the jump matrix W(k, j) satisfies the symmetry condition

(2.35) W(k,j) = oW (=k,j)o1, ke,

and the following estimate:
(2.36) 1&*W(E, )| 1 synpe sy = OW™"), v =min{mo -3, B+ i1 s=0,1,2.

In a vicinity of the point k =0,
(2.37) W(k,j) =0(k?), ke, k—0.

e Both functions m(k,7) and m*°(k,j) satisfy the same symmetry conditions

(2.38) m(—k,j) = m(k,j)o, keC\3,

and normalization conditions

. AN Asolys . o\

(2.39) nlggo m(ik,j) = Hlin;om (ik,7) = (1 1).

o The function m**(k,j) has simple poles at +ik; and satisfies the pole conditions

0 0
. ~ sol AT ~ sol X
(2 40) ReSm]' m (k‘,]) = kliIITIl{] m (k‘,]) <l’)’j2(l" t) 0> ,
| Res_; msoz(k )= lim msol(k ) 0 —i’yjz(a:,t)
—1Kj 7.] k—)—inj 7] 0 O ,
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where

N 2
2 2 8K3t—2k;x Kl — Ky sol

e In a vicinity of k = 0,
(2.42) 3% (k, §) = ms? (k, §) + O(k?), k—0.

Proof. All propositions of Theorem are proven except of (2.37) and (2.42). FEstimate
(2.37) is straightforward from (2.29)), (2.27)), (2.32), (2.22)), (1.4) (for at least my > 4) and
Lemma 2.5

For (2.42), we have the following: (1) the jump matrix 9°°(k, j) in a vicinity of point k = 0
satisfies 9°°!(k, j) = I + O(k?); (2) the vector function m*°(k,j) is bounded there and has
continuous limits when approaching the contour; (3) it satisfies (2.38]). Then

i (k. j) = 3% (k, ) + O(K?) = mi? (k, j) + O(k?)
=3’ (k,j) + O(k?), k—0,

which in turn implies (2.42)). O

3. SOLUTION OF THE MODEL PROBLEM AND FINAL ASYMPTOTIC ANALYSIS

The model problem for m(k, j) is trivial: To find a vector function holomorphic in C and
satisfying the symmetry and normalization condition. Its unique solution is the constant
vector m™°%(k, j) = (1,1), which is the same for all domains D;, j=0,1,...,N.

The second model problem, namely to find a vector function m™°%5% (k. j) = S(k, j) mero-
morphic in C and satisfying (2.38)-(2.40)), was solved in [7]. The (unique) vector solution
S(k,7) is given by (cf. [7, Lemma 2.6 and Theorem 4.4])

8(k7]) = (81<k7.7)a 82<k7.7)>7 SQ(kaj) = Sl(_k7.7)7

1 k+ik;
Si(k, j) = 1 (912 ¢
1( 7]) 1+(2/€])_1’}’j2(f1},t) < + k—lﬁj( :"i]) Vj (xa ))7

where 'yjz(x,t) is defined by (2.41)). Verification of the pole, symmetry and normalization
conditions is straightforward.

To apply the standard final asymptotic analysis for the vector RH problems, we need
to construct a matrix solution M(k,7) to the model problem in D‘;Ol, which satisfies the
additional symmetry M (—k, j) = o1 M(k, j)oi. In D; it will evidently be the identity matrix.
For D;Ol we cannot expect that a bounded invertible symmetric matrix solution exists. Indeed,
we observe that

81(0,]) = 82(07j)7
and

81(0,7) = 82(0,5) =0, for 1—(2k;) "7 (x,t) =0.

The set of pairs (x,t) satisfying this condition is a line in D;TOZ containing arbitrary large x
and t. According to [5], for such (x,t) a bounded symmetric invertible matrix model solution
does not exist. When admitting poles for M (k, j), one has to ensure that the error vector
m(k, )M ~'(k, j) has only removable singularities.
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Let us first construct an antisymmetric vector solution for the model problem in Djpl with
a simple pole at £k = 0. We look for a solution of the form
Pj Hj

1+—=+—— Imk
k—m] +k+k+lli]>7 mk >0,

V(k,x,t,j):V(k,j):( 1+
V(=k,j) = =V(k,j),

where the constants p; = p;j(x,t) and pu; = pj(x,t) are chosen to satisfy the pole conditions
and the condition Vs(ikj,j) = 82(15], /). Then

i 1

V. =1 = = So(ikj, J
2i85:0) = 48 30y = T Gy Tl — 0
and . . . 92 . .
p; = Resig; Vi (i, j) = ivj (,1)Va(ik, §)
2
17(1.715)
=R ik Si(i j 5 ) = : .
€S j l(lffj .7) 1 + (2/<cj)_17]2(x,t)
We get
. 2 .
22,1 2z, 1
B ) = ey s Y T T ) g P
. i/ﬁ‘,&'(l’,t) IK'M'(:L‘vt)
k,j)= -1+ -5~ 1— 2 :
(k) ( T Rh—iny) T Rk +iny)
In terms of y; the solution S(k, j) = m™%°(k, j) has the representation
. ,uj(m,t) ,LLj({E,t)
3.2 Sk,5)=1(1 1-— .
( ) (’]) ( +/€—i/€j’ ]{7—|—i/£j

For (z,t) € Dj-"l introduce the matrix

(3.3)  M(k,j) = M(k,j,a,t) = <51(k j) = Vi(k,j) Sz(k,j)—w(k,j))

Sl(ka ) + Vl(ka ) 82(kvj) + VZ(ka.])
From (2.41)—(3.3]) it follows that

NJ(I t)  _ pimt) k—ik; )
M(k,j) = <1+ % EEiR ;@)

i ] , i(z,t) = .
e Lo 1—’“52’“) S B O S ER

(3.4)

Its evident properties are listed in the following
Lemma 3.1. The matriz M(k,j) = M(k,j,x,t) given by (2.41), (3.4) for (x,t) € Djf"l
satisfies

o symmetry: M(—k,j) = o1 M(k,j)o1;
normalization: M(k,j) — 1 as k — oo;
the matriz M (k, j) is meromorphic in C with simple poles at *ik; and k = 0;
det M(k,j) = 1;
m™ b0l (k, ) = (1, 1) M (k, 5);
Theorem 3.2. Let 1% (k, j) be the solution of RHP (2.35)(2.41)) and let

m" (k, j) = 0 (b, )M (k. ), (w,t) € D

Then
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(1) the vector function m® " (k,j) does not have singularities at +ik;;
(2) m®"(k,j) does not have a singularity at k = 0;
(8) the following estimate is valid uniformly for (x,t) € DS-OZ :

15 M, /YW M )] 1 sy = O,

where
v=min{my—3, B+1}, s=0,1,2.

Proof. Consider first the point ix;. By definition,

1— /Jjézvt) wéz,t) i—ir»j
. ol ~ sol ik
(3.5) me (k) = (103 (k. 5), s (k. ) ) (_ujw Criey 1y Ma;tf) ,
2k k—ik;
lim (k — 1/<cj)mff°l(k,j) 17 2(x, t)m;oz(llij,j).

k—}il’ij

Since [M (-, j)]1s = O(k — ix;), then m§'" (ir;, 5) is well defined. For the first element of this
vector we have using ((3.1))

lim (k —ik;)m$" (ik;,j) =

k—}ilﬁj
sol Mj(x7t) sol Coa) —
i (, s (i, 5) (1 = =5 — pj (@, t)ms” ik, j) = 0.
J 21/€j
The arguments for the point —ix; are the same due to symmetry, m®" (k, j) = m*"(—k, j)o1

To prove item 2, note that by (2.42)) and (3.5)),
me" (k,j) = (K, K)M~"(k,j) + O(k)

I k+ikj 1 k —ik;j
—k(1-H( 1 14Ty
( o +/<;—mj) +5i( +k+mj> +Olk)

iz, t i(x,t
k —ik; k+ikj

To prove item 3, we observe that y;(x,t) defined by (3.1), (3.4), (2.41)) is uniformly bounded
in Djf’l. Therefore, M (k, j) and M ~!(k, j) admit an estimate from above of the form 1 + ‘%,
where C' does not depend on (z,t) and k € 3. So outside a small vicinity of & = 0 the
estimate in item 3 is fulfilled because of (2.36)). Near & = 0 we apply (2.37). O

The rest of the final asymptotic analysis is a trivial modification of the standard ”small
norm” arguments for symmetric vector RH problems. Indeed, let m(k,j) and m*°(k,j) be
as in Theorem and let M (k, j) be defined by (3.3]) in DJS-OZ and by the identity matrix in
Dj. Set

mer () = 4 ) (z,1) € D, j=0,....,N
o (k, §)[M (k, )17, (x,t) € DI, oy

and define
W (k) = M (k, )W(k, )M (k,§)] ™, j=0,....N.
Then m®" (k) = m* (—k)oy is the unique piecewise holomorphic solution of the jump problem

m¥ (k) = me (k) T+ W (k)), ke,
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where

W (k) = oW (=k)or, ke,
and
(3.6) | &° Wer(k)HLl(i)mLoo@) =0(t™), v=min{mo—3,8+3}>1 s=012
This vector function is continuous up to the boundaries and satisfies the normalization con-
dition
Hh_}rgom (i) = (1, 1).
Let € denote the Cauchy operator associated with 3,
1 d .
(€h)(k) = / ne)-% . kec\s,
s s—k

27

where h = (hi,hg) € LQ(ﬁ]). Let €, f and €_f be its non-tangential limit values from the
left and right sides of i], respectively.

As usual, we introduce the operator €y : L2(2) U L®(2) — L2(2) by €y f = €_(fWe),
where W*" is our error matrix. Then

||€W||L2(i)_>L2(i) < C”WGTHLoo(i) <O(t™)

as well as

1
-1
(3.7) I = Ewer) ™ N2y r2s) < T—o@")

for sufficiently large t. Consequently, for ¢t > 1, we may define a vector function
wk)=(1, 1)+ (I-&w) 'ew((1, 1))(k).
By (3.7,
|w(k) — (1, 1)||L2(2) < @ QW)_1||L2(2)HL2(2)Hef”L2(2)HL2(§:)||Werr||Loo(2)
(3.8) =0(t™).
With the help of w, the function m® (k) can be represented as

and in virtue of (3.8) and (3.6 we obtain as k — +ioco,

mer (k) = (1, 1)+21m/i(1’?_y\f(z)dz+E(k),

where
O(t—u— 1 )

C er
44 HL2(i)Hw(Z) — (1, 1)HL2(2) < Tv k — oo.

~ |k
The term O(¢t~¥~!) is uniformly bounded with respect to (z,t) € D. In the regime Rek = 0,
Imk — 400, we have
1 1, Hwer
— ( ) )W (Z)dz _ fO.(xat) fl(xat) (1’ 1)
27 s k—z 2kt 2k2tv
+ OOk +0(t " Hok™),

[E(F)]

(1, -1)+
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where fo1(x,t) are scalar functions uniformly bounded in D. Furthermore, O(k™*) are vector
functions depending only on k& and O(t~¥), O(t *~!) are as above. Hence,

(5, 3) = m (b, Mk, ) = S, ) + B2 (1, 1w, )
- f;]g;f)S(k, J) +O(t™)OE™) + Ot "HOok™),

(z,t) ED?OZ; j=1,...,N;
and

ik, 3) = m (k) = (1, 1)+ DD g gy B )

+ot™oEk)+ot™""Howk™™), (x,t)eDj; j=0,...,N.

From (3.4)) it follows that (1, —1)M(k,j) = (1, —1) 4+ O(k?). Therefore, (2.14) implies that
for (z,t) € D;’Ol,

(3.10)  ma(k)ma(k) = mi®(k, j)ms (k,§) = Si(k, j)Sa(k, j) + O(t)O(k™?), k — oo.

By (3.2),

(3.9)

21/<cj,uj (x,t) — ,u?(x, t)
(k —ikg)(k + ikj)
—2k73 (2, 1)
- 2
k2 (1+ (25) 713 (2, 1))
Comparing this with (3.10)) and (2.6 we conclude that in the region Dj"l,

Si(k,j)S2(k, j) —

(14 0(1)).

74’{]’)/]2 (:L'a t)

B gl t) =gt + Oy g t) = .
(1 + (2/€j)_1’y]2($,t)>

On the other hand,

sol SKJQ 8’{?
QJ (l’,t) = - P} = -
(« /(2;@) i W(a:,t)) (en]x 4K3 St+A + efﬁ]:p+4n A )
v (@t V26
where
A :—flog—— Z og .
s + i
Thus,
2
QSOl(w t) — _ 2ﬁj
J )

5 .
2 . 3 _ l ’yj N KRj—Rq
cosh (/ijx — 4kt — 5 log Ty > i1 log Py

Note that in D\ D;’"l, this function admits the estimate O(e~¢®)*), and taking into account
the weaker estimate (3.11)), we conclude that
N
ZqSOZ:rt )+ Ot™), (x,t)EUDJS-Ol.

j=1
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On the other hand, (3.9)) implies

N
g(z,t) =0(t™"), (z,t)e|JD;
j=0

This proves Theorem

(1]

[10]

[11]
[12]

[13]
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