SOLITON ASYMPTOTICS FOR THE KDV SHOCK PROBLEM
VIA CLASSICAL INVERSE SCATTERING

IRYNA EGOROVA, JOHANNA MICHOR, AND GERALD TESCHL

ABSTRACT. We show how the inverse scattering transform can be used as a
convenient tool to derive the long-time asymptotics of the Korteweg—de Vries
(KdV) shock problem in the soliton region. In particular, we improve the
results previously obtained via the nonlinear steepest decent approach both
with respect to the decay of the initial conditions as well as the region where
they are valid.

1. INTRODUCTION AND MAIN RESULTS

Presently the most common method for studying the long-time asymptotic be-
havior of solutions of completely integrable nonlinear wave equations is the non-
linear steepest descent (NSD) method introduced by Deift and Zhou [6] extending
ideas of Manakov [20] and Its [I5]. In particular, this method has superseded the in-
verse scattering transform (IST) originally used in this context. The purpose of the
present note is to address two issues arising in the context of the NSD method and
show how they can be handled, as we feel, more effectively using the IST, at least
in the soliton region. Hence it should be emphasized that the main contribution
of this note is not merely the improvement of previous results but the techniques
which lead to these improvements. Clearly these techniques are not limited to our
chosen example but apply to other integrable wave equations solvable via the IST
equally well.

The first item is the fact that a common assumption in the context of the NSD
method is exponential decay of the initial condition such that the scattering data
allow for an analytic continuation to a neighborhood of the spectrum. Of course this
assumption can be weakened by using an analytic approximation of the scattering
data and this was already demonstrated by Deift and Zhou in [6], where Schwartz-
type initial conditions were considered. However, it should be pointed out that this
technique is not limited to Schwartz data and can in principle also handle weaker
conditions of decay (see [14] for the case of the KdV equation with decaying initial
data). All of this can be considered well-understood. Nevertheless, working out all
steps in full detail requires considerable effort and hence is frequently skipped.

The second item is the fact that the NSD method produces the asymptotics
in sectors. While this is of course natural, since the asymptotics are different for
different regions, it still has the drawback that the different sectors usually do
not overlap. In particular, we are not aware of an analysis which produces the
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FIGURE 1. Numerically computed solution ¢(z,t) of the KdV
equation at time ¢ = 10, with initial condition ¢(z,0) = % (erf(z) —
1) — 5sech(x — 1).

asymptotics of the KAV equation, in the simplest case of decaying initial condition,
in overlapping domains which cover the entire z/t-plane. In this context our second
contribution is that we can establish soliton asymptotics in a regime which is larger
than what could previously be covered using the NSD method.

In this vein, the aim of our note is to show the benefits of the classical IST in
soliton domains for the study of the KdV equation

(1~1) Qt(mvt) _6Q($7t)QI($7t)+Qmww<x7t) =0,

with step-like initial data g(x) = ¢(«,0) satisfying the condition

(1.2) lim ¢(z) =0, lim gq(x)=—c* ¢>0.
r—r—00

r—r00

The assumption that the left background —c? is smaller than the right background
0 is known as the corresponding shock problem, while the reversed situation, when
the left background is larger than the right background, is known as rarefaction
problem.

According to the seminal works by Gurevich and Pitaevskii ([I1} [12]), the long-
time asymptotics of solutions of , can be split into three main regions as
illustrated in Figure

e In the left region x < —6¢%t the solution is asymptotically close to the back-
ground —c? up to a decaying dispersive tail.

o In the middle region —6¢%t < x < 4c?t the solution is given by a dispersive
shock which can asymptotically be described by a slowly modulated elliptic
wave.

e In the right region 4c?t < x the solution is asymptotically given by a sum of
solitons.

Precise formulas for the leading terms of the asymptotic expansion of ¢(z, t) with re-
spect to t in all three principal regions were derived in [7] using the vector Riemann—
Hilbert approach under the assumption of exponential decay of the initial data to
the background constants in . In the soliton region and in the tail region
behind the elliptic wave, a complete analysis was given. In the middle region a
complete analysis is still open. The asymptotics of ¢(z,t) in the transition region
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behind the leading wave front is fully investigated by E. Khruslov ([I6]) by use of
the classical IST. He showed that the shock wave splits into a train of asymptotic
solitons. The second transition region near the back wave front 7 = —6¢? is not
studied yet and the possible behavior of solutions is unknown even on a physical
level of rigor.

In the present paper our focus lies on the soliton region = > 4c?t, where we want
to weaken the exponential decay condition to polynomial decay and, at the same
time, cover a larger region. Specifically, we will derive the asymptotics for

2, Mo 3¢
x24ct+Tlogt, e>0, mg>3,

whereas the asymptotics obtained via NSD in [7] only hold for

z >4t +et, €>0.

Our second aim was to find minimal restrictions on the steplike initial data for
which the associated Riemann—Hilbert problem (RHP) is well-posed. When stating
the RHP for a nonlinear equation, one assumes that its solution for each ¢ has a
behavior that guarantees the existence of Jost solutions. In our case, it means that
the solution g(,t) to the initial-value problem (L.1)), has to have finite first
moments of perturbation. If this is not established beforehand, then the respective
RHP statement is conditional, and one has to prove that the RHP has a solution.
These minimal restrictions on the initial data to achieve existence of a unique
classical solution are the content of Theorem [

Our main result is the following. Denote by C™(R) the set of functions x € R
q(x) € R which have n continuous derivatives with respect to = and let C™*(R?) be
the set of functions (x,t) € R? — ¢(z,t) € R which have n continuous derivatives
with respect to  and k continuous derivatives with respect to t. Denote the discrete
spectrum of the associated scattering problem by —%, < - -+ < —k? and the inverse
of the norm of the right eigenfunctions by v;, j =1,..., N (compare Sec. .

Theorem 1.1. Let mg > 3, ng > 2 be arbitrary natural numbers and let € > 0 be
arbitrary small. Assume that q(z) € C™ (R) satisfies
m ‘ mn

+oo
1) [ e (|t + | el +

daT"Q(x)
Let q(z,t) be the solution of (1.1)), (1.3)). Then the asymptotics of q(xz,t) in the
region

>dx<oo, 0<n < ng.

3
mo—45 —¢€
x2402t—|—0272 log t
C

is the following as t — oo:
(1.4)

N 2
2K% 1
_ J
qzt)==) S ﬁj—m)m(tmo—%—s)'

‘ 2 (o A3p_ 1 i
i=1 cosh? (kjz 4k3t — 5 log 2 >ieji1 log e

For convenience, we recall the precise result from [7].

Theorem 1.2 ([7]). Assume that the initial data q(x) of the problem (1.1)), (1.2)
belongs to C"(R) and satisfies

+o0 )
(1.5) / e (|g(x)| + lg(—z) + |)dx < 00, ¢Va* € Li(R),
0
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where i = 1,...,7 and Cy > ¢ > 0. Let q(x,t) be the solution of (1.1]), (1.5)).
Assume that & > 0 is sufficiently small such that the intervals [4/1? — 4, 4/{? + 4]

are disjoint and lie inside (4c¢*,00). Then the asymptotics in the soliton region
i 4¢? > ¢ for some small € > 0 are as follows:
If t — o0, t = o0 and |% ,4,€§| < § for some j,
_4"{j')’]2 (SL’, t)
(1+ (28;) 195 (2,1))

(1'6) Q(mvt) = 2 +O(t_l)7

for any l € N, where

N 2
— 2k x+8K5 Ri — Kj
(1.7) 7@, t) = et ] ( ) :

g1 N
If |% — 4H?| > § for all j, then q(z,t) = O(t™") for alll € N.

Remark 1.3. Let us check that and indeed represent the same leading
term of the asymptotic expansion. For sufficiently large ¢ the summands in
do not interfere up to an exponentially small term. They have nonzero profiles in
vicinities of the rays § = 4/{3 defined by the phase shifts

N
1 ’72- Ki — Kj
(1.8) Aj=—-log -~ — Z log —2 .
2 2k i Ki + Kj
On the other hand, using ((1.7) and (1.8) we get
—4rjv: (2, t) 8K3 8k?

(1 + (2%]‘)_17]2‘(33’”)2 n ( /2 N 'yj(:r,t)>2 B (e,»;ja:—45'j.t+Aj +e—njx+4n?t—Aj>2

¥; (,t) 2k

which implies (1.4).

Existence of a unique classical solution of the initial-value problem ,
considered in Theorem is provided by the results of Grudsky and Rybkin [I3]
which are applicable for the wider class of initial data essentially bounded from
below on the left half axis and decaying with rate z°/2¢(z) € Li(R,) on the right
half axis. Recently these results were generalized by Laurens [I8],[19] for initial data,
which are the sum of a known steplike KdV solution and an arbitrary function from
H~1(R). However, all these results do not allow us to control the behavior of ¢(z, t)
as r — £oo for any fixed ¢, and they do not ensure the requirements on smoothness
of the scattering data applied in the asymptotic analysis. This can be achieved in
the framework of the classical IST generalized to the case of steplike solutions. For
steplike KAV solutions the following result holds:

Theorem 1.4 ([9,10]). Let p+(x) be two different algebro-geometric quasi-periodic
finite gap potentials and let py(x,t) be two finite gap KdV solutions associated with
the initial data py(x,0) = py(z). Assume that q(x,0) € C™(R) and

(1.9) i/oioo d*

—(q(z,0) — pL(x))| (1 + |2]™)dz < 00, 0<n < ng,
where

dx™

mo > 8, and ng>mo+ 5,

b
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are some fized natural numbers. Then there exists a unique classical solution
q(x,t) € Cmo—mo=21(R2) of the initial-value problem (1.1)), (1.9) satisfying

+oo n
i/o %(q(x,t) — px(w,1))

and

<1+ |x|[%]72>da: <oo, 0<n<ny—mg-—2,

+o0
jE/ ’8((1(%75) —pi(x,t))’ (1 + \xl[mTo]‘2>dx < o0,
0 ot
for allt € R.

Hence the largest class of initial data for which unique solvability is established,
corresponds to initial datum with 13 continuous derivatives and 8 finite moments
of perturbation. In our case of constant background solutions p, (z) = py(z,t) =0
and p_(z) = p_(z,t) = —c? we can extend this class to initial datum with 7

continuous derivatives and 4 finite moments.
Theorem 1.5. Given a pair (mg,ng) € N x N such that
(1.10) mg >4, and ng>mg+3,

assume that g(x) € C™ (R) and satisfies (1.3). Then there exists a unique classical
solution to the initial-value problem (1.1)), (1.3]), (1.10) such that for allt € R

+oo m an n
[20]71 _
(1.11) /0 <1+|x\ )(833

o)+ | s a-at) + )

)dx<oo7

for all 0 < n < ng—mg, and

m 0
1.12 /1+ z|FHT qx7t‘dac<oo.
(1.12) (1 ) | )

Thus condition ensures the well-posedness of the RHP which forms the
base of the long-time asymptotic analysis of steplike solutions via the NSD ap-
proach. It also secures the smoothness and decay properties of the scattering data
required for the asymptotic analysis used in Theorem [1.1

The results of Theorem can be applied to study the RHP of low regularity
associated with the KdV shock problem. These problems of low regularity for the
KdV and mKdV equations were studied until now only for fast decaying initial
data, see [6l 14l 2] 22].

The proof of Theorem is based on the well-developed (direct/inverse) scat-
tering theory for the Schrodinger operator with steplike potential (cf. [2, [l [§]),
where a one-to-one correspondence is established between certain classes of poten-
tials and classes of the scattering data. The left and right Marchenko equations,
which connect the transformation operators and the generalized Fourier transforms
of the scattering data, are the key ingredient in the solution of the inverse scat-
tering problem. Moreover, the decay rates and the smoothness of the kernels of
the Marchenko equations directly determine the decay rates of their solutions, and
therefore the rate of convergence of the potential to its asymptotes. We list charac-
teristic properties of the scattering data for the potential of the class (1.3)), (L.10
in Section |2} Assuming that the solution of the Cauchy problem , (11.3), (L.10
exists in a class of functions which tend to their background asymptotes at least
slowly, we show the evolution of the scattering data with respect to time and obtain
the time-dependent Marchenko equations. For steplike initial data it was first done
in [16], and we recall these results in the beginning of Section However, the
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corresponding characteristic properties might not be preserved by the time evolu-
tion. So the main body of Section [3| consists of two parts. In Subsection we
compute the decay rate of the right Marchenko equation kernel provided that the
initial datum satisfies 7 7 and in Subsectionwe do the same for the left
kernel. The main losses in the rate of decay mg + [%2] occur precisely here. The
constant backgrounds allow us to get more precise estimates compared to those
given in [9] [T0] for finite gap backgrounds. Finally, in Section {4 we analyze the
contribution of each of the three summands of the right kernel of the Marchenko

equation on the asymptotics in the soliton region and prove Theorem 1.1

2. SCATTERING THEORY FOR THE SCHRODINGER OPERATOR
In this section we briefly describe the characteristic (necessary and sufficient)
properties of the scattering data for the Schrédinger operator

(L)) =~ 1) + alo) S0

with steplike potential (1.2 satisfying (1.3]), assuming that mo > 1 and ng > 0.
Let X\ be the spectral parameter of the problem
d2

— g2 @) +a(@)f(z) = Af(@).

We introduce additional spectral parameters k = v/A and k; = VA + ¢ which map
the domains C \ Ry and D := C \ [—~¢?,o0) conformally onto C*. The boundary
of the domain D is treated as consisting of two sides of the cut along the interval
[—c?, 00), with distinguished points \* = A+i0 and A\ = A—i0 on this boundary. We
assume that A € D. This gives a one-to-one correspondence between the parameters
k, k1 and A.

The spectrum of the operator L consists of a continuous spectrum of multiplicity
two on Ry, a continuous spectrum of multiplicity one on [—c?, 0] and a finite discrete
spectrum {A1,..., Ay}, where Ay < -+ < A\ < —c%.

According to [23] and [5], equation has two Jost solutions

p(\, z) = elF” (1 +/ B(x,y)e2ikydy> , keCH,
0

(2.1)

0
p1(\,z) = e 17 (1 +/ Bl(x,y)emlydy> , ki eCH,

where B(z,y) and Bj(z,y) are real-valued functions (the kernels of the transfor-
mation operators) satisfying the properties

x

“+o0
(2.2) B(z,0) = / a)dy.  Bi(x,0) = / (a(y) + P)dy.

One of the main characteristics of the spectral problem 7 is the Wronskian
W(A) := W(p(A, ), p1(A,-)) of the Jost solutions, where W(f,g) = f(x)g'(z) —
g(z) f'(x). Tt is well-known that W (\) has simple zeros at the points of the discrete
spectrum ); and possibly at the end of the continuous spectrum, but no other zeros.
If W(—c?) = 0 we call the point —c? a resonant point. Denote by

,,)/2 o 1 ,YQ o 1
7 fR¢2()\j,x)dx7 pre fR¢%()‘j7x)dx
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the right, left normalizing constants, respectively.
Consider the standard scattering relations

TAN¢1(Az) = o(A, 2) + R(A)d(A, z), kER,
iMoo\ z) = d1(N ) + Ri(N)o1(A,x), ki €R,

where the transmission and reflection coefficients constituting the entries of the
scattering matrix are defined as usual

(2.3)

Lemma 2.1 ([1, 4L ®]). Let q(z) satisfy with mg > 1 and ng > 0. The entries
of the scattering matriz satisfy

I.(a) T(A41i0) = T(A —i0) and R(A +10) = R(A —i0) for k()\) € R;

Tl()\ + iO) =T ()\ — iO) and Rl()\ + iO) = Rl()\ — iO) for 1{31()\) € R.

oW _ or —c,c

Tl()_Rl(A)kf ki(A) € [=¢,d]. k
() 1= [ROP = - ITOP and 1= [Ri(N)? = 1= [TiN) for k() € R
(d) R(/\)T()\)+R1( )T(A) = Ri(NTi(A) + R(A ) ( Ti(N) =0 for k(A) € R.
(e) T(N) =1+0(5), Ti(A) =1+ 0(J5) as A — o,

RO = 0(). (s =01k a3 o0
II.  The functions T'(X\) and T4 (

) can be analytically continued to D satisfying
2ik(N)TH(N\) = 2iki (V)TN = W(N),

where W () has the following properties:

(i) It is holomorphic in the domain D and continuous up to the boundary.
Moreover, W (A +1i0) = W(X —i0) # 0 as A € (—c?,00).

(i¢) In D its only zeros are A1,..., AN, and

AW -2
(d)\ ()‘j)> = 7;2-’732',1-

(iii) If W(—c?) = 0 then
W) =iyVA+c2(1+0(1)), as A — —c, where v € R\ {0}.
III. R()A) and Ri(X\) are continuous for k(A\) € R and ki (\) € R, respectively.

Define

1B(9:, u), Ki(z,y) = %B1(x, E)v

K i
(z,y) 5 5 5
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N

1 ikx 1 0 1k:n dA —K;T
Pla) =5 [ BV dk+ o [ TPt o Zv] o

—C

Fi(z) = 27r/Rl Je 1k, —G—Z’y 1€ K =/—c2 = X; > 0.

j=1

(2.4)

These functions are connected by the right and left Marchenko equations ([2, [4])

—+oo
Ky + Fety) + | K@s)Fy+s)ds=0, y>a

(2.5) z
Kl<x,y>+FI<x+y>+/ Ki(e,5)Fi(y +s)ds =0, y <.

Lemma 2.2 ([23]). Let q(x) satisfy (1.3) with mg > 1 and ng > 0. Then
IV. F(z), Fi(z) € C™"YR) and

+oo
/0

The set of scattering data for the operator L can be defined as follows:

d"F
dx™

dar F1

0
(I+]z|™)dz < oo, / (I+]z|™)dr < 00, 1< n<np+l1.

S(Tno,no {R ()\) k eER; Ry )\) ( ) k1 e R;

(2.6)
Al,"',ANE(i C) 717711)"'3712\/',’712“1}'

The functions F(x) and Fi(x) are uniquely defined by this set.

Theorem 2.3 ([8]). Properties I-IV of Lemmas and are necessary and
sufficient for S(mo,no) to be the set of scattering data for the Schrédinger operator
L with potential q(x) satisfying (1.3) for any mo > 1 and ng > 0.

The sufficiency of these properties is established as follows. Given arbitrary mg >
1 and ng > 0 and the set S(mqg,ng) consisting of four functions and 3N numbers
as in , assume that this set satisfies properties I to I'V. Then the Marchenko
equations are uniquely solvable ([23]) for the kernels of the transformation
operators K and K;. Moreover, the functions (cf. (2.2))

d d d d
q+(x) = 72%1((1,17) = f%B(x,O), q—(z) = Q%Kl(x,x) = %Bl(:c,O),
are such that ¢gx € C™(R) and ([23])

(1+Jz|™)dz < oo, 0<n<mng.

[ [t
The last and most important step establishes that ¢y (z) = q_(x) — ¢® = q(x)
(cf. [8]), that is, ¢(x) satisfies . Moreover, the operator L with potential g(x)
reconstructed by use of the Marchenko equations, has the chosen set S(mqg,ng) as
the set of scattering data. This scattering theory forms the basis of the inverse
scattering transform which we apply in the next section to prove Theorem
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3. THE CAUCHY PROBLEM FOR THE KDV EQUATION WITH STEPLIKE INITIAL

DATA OF THE CLASs (1.3)), (1.10)

We first recall some well-known facts about the Lax pair. By a classical solution
of the KdV equation we mean a solution that has 3 continuous derivatives with
respect to z and one with respect to ¢. Let v(z,t) be such a solution. Introduce
the Lax operators

Ly(t) = =02 +v(x,t), Py(t) = —493 + 6v(x, )0, + 3v.(x, ).
As is known ([I7]), the KdV equation is equivalent to the Lax equation
Oy Ly (t) = [Py(t), Lu(t)]
considered in H®(R). It implies the unique solvability of the compatibility system
(3.1) L,(t)u = A, ug = P,(t)u,

for any initial condition u(X,0,0) and wu,(A,0,0). In turn, if u; and us are two
solutions of , then their Wronskian does not depend either on = or on t. Let
Pi (A x,t) be two Weyl solutions of the equation L, (t)u = Au normalized by the
condition ¥4 (A, 0,¢t) = 1 and let my (A t) = a%wi (A, 0,t) be the Weyl functions.

Lemma 3.1 ([9]). Set

¢
ay (N t) =exp </ (2 (v(0,5) + 2X\)m4 (A, s) — vz (0, s))ds) .
0
Then the functions uy (A, x,t) = ax (A, )L (A, x,t) solve (3.1)).

In particular, the function u(\, z,t) = ik ikt golves (3.1) with v(z,t) = 0 and
. .3 .2
the function uy(\, x,t) = e Fe—4ikit+6icTht golyes (3.1) with v(x,t) = —c?. For
these solutions,

(3.2) ar (Nt = a(\8) = e al (A1) = ag () t) = e dikTTHGICTRE

These properties allow us to derive the evolution of the scattering data with respect
to time. Indeed, assume that there exists a classical solution ¢(x,t) of the Cauchy
problem (L.1)), for some pair (mg,ng) and assume that g(z,t) has at least a
finite first moment of perturbation, that is,

83) [ ieh (| 2ot + | et + )

Then we can apply the results of the previous section to the time-dependent Schro-
dinger operator L,(t). In particular, one can construct the Jost solutions of the
equation —02y + q(z,t)y = Ay by

>d:c<oo, 0<n<a3.

—+o0
G\, a,t) = e + K(z,y,t)e™dy,
(3.4) .
o1\, z,t) = e kT 4 / Kl(ac,y,t)e_iklydy,
— 00

and introduce their time-dependent Wronskian W (A, t) and the scattering relations,

T\, £) = SOna, 8] + RO, D0 2,8), k€ R,
Tl()\,t)(b()\,l‘,t) = (bl()\, $,t) + R1<)\, t)¢1()\7.’17,t), k1 € R.
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The left/right normalizing constants now also depend on ¢t and are given by

2 1 2 1
() = () =
’yj( ) fR )‘J’x t) dx’ ,7]’1( ) f]R ?b%(/\j:xvt)dx
Since a(X,0) = a1 (A, 0) = 1 by (3.2), it follows from the considerations above that
W, 0)
W(At) = ————F—~—,
gs) T AR e
Ry (>\a t) =R ()‘7 O)Oé% ()‘7 t)a R()\7 t) = R()‘7 O)O(Q ()‘7 t)a

Ty (A t) =T (A 0)a(A t)ag (A, L),

and the time evolution of the scattering data is therefore given by (cf. [16] [])
R(\t) = R()\)esﬂcgt’ Ri(\ ) = Rl()\)e—smftﬂmc%lt’
(3.6) T(A,t) =T(\) 4ik3t_4ik§t+6ic2k1t7 T\ t) = Tl()\)e4ik3t—4ik?t+6162k1t,

7 (t) = e, Yia () = yjae” Eraati2edsL

Here we have abbreviated R(\) = R()\,0), etc. On the spectrum of multiplicity

one,

ITL (A 1)2 = [Ty (V) 2857 X € [=c2,0] £ 10.
Therefore the time-dependent Marchenko equations have the form

+oo
K@yt +Fla+p0)+ | K(@sHFy+stds=0, y>uz,
(3.7) .
M@wﬁ+ﬂ@+%ﬂ+/ Ki(z,s.)Fi(y + 5,8)ds =0, y<u,

where
(3.8)
1 1 °|n@m~”-s - b
F ,t — R(\ ikx+8ik®> tdk ikz+8ik tdk 2 —njl-i-SR,t’
(fL' ) 2%/1; ( ) 27‘(’ 2 |/<51| © +;’yje !
1 5 19107 al 5 2
—ik1z—8ikjt+12ic“ k1t 2 _Kj, 178/%-» t—12c"k; 1t
Fi(z,t) = 27T/R1( e~k 1 1 dlirj;’ije 1 1 1t

Formulas (3.6)—(3.8) were obtained assuming that ¢(z,t) exists and tends to the
background constants as in (3.3). To prove that ¢(x,t) indeed exists and is unique
we have to check that the set

={R(\t),T(\,t),k € R; Ry(\t),Ti(\t), k1 €R;
)‘1) EERE )‘N € (_OO’ _62)77%(.077%,1@‘)7 s 77]2V(t)57]2\/,1(t)}

defined via (3.6)-(3.8) and (corresponding to the initial data) satisfies the
necessary and sufficient conditions I-IV. It may happen that S(¢) will have less
moments and derivatives than the initial data, that is, S(¢) = S(mo(t), no(t)) with
1> mo(t) > mg, 3 > ng(t) > ng. This however will still guarantee unique solvabil-
ity of and the equality ¢(z,t) = ¢1(z,t), where

(3.9)

d d
q(I,t):*2%K(I’7I’,t), Q1(I7t) ZQ%Kl(I,I,t)ch, QZ‘ER,
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as well as the required decay of these functions to their backgrounds. Let us first
check properties I-III. Properties I.(a), (b) follow immediately from

a(A+1i0,t) = a(A —i0,t) = a (A +1i0,t), X € [0,00);
(3.10) (A +10,t) = a1 (A —i0,t) = a7 *(A +10,1), X € [—c?, 00);

a(XA—i0,t) = a(A+10,t) € R, A€ [-c%0)].
Since |a(A,t)| = |a1 (A E)] = 1 as A € Ry, then the moduli of the entries of the
scattering matrix do not depend on time on the spectrum of multiplicity 2, i.e.
when k € R. This proves I.(c). Property I.(d) follows from (3.5) and (3.10).
Finally, for £ — oo

log(a(\, t)ar (N 1)) = 4i(k® — k)t + 6ic? kit = O(k™1),

Ot(/\, t)al(Aa t) =1+ O(kil)a
which proves I.(e). To check IT, note that a()\,t) and aq(A,t) are holomorphic in
C\ [~¢?,00) and continuous up to the boundary. This proves (i). For (ii) we use
AW (M, t) AW () ‘
dXx  Ia=n;’

I\ ’A:AJ_ = (a(Aj; 1) (A, 1))
which is true since W(A;) = 0. Together with (3.6) this impies (i),

—2
(Gx 008) =220,

Property I, (i) follows from a(—c?, t)a;(—c?,t) € R\ {0}.

The main difficulty in the application of IST to steplike solutions arises in the
verification of property IV and in finding optimal constants mq(t),no(t), which
actually do not depend on t as we will see.

First of all, to differentiate F'(x,t) and Fj(x,t) with respect to  we need more
decay of the reflection coefficients than established in I.(e) of Lemma But R(\)
and Rj(\) are the reflection coefficients of the potential satisfying (1.3)), and
for such a potential it was proven in [§] that as A — oo,

%R<A>=g+,su>r% di,ﬁmu):g_,su)r%, s=0,...,mo— 1,
where VA - g+ (\) € L?(a, +00) and a is a sufficiently large positive number.

Let us examine the behavior of F(z,t) as © — +oo and Fj(x,t) as x — —oo.
The summands which correspond to the discrete spectrum are exponentially small
with respect to large x for a fixed ¢, so they do not contribute to the behavior of
the kernels.

3.1. Asymptotic behavior of the right kernel F(z,t). Denote the two sum-
mands of F(z,t) in (3.8) containing the integrals by Fgr(z,t) and Fr(z,t). Then
Fr(z,t) can be rewritten as

0 0
Fr(z,t) = % [ T3 () Pk ¥R ek ) = % / P(h)y(h)e""dh,
where VA = k = ih, 1(h) = 3"’ and

(3.11) P(h) = W (91(\, -, 0), 61 (), -, 0))

| W (01(r-0). (A~ )W (61 (%~ 0). 61, 0))
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Using the symmetry property R(A(k)) = R(A(—k)) we can write
400

Fr(z,t) = %Re R(k)y(—ik)e**dk,
0

where R(k) := R(A\(k),0) and k& > 0. Note that P(h) does not depend on ¢, and
P(h) <0 when h € (0,c). Since time ¢ is fixed, we omit ¢ in the notation of ¥ (h).
Let us abbreviate ¢/ = 6% (h(s),t) and ¢, = Z1p(h(s),t). Evidently,

(3.12) Y (0) = iy (0) € R.

Integrating Fr(z,t) by parts yields
> : ikx 1 / /
Re/o R(k)Y(—ik)e*®dk = Re{ - ER(O)w(O) + ()2 (RY + Ripy,)(0)

(=)™ o™ (Ry) (=™ [FO0™(RY) ke
Gy ot O+ /0 okm € dk}'

We split Frr(z,t) into a sum of two integrals, fO% + ff The second integral is eval-
2

uated as O(e~2%), and this estimate can be differentiated with respect to x, which
is sufficient for our purpose. On the other hand, ¢1(\, z,t) does not have bounded
derivatives with respect to h at h = ¢, therefore |T} (), )|? is not differentiable too.
Integrating the first integral by parts yields for 7 Frp(z,t)

0
[ Py dh =~ PO)(0) = (Pl + PU)O) ..

1 9m=Y(Py) L [00m(PY) Ly,
~ om  pm (0)+37n/0 B € dh + O(e™2%),

where the term O(e™27) contains the second integral and integrands of the first
integral corresponding to h = 3.
Our next aim is to prove that
1 O (RY) . 0(PY)
Jj+1 _
(3.13) klﬂo {1 k7 (k) hl_1>120 OkI ().

The limit on the right side is taken from the side of the spectrum of multiplicity
one. Since ¢ € C*(R), using (3.12)) we get

07 (P)
Ok

J
(+0) = 3" 5 PY TV (+0)it Y (0).

s=0

Here C7 are the binomial coefficients. Compare this formula with

- aj R J ; j—S s
Re {i]-‘rl ékjw) (+0)} — ZC;iJ-‘rl_sRl(cj )(-I-O)is l(c )(0)’
s=0

and taking into account that isw,(f)(O) € R, we see that |i is equivalent to

14 I i RO (k) = 1im PY(h).
(3.14) Jim Re {1 Ry (k) p = lim P7(h)
To prove this, recall that ¢, (z, A,0) and ¢ (x, A, 0) are mo-times differentiable by k
in a neighborhood of the point & = 0. The function ¢(x, A, 0) has mo — 1 derivatives
in k at k = 0. We define P, (k) = P(—ik), where P is determined by (3.11]). The
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function P;(k) is defined on the right side of [0,ic], but can be redefined by the
same formula to the right of the point kK = 0. Moreover, it has mg — 1 continuous
derivatives at k = 0, namely

L d Py (k) . d'P
= m —--.
k—+0 dk! h—+0 dh!

Now we extend P; for kK > 0. We can see that

2W (61, )W (h1,0)  2W (1, )W (¢1, )

Substituting

W@, Wy o
W((bh(bl) W(¢13¢1)

in the numerator of the previous fraction we get

i W) WELE)) i V) W
(3.15) Pﬂk)—z( W(¢1,¢)+W<¢>1,¢>>_2< (k>+V(k>’

¢

o1+

where

W(k)=W(¢1,0),  V(k)=W(e1,9).

This representation is only possible for & > 0 because ¢(\, z,0) cannot be continued
to [0,ic].

Lemma 3.2. The following equality is valid,
(3.16) v0) = (~1)w0),  s=0,...,mg—1.

Proof. Denote by f,(x) any function such that f,(z) € C™~1[0,¢). Since

o\, ) + d(\, x) = 2cos(kx) + 2/00 K(z,y) cos(ky)dy,
then

602) + ) = Fi(K), 5 (00,2) + 60, 7) = Falk?).

Also ¢1(X,0) = f3(k?) and Z¢1(X,0) = f1(k?). On the other hand,

L .
o)~ a0 a) =2k (B 4 [T )™ ).

thus

o\ @) = 60\ ) = ks (k), %(d@v z) = 6\ 2)) = kfo(K?)-

Therefore
V(k)+W(k) = fz(K*),  V(k)=W(k) = fs(k).
From the last two equalities it follows that
W (k) = VP (k) = kfaso (K, V2D (k) + W (k) = kfzori0(k?),
which proves (3.16|). ([l
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Denote w, := limg—, 49 % and let

w2, 9 Wmo—1  7mp—1
Wino—1(k) = k+—k ceef —————f™M0
o-1(k) = wo ik 4 SrkT 4 o T

be the Taylor polynomial for W (k). From the previous lemma it follows that
V(k) = Wyny—1(—k) +o(k™ 1),

Since k = 0 is an interior point of the spectrum, implying that W(0) # 0, and since

by definition R(k) = —%, we see that

R (k) = Ring—1(=k) + o(k™ 1),
where R,,,—1(k) is a Taylor polynomial for R(k) of degree mo — 1. Using (3.15]) we
get
i YA mo—1
Pi(k) = 5 (Rmg-1(k) = Rong—1(—K) ) + o(k™ ),

which proves (3.14)).

The next step consists of verifying how often Fr and Fp can be integrated by
parts. If the initial data belongs to the class (|1.3), the first integral of Fr can be
integrated by parts mg — 1 times,

0 9s—1
Fr(z,t) = A(z,t) + O(e™2%) + xil /C 8ahs(i¢) e e dh,
where A(x,t) corresponds to integrands at h = 0. We have proven already that
it cancels out with the integrand terms of Fr at k = 0. The function P has only
s — 1 derivatives with respect to h and this procedure stops. The integral can be
differentiated by x any number of times.

Each time we integrate F'r by parts, there appears a new multiplier 3ik2t in front
of R(k), since we differentiate ¢(—ik) = ¢*’*. As the integrand function should
remain summable in Ls(R, ), we require k2 'R(k) € La(R,). If the initial data
has enough derivatives, Fr can be integrated s—1 times too. Since we are searching
for the classical solution of KdV, it has to have at least three derivatives. Therefore
we require k2 T2R(k) € Ly(R, ). In summary,

Lemma 3.3. Let

[ e (|t + [ a0+ )

dx™

)cl33<oo7 0<n<lI s>3.

Then for any m < s—1 and l > 2m + 3, the function F(x,t) can be represented as

D(z,t
F(xz,t) = (i’L ) + D1(z,t), x— 400,
x

where ajgéf’t) € Lo(a,+), 0< j <1—-2m+1, and % = 0(e™2?) fori >0,

uniformly fort € [=T,T)].

3.2. Asymptotic behavior of the left kernel Fi(z,t) in (3.8). We discard
terms corresponding to the discrete spectra because they are exponentially small.
The right Jost solution and hence the Wronskians in the expressions for 7,7 and
R, R; are functions of the local parameter \/k1 F ¢. Thus, if we want to integrate
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by parts, we need to differentiate the left reflection coefficient by ki, which leads
to singularities of type

O*R(k1) 2e-1
_ " = 2 >
ok O ((k1 Fo) ) , s>1andk; — *c,

where R(k1) = Ri1(A,t). Let 0 <& < § and introduce

o k1 Fc @ —gpmeymeif ¢ <1,
Byi(ky) =B (5) ,  where B(§) = {07 if ¢ > 1.

Obviously d;ssi (£et+e) = d:lff (£c—e) =0, and d;sf (£c) =0for 0 < s <2mg—1.
1 1 1

We rewrite the integral containing Ry in (3.8)) as
/ N / (1= By (k1) — B (k1)) R(kv)e ™™ dky
R R

—c+e _ cte -
+/ B_(k1)R(ky)e~*1%dk, +/ B (k)R (k1 )e™ ™= dky
= I (2, t) + I, (z,t) + I (x,1).

The function 1 — B (k1) — B_ (k1) has zeros of degree 2mg — 1 at k; = ¢ and
k1 = —c and is infinitely differentiable. Since the behavior of %(R(l —By—B_))

as k1 — oo is the same as that of angffnkl), k1 — oo, the integral I (z,t) can be
1

integrated by parts similarly to our previous considerations. To evaluate I2i, we
focus on 7, the evaluation of I, is done in the same way. We start with the Taylor
series for R(k1) on the interval [—¢ + ¢, + ¢|. Let 22 = k; — ¢, then

Ric+ 22) = aop(t) +ar1(t)z + az(t)2® 4+ + ame_1(£)2™ " + B(z, 1),

and f(z,t) = O(2™°) as z — 0. Thus, R has at least [52] derivatives with respect
to k1 at the point k1 = c¢. Since By and its derivatives disappear at k1 = —e + ¢
and k; = € + ¢, integration by parts gives

mo—l

o=y a0 [ s () e D

=0 —e 9 xrl2

where hy(z,t) € Ly(R_), it is infinitely differentiable with respect to x, and all of
the derivatives are also in Lo(R_).
Let & = g Using 1 —&2m = (1 — )1+ 2 + 44 -+ +£2m72) we get

mo )
(I;(xﬂﬁ) — h+[(mx(;f)) elor — Z s (E,t)/ ij(@e—ix&df
T2 = .

2mo—2+[ 52 ]

I .
+ Z an—l(&,t)/ ¢35 (1 — £2)2mo—inte g
—1

Jj=1

Each term of the first sum can be integrated by parts at least 2mg — 1 times,
moreover, all integrands are equal to zero. All the summands of the second sum,
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except for the first one, can be integrated by parts until we get the integral
(3.17)

1 , .
J (z,2mg) = / €2 (1- 52) ™o o ~igwe g

-1

1 1 2 W 1 1
=-B F: — - =B - F -
5 (v,p) 1 2<v,27v+p, 4>+2 (v+2,p> 1 2<u+2,

i 1 12 i 1 3 1 p?
-B Fylv, = ) -=B = F. = =
+3 (v,p) 1 z(v,2,v+p, 4> 5 <v+2,p> 1B (v+ g govtpt o)

where p = i|ze|, 2v — 1 = % and p = 2mg + 1. Here

T()T(p)

Bup) =101

is the beta function, T'(y) is the gamma function and 1 F»(a,b, ¢, —z) is the gener-
alized hypergeometric function. Using its asymptotic behavior for large |z| we get
(cf. [24, Equ. 16.11.8])

T'(O)I(c i i
(3.18) 1F2(a,b, c, —Z) = w (Hl)g(z) + El,g (ze ) + ELQ (ze ))
where
c—a—1
[(a+ k) i (1)
H — a
12(2) Pt F'b—a—k)'(c—a-— k)z k7
(3.19) - -
1 o 1/2 a—n 1
Eio(z) = ——2- = (1/2)g22 c (27:1/2) , a=a—-b—c+ -,
1,2( ) m 7;) n 9
and ¢, are constants. In (3.17) we substitute a = v, b = %, c=v+pora=v+ %,
b=2, c=v+p+13 and also %2 = —z, =4 = /z € R,. Then (zeii)l/2 € iR, that

is, the module of the last two terms in (3.18)) containing the exponent is equal to
1. On the other hand, in (3.19)) either « = —p = —2my — 1 or a = —p — 1. In any
case, the terms containing F o can be evaluated as W(cons‘c.—i—o(l)). Thus,
we can discard these terms. Combining the first and the last summand of (3.17)
(the two other summands give the same function up to the multiplier i) yields

1 1
§B(Va P) 1F> (Vv 57” +p, _Z>

1 13 1
+Zl/2B(V+2,p> 1FQ<I/+2,2,I/+0+2,2) :ZA1+A2,
1 r)r - r —1)k
IFQ(V77V+p;_Z> ~ (2) (V+p) T (V+k) —U—k( ') ,
2 (v kZOF(§—V—k)F(p—k) k
that is,
4 LED() T (5) T +p) (v + k) Ln (D
"T2T(w+p) T(v) T (L—v—k)T(p—k) k!
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Similarly,
LTI T 44 )
L'(v+3+p) IL'(v+3)
S L(v+s+k) ceyn (CDF
X e T z 2 o
k=0 (2—1/—2—k‘)r(p—k) .

Summing up these equalities and taking into account that v = %, we get

A+ Ay = Sf(ly L,MYMF@)< 5@+k) +F0w+;+@>+

M ° T—k \TG—v—k)  T(-v—Fk)

k=0

P p+1 le —u—kr(p)r (%) m + 4l
— k! C(p—Fk) \sin (3¢ +7k)  sin(3F + I + k)
+ 0zt = O (a2 ),

Since Ej 2(ze"™) have the same order, we conclude that J(z,2mg) = O(z=m0~72).
Also

d 1 ! 2mo—1 _i¢(ze
Mﬂ%%mhnm(ﬂm%m—@m/;@”ﬂ—f)° eﬂ>@)

and the last integral is evaluated as O(I’QJ(x,2m0 — 2)) (plus terms of higher
order). Therefore, derivatives of J(z,2myg) decrease even faster. Hence the main
contribution to I3 (x,t) comes from the term h(x,t)z~"2"). That is why we can
integrate I(x,t) by parts exactly [%2] times. The behavior of the integrand as

k1 — +oo after the last integration is evaluated as kf[TO]_nU_lf (k1) e #*1% where
f € La(£o0). Every differentiation of Iy (z,t) with respect to x will increases the
degree 2 [%] —ng — 1 by 1. To obtain a classical solution we need to differentiate
at least 4 times. Thus, we have to require mg —ng — 1 < —4, or ng > mg + 3. The

following lemma sums up these considerations.

Lemma 3.4. Let q(x) satisfy (1.3) with ng > mo + 3. Then Fi(x,t) admits the
representation as x — —oo
H1(£L'7t) 83H1(m t)

Fl(l'vt) = L O

LZ( a)v j:O,"'anO_mO"’_la

with a > 1.
From Lemma [3.3] we obtain

Lemma 3.5. Let q(z) satisfy (1.3) with ng > mo + 3. Then F(xz,t) admits the
representation as r — 400

H(z,t) 0"H(x,t)

F(Ivt): x[%] 9 a.’lfj L2(a +OO) ]:07"'7n07m0+17
with a > 1.
Since %818{7;”) € Li(a,+o0) and 1%@ € Li(—a,—o0), both Fz(j)(x,t)
and Fl(Jm) (x,t) satisfy condition IV with mg(t) = [%2] — 1 and ng(t) = no — mo.

Naturally, we assume that mg(¢t) > 1, i.e., mg > 4. This proves Theorem
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4. PROOF OF THEOREM [L.1l

We represent the right Marchenko equation (3.7) in the form (compare [3])
B(z,y,t) + F(z +y,t) —|—/ B(x,s,t)F(x +y+ s,t)ds = 0,
0

where
B(z,y,t) =2K(z,z +2y,t), F(z,t) =2F(2z,t).
The kernel F'(z,t) consists of three summands,

. 9 [0 N
Pr(z,t) = ;/ P(h)68h3t72hzdh’ Fd (z,1) Z 72/{jw+8m?t’

. 2 +oo ) .
Fr(z,t) = ~ Re R(k)eSik t+2ike g
m 0

where k = ih and P(h) is defined by (3.11). The following result is well known.

Lemma 4.1 ([25]). Let 6;; be the Kronecker symbol and let A(x,t) be a N x N
matric with elements

,YZ 8/-{ t
Aij(l',t) 5”+ - ——C (Kj+ﬁj)x.

Let AU)(z,t) be the matriz obtained from A(x,t) by replacing the j-th column of A
with ,

_71268/111‘/7&12:

,Y eSK.Nt KNT

Then the Marchenko equation with kernel Fd(x,t),
(4.1) By(z,y,t) + Fd(x +y,t)+ / By(z, s, t)Fd(a: +y+s)ds =0,
0

has a unique solution Bg(x,y,t) such that

Ba(,0,¢) = WZ&%A (@, t)e

The reflectionless, fast decaying solution u(x,t) = —% of the KdV equation
associated with (4.1) can be expressed as

2
u(z,t) = —2% log det A(z,t).

In the domain x > et, the following asymptotic is valid as t — +oo with C > 0,
(4.2)

N
act Z

2
2/-£j

2 1 N j —Ki
cosh (/i]x —4r3t — 3 Llog o 5~ Qi1 108 :J+:]>

+ O0(e“Y).

Our aim is to prove that the main contribution to F(z,t) in the region

)

(4.3) o;:{( )it >T, x> 4c% + logt

mg— 3/2 E}
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stems from Ey(z,t). To this end we have to estimate Fip(z 4 y,t) + Fr(z +y,t) for
(z,t) € O,y > 0. Since t is arbitrary large, we cannot use integration by parts as
in the previous section. Denote

mo— 3 —¢
x:402t+0+10gt+€7 T:2(£—|—y),
2mg — 3 — 2
S(r,t,h) == 8h3t — 8hc*t — h’"()f‘E log t — hr.
Note that for t > 7, r >0, and 0 < h < g,
aS(r,t,h -2_¢
Sp(r,t,h) = 05(r.t,h) — 4p%t— 82t — 20 T2 T F logt —r <0,
oh c
1 1
< )
Sp(r,t,h)| — 22t +r+1

where T > e%mo- 52 Split the integral in FT(x + y,t) into two parts,
9 c/2

44)  FO@ 4yt =2 / P(R)eSm) g,
™ C

2 [° 2 [ P(h
(4.5) FO(z +y,t)== / P(h)eSrthgp = = / PO jeseam,

T Jeso T Jesa Sn(r,t, h)
Since
3 c
< _ _ 2 _ _Z
S(r,t,h) < (mo 5 E) logt 5" for h € [¢/2,(],
then
) 2.1 s [0
[F (@ +y,t)| < a3 |P(h)|dh,
2 c
(4.6) /2

0 2 1 c ¢
iy nC)) | I **(Hy)/ hP(W)\dh.
‘(’)x (. )‘ Srmei M

On the other hand, we observe that ¥ (r,t,h) := m satisfies (3.12). An ele-
mentary analysis shows that

13

0 e, helo,g],
(4.7) ]wr,t,h)] < ClY(r,t,h)| < O{ ettt ?

n _
oh s K =1 € Ry

The positive constant C' does not depend on ¢ and r. Let us simultaneously integrate
both integrals in the sum
(4.8)

Ia+y,t) =5 (FO(@+y,t) + Fr(z +.1))

0 0
= / P(h)y(r,t,h)deS """ 4 Re / R(k)(r, t, —ik)deS =)
c/2 0

by parts mg-times, using each time the representation

St dh = (¢, h)deS M) —ieSTETR g = o (r, £, —ik)deSH TR,
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Taking into account (3.12), (3.14)), (4.7) we get

¢/
I(x+y,t):es(r’t70/2)771<r,t,£ + / Py(r,t, h) ((r,t,h)™ " dh

+Re/ Pa(r,t, —ik) (¢ (r, t, —ik)) ™" dk,

where the functions P;(r, ¢, h) are uniformly bounded with respect to all arguments
ast>T,r>0,he(0,5] and k € R;. Using again estimate and inequality
S(r,t,§) < —7c’t — £r we obtain

(4.9)

¢ dh dk
o+ y ol <o(ee 4 | = )
e/2 (22t 4+r4+1)"° Ry (24k%t +8c?t+r 4+ 1)"°

For the next step recall Young’s inequality: For all w > 0,v > 0, p > 1, ¢ > 1,
such that % + % =1, one has

In the last integral in (4.9) we choose u? = p - (24k?t + 8c%*t), vi = q- (r +1). In
the first integral v is the same and u? = p - 2¢*t. Then

_7e34 _cer C 1
[I(z+y,t)| <Cle ™t 2 + > ——
22pc?)" v g7t e (r41)

(4.10)

n 1 1 / dk

mg—1 mg—1 mp—1 mp—1 mp—1 *
P T T ()T R (24K2 + 862) 75
To achieve convergence in the last integral we have to require mo —1 > £. In later

estimates we need the property (r+1)~ Sl Ly(Ry ), which implies mo —1 > 2
Set

1 i+4e 1 1 -1 3
- = —=1——, thatis, Mo =myg— = — &,
g mo—1" p q 2
where € > 0 is arbitrary small. Combining this Wlth and (4.10) implies
1
(4.11) |F® (2 +y,t) + Fr(z +y,t)| < C

T (gt it

where C' > 0 does not depend on x,y,t in the region
3
mg—35 —¢
t>T, >4+ ——2 "logt, y>0.
c

Repeating almost literally the arguments above for %(F(Q) (z4y,t)+ Fr(z+y,1))
we get the estimate

0

. N 1 1
w®@+%w+&u+%wﬂ<c

(4.12)

aé‘ - tmofgfa (§+y+ 1)%+€
Combining (4.4)—(4.6) with (4.11), (4.12) we finally obtain that
. . 1
(4.13 Fr(z+y,t)+ Fr(z +y,t)| < C
) V0 el 0| < Ot
(4.14) 9 (Br(z+y.t) + Fa(a + )| < C— !
. 8§ T Y, R Y, = tm07%7€ (£+y+1)%+5
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Consider the space of functions ¢(y) € La(R4) N C(Ry) with the norm ||| =
llellL, + llelle. In this space introduce the operators

. mo— 32 —¢
[Fol(ly) = / Ly (402t + 0% logt +&+y+ s,t)go(s)ds,
0

o mo— 3 —¢
[Gel(y) = / G(4c2t + 0% logt +&+y+s, t)go(s)ds,
0
where G(z,t) = Fr(z,t) + Fr(x,t). The Marchenko equation (1)) can be repre-
sented as
(4.15) p+Fp+Gp=w+tyg,

where

~ 2 mo—ﬁ—E
w=w(y) :de<4c t+7210gt+§+y,t),
c
3
mo—35—¢
9=9() =—Q(4c2t+%logt+€+y,t)7

3
mog—5—¢€
=9y = B(4CQt + %bgt +€,y,t)-
The operators F, G and the functions w, g, ¢ depend on £ and t as parameters. By
(4.13) and (4.14) we have
(4.16) IGI + [|Gell < Ct=0mom32=9) - ig|| + |l ge|| < C=(mo=3/279),

where G¢ = %, ge = Z—g, and the norm is taken in L2(0, 00) N C[0, c0).
Lemma [£.1] has the following corollary (cf. [16]).

Corollary 4.2. The operator I+ F in the spaces Lo(Ry) and La(Ry) NC[RY) is
invertible, and the norms of the operators R = (I+F)~! and R¢ = % are bounded
uniformly with respect to t and € > 0.

From this corollary it follows that (4.15)) can be rewritten as
v+ RGp = Rw+ Ry,

where the operator RG is small in the norm of Lo (R )NC(R.) for large ¢. Applying
successive approximation we get

o =TRw+Rg— Z(Rg)"[Rw + Ryl
n=1
Differentiating by & yields
(4.17)
d d oo n—1 ) s
e dfg(Rw) +Reg + Rge — nz::l ;(RG) (ReG + RGe) (RG) [Rw + Ryg]

=Y (RG)" b‘é(m) + Reg + Rgg] .

Taking into account estimates (4.16) and Corollary we obtain that the series on
the r.hus. of (4.17)) converge in Lo(R4) N C(R4) uniformly with respect to ¢. From
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and it also follows that
d d
jﬁw‘yzo N dff
Therefore the main contribution in the asymptotics of the solution g(x,t) of the

initial value problem (L.1f), (1.3) is given by the solution of (4.1). Together with
(4.2)) this finishes the proof of Theorem

(Rw) ‘ Tt O(t(mo=3/2=€)),

y=

5. CONCLUSION

Using the classical IST we found minimal decaying and smoothness conditions on
the steplike scattering data which guarantee the solvability of the associated RHP.
This solvability requires that the KdV solution ¢(z,t) tends to the background
constants with finite first moment. In turn, this gives an analytically rigorous
approach to using the nonlinear steepest descent method in the steplike case. The
alternative approach to study solvability of RH problems is numerically, see for
example Bilman and Trogdon ([3]).

In this work we also solved the more challenging technical problem of describing
the largest class of steplike initial data for which the initial value problem solution
q(x,t) has a prescribed smoothness and a prescribed number of finite moments of
perturbations.

For possible applications, the most interesting result is that we justify the soliton
asymptotics of steplike solutions in a larger region than previously known and
for essentially larger classes of initial data. Such classes are connected with RH
problems of low regularity, compare Lenells ([22]).
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