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ABSTRACT. The principal purpose of this note is to provide a reconstruction
procedure for distributional matrix-valued potential coefficients of Schrodinger-
type operators on a half-line from the underlying Weyl-Titchmarsh function.

1. INTRODUCTION

This note should be viewed as an addendum to the paper [13], treating distribu-
tional matrix-valued potentials for (generalized) Schrédinger operators based on an
intimate connection between such Schrodinger operators and a particular class of
supersymmetric Dirac-type operators, and the paper [40] which develops a recon-
struction procedure for the potential coefficient of a half-line Dirac operator from
the underlying matrix-valued Weyl-Titchmarsh function. As a result, we derive
a constructive approach to reconstruct distributional matrix-valued potential coef-
ficients of (generalized) Schrodinger operators on a half-line from the underlying
matrix-valued Weyl-Titchmarsh function. The importance of Weyl-Titchmarsh
functions in connection with inverse problems for Schrodinger operators, especially,
in connection with various uniqueness-type theorems has been well-documented in
the literature. For instance, we mention the classical two-spectra uniqueness results
due to Borg [4], [B], Levinson [28], Levitan [29], [30, Ch. 3], Levitan and Gasymov
[31], Marchenko [35], [36, Ch. 3], (see also [9], [15], [16], [T7], [18], [33], [34] and the
extensive lists of references therein). The constructive approach to actually recon-
struct the potential coefficient goes well beyond uniqueness theorems and now also
becomes possible in connection with very singular (distributional) potentials.

For the physical relevance of matrix-valued potentials, we refer, for instance to
Chadan and Sabatier [7, Sect. X1.3, XI.4], Newton and Jost [38], and the litera-
ture cited therein. The classical reference on inverse scattering for matrix-valued
potentials on a half-line is Agranovich and Marchenko [I, Ch. V] (see also [44]).
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More precisely, the half-line Dirac-type operators in L?(]0, c0))?™, m € N, stud-
ied in this note are of the form

(D4 (a)U)(z) = (DU)(x) for a.e. z > 0,
U € dom(D () = {V € L*([0,00))*™ |V € AC([0, R])*" for all R > 0; (1.1)
aV(0) = 0; DV € L*([0,00))*™ },

where the 2m x 2m matrix-valued differential expression D is given by

0 —Im(d/dz) + ¢(x)
D= 1.2
(st + 0 0 | (12
and the boundary condition parameters o € C™*2™ gatisfy the conditions
aa” =1, aJa* =0, where J = <IO _ém> . (1.3)

Here the m x m matrix-valued potential coefficient ¢ is assumed to be locally
square integrable on [0, 00), that is, ¢ € L?([0, R])™*™ for all R > 0, and to satisfy
(1) = ¢(-)* a.e. on [0, 00).
On the other hand, we define the following two kinds of quasi-derivatives,
ult I (z) = ' (2) + (=17 p(z)u(x) for ae. x>0, j=1,2. (1.4)
Thus, introducing the m x m matrix-valued differential expressions 7;, j = 1,2, by
(rju)(x) = —(u[l’j])/(x) + (=17 g(z)ult) (z) for ae. >0, j=1,2, (1.5)

one infers that formally, 7;, j = 1,2, are of the generalized Schrédinger form

2

f= I 4 V@), V@) =6 + (1P @), =12 (16)

We emphasize that while ¢? € L] ([0,00))™*™ represents a standard matrix-valued
potential coefficient, in general, ¢’ is now a genuine distribution (unless one assumes
in addition that ¢ € AC)c([0,00))™*™). In contrast to these half-line Schrodinger
operators, the Dirac-type operators D, («) only contain the standard potential
coefficient ¢ € L2 ([0, 00))™*™.

The differential expressions 7; then generate the generalized half-line Schrodinger
operators H, o ;, j = 1,2, in L*([0,00))™,

(Hip u)(x) = (Tju)(x) = —(u[l’j])/(x) + (=17 p(z)ult)(z) for ae. x>0,

u € dom(Hy ;) = {v € L*([0,00))™ | v,v!"7) € AC([0, R])™ for all R > 0;

v(0) = 0; [(™) + (=1 o] € L2([0,00))"}, j =12, (L7)
the primary object studied in this note.

Denoting by Mf( -,a) and My o4, 7 = 1,2, the m x m matrix-valued Weyl-
Titchmarsh functions associated to D (a) and Hy g, j = 1,2, respectively, the
supersymmetric approach employed in [I3] naturally leads to the fundamental iden-
tity

M+,o,1(2) = CME(QOZO) = _ZM+,0,2(Z)_1a = C2» ¢ € C\R, (1.8)
where ag = (I, 0).
The paper [40], on the other hand, focused on the inverse spectral problem for

half-line Dirac-type operators containing D («y) as a special case, and developed a
procedure to reconstruct the matrix-valued potential coefficient from the underlying
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m X m matrix-valued Weyl-Titchmarsh function (i.e., in our particular case at
hand, reconstructing ¢ from MP (-, ag)). The reconstruction of ¢ from Mf( Q)
with an arbitrary « satisfying easily follows. The results of [40] generalize
earlier results obtained in [39] for the case of locally bounded potentials (see more
references, historical remarks and details of the procedure in [4I], Ch. 2]).

We note that generalized Schrodinger operators (with measure and distributional
potential coefficients) have been studied extensively in the literature. Rather than
reviewing the extensive literature here, we refer to [10], [I3] which contain detailed
historic accounts of this subject.

It remains to briefly describe the content of this paper: Section [2| recalls the ba-
sics of Weyl-Titchmarsh theory for half-line Dirac-type operators D («) and the
generalized half-line Schrodinger operators H, o, 7 = 1,2. Our principal Section
then develops a reconstruction procedure for the m x m matrix-valued potential
coefficient ¢ from the underlying m x m matrix-valued Weyl-Titchmarsh function
MP (-, a) and hence by (L.8) also for the distributional m x m matrix-valued poten-
tial coefficients V; = %+ ( 1)7¢" in the generalized half-line Schrédinger operators
Hy o ; from either one of M+ 0,1 OT M+ 0,2. For simplicity, we exclusively focus on
right half-lines [0, 00) throughout this note. The case of left half-lines is treated in
a completely analogous manner.

Concluding, we briefly summarize some of the notation used in this paper. All
m X p matrices M € C™*P will be considered over the field of complex numbers C.
Moreover, I, denotes the identity matrix in C™*™, M* the adjoint (i.e., complex
conjugate transpose), and M T the transpose of the matrix M.

We denote with L?(]0, 00))™ the usual space of all square integrable (with respect
to the Lebesgue measure) functions on [0, c0) taking values in C™, that is,

L3([0, 00))™ = {U :10,00) — C™ ‘ /OOO dz |U(2)||En < oo}, meN.  (1.9)

The set of functions which are only locally square integrable on [0,00), that is,
belong to LQ([O R])m for all R > 0, will be referred to as LZ _([0,00))™. The
abbreviation “a.e.” is employed in the contexts of “(Lebesgue) almost every” as
well as “(Lebesgue) almost everywhere” on certain sets.

With ACjoc([0, 00))™ we denote the set of all functions on [0, c0) which are locally
absolutely continuous, that is, belong to AC([0, R])™ for all R > 0. The usual
Sobolev spaces will be denoted by H([0, R])™ and their local counterpart with
HL _([0,00))™. We will also encounter the space H,_! ([0, 00)) of distributions, which
is regarded as the dual of the subspace of H{([0,00)) which consists of functions
with compact support in [0,00). Note that this space is precisely the space of
distributional derivatives of functions in LZ ([0, 00)).

The symbol B(H1,Hs2) denotes the Banach space of bounded operators between
the Hilbert spaces H; and Ha, and B(#H) abbreviates B(H,#). Finally, the open
complex upper half-plane is denoted by C4 = {z € C|Im(z) > 0}.

2. WEYL-TITCHMARSH MATRICES FOR HALF-LINE DIRAC
AND SCHRODINGER OPERATORS

In this preparatory section, we review a special case of the Weyl-Titchmarsh
theory for half-line Dirac-type and Schriodinger operators discussed in detail in
[13].
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We start by making the following simplified assumption, when compared to [13],
dictated by the inverse spectral approach presented in our principal Section
Hypothesis 2.1. Suppose ¢ € L2 _([0,00))™*™, m € N, and ¢(-) = ¢(-)* a.e. on

loc

[0, 00).
Given Hypothesis we introduce the 2m x 2m matrix-valued differential ex-
pression
— 0 _Im(d/dm) +¢(m)
2= (1) + ot 0 ' 1

By [8, Lemma 2.15], D is in the limit point case at co. (For a subsequent and more
general result we refer to [27], see also [26] and [32] for such proofs under stronger
hypotheses on ¢).

We emphasize that the special structure of D in is derived from a study of
supersymmetric Dirac-type operators in L?(IR)?™, and we refer to [L3] for a detailed
treatment in this context. Furthermore, we also note that [13] was inspired by [24].

In order to discuss m x m Weyl-Titchmarsh matrices corresponding to self-
adjoint realizations of D in L?([0, 00))?™, we introduce boundary condition param-
eters a = (a;  az) € C™*?™ gatisfying the conditions

aa” =1, aJa® =0, where J = (IO _ém> . (2.2)

Explicitly, this reads
aaf +agal =1, ool —ajas =0. (2.3)

In fact, one also has
ajoq +ajag = I, ajoyp —ajas =0, (2.4)

as is clear from

o az) (o] —a5 L o] —aj o1 g (2.5)
—as o)\ of am oy ol —as o)’ ’

since any left inverse matrix is also a right inverse, and vice versa. Moreover, from

(2.4) one obtains

ofad + Jafa = J. (2.6)
The particular choice where o equals
Qo = (Im 0)7 (27)

will play a fundamental role later on.

The self-adjoint half-line Dirac operators D (a) in L?([0, 00))?™ associated with
a self-adjoint boundary condition at 2 = 0 indexed by a € C™*?™ satisfying ,
are of the form

(D4 (a)U)(z) = (DU)(x) for a.e. z >0,
U € dom(D () = {V € L*([0,00))*™ | V € AC([0, R])*™ for all R > 0; (2.8)
aV(0) = 0; DV € L*([0,00))*™ }.

Next, we denote by U, (¢, -, ) the 2m x m matrix-valued Weyl-Titchmarsh
solutions of DU = (U, ¢ € C\R, satisfying

Ut (G, @) € L2([0,00))*™*™, ¢ € C\R, (2.9)
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and normalized such that
v = (e n ) = 9650 (o o)
(e alema (I Y s
Da(¢ ) pa(Gw,a) ) \MP(C,e)) 7

In the particular case ag = (I, 0) one obtains
u4,1(¢, 0, ap) Im
U (C,0,a0) = (" - . 2.11
6000 = (100 = (15(C e @1
Here M f (¢, @) represents an mxm matrix, the superscript “D” indicates the under-
lying Dirac-type operator, and the functions ¥ (¢, z, «), ¥;({, z, a), and ¢;({, z, o),

j=1,2, ¢ € C, are defined as follows: ¥((, -, ) satisfies D¥ = (¥ a.e. on [0, 00),
normalized such that

¥(G0.0) = (o) = (378, (2.12)

>k
Qg Qg

(2.10)

Partitioning ¥ (¢, z, ) as follows,

_ ﬂl(C’ T, Oé) 901(6:’ €z, Oé)
U((,z,a) = (192@’%&) ‘Pz(@%@) , ¢CeC,z>0, (2.13)
defines 9;(¢, z, ) and ¢;(¢, z, ), j = 1,2, as m x m matrices, entire with respect
to ¢ € C, and normalized according to .

The m x m matrix-valued spectral function of the Dirac-type operator D, ()
then generates the measure Qf( ) in below. In particular, the matrices
M f (¢, ) represent the sought after half-line Weyl-Titchmarsh matrices associated
with D, («), whose basic properties can be summarized as follows:

Theorem 2.2 ([2], [3], [6], [8], [19], [20], [21], [22], [23], [25]).

Suppose Hypothesis let ¢ € C\R, and denote by a,6 € C™*2™ matrices satis-
fying . Then the following hold:

(i) MP(-,a) is an m x m matriz-valued Nevanlinna—Herglotz function of mazimal
rank m. In particular,

Im(Mf(Ca a)) > 07 C € (CJra (214)
MP(C,a) = MY (¢, a)", (2.15)
rank(MP (¢, a)) = m, (2.16)
lig)le(V +ie, o) ewists for a.e. v € R, (2.17)
MP (¢, o) = [~at§* + ad* MP (¢, 0)][ad* + a5 MP(¢,6)] . (2.18)

Local singularities of MP(-,a) and MP(-,a)~! are necessarily real and at most
of first order in the sense that

- hﬁ)l (ie MP (v + i€, a)) >0, 11%1 (ieMP(v+ie,a)™') >0, veR. (2.19)
(it) MP (-, ) admits the representation

MP (¢ a) =Fy(a)+ /Rdﬂf(u,a) (v=O ' —v(@+v”)71, (2.20)
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where
Fi(a)=F (), / Hdﬂf(y, oz)H(Cme 1447 < . (2.21)
Moreover, ‘
D NS B Ly DL
O ((u,v],a) = 1511{101151?01; /Hé dv' Im(MP (V' +ieg, ). (2.22)

(i17) Im(MP (-, )) satisfies
I (MP(¢.0)) = Tm(c) [ doU (o) Ui G

= Im(¢) /000 dx [u+71(C,m, a)us (¢ z, ) (2.23)

+ u+,2(<7 Z, a)*u-ﬁ?(é—a z, Oé)] :
While D contains the locally square integrable m x m matrix-valued coefficient

¢ € LE ([0,00))™*™, the associated generalized half-line Schrodinger operators to

be discussed next will exhibit distributional potentials and hence are outside the
standard Weyl-Titchmarsh theory for Sturm—Liouville operators with locally inte-
grable m x m matrix-valued potentials on [0,00). The supersymmetric approach
employed in [I3] made the transition from the usual L] -potentials in Schrodinger

operators to (matrix-valued) distributional ngi—potentials (and more general situ-

ations) in an effortless manner. Here, due to our assumption that ¢ belongs to the
space L2 ([0,00))™*™, the corresponding potential belongs to H, ! ([0, 00))™*™.

To briefly describe the corresponding generalized half-line Schrédinger operators,
we first introduce the following two kinds of quasi-derivatives,

ulP(z) = (Au) () = o/ () + ¢(x)u(z) for ae. z > 0,
u € dom(A) = {v € L*([0,00))™ | v € AC([0, R]) for all R > 0; (2.24)
(v + ¢v) € L2([0,00))™ },
and
ultA(z) = — (At ) (z) = o/ (2) — d(x)u(z) for ae. x> 0,
u € dom(A™) = {v € L*([0,00))™ | v € AC([0, R]) for all R > 0; (2.25)
(v' — ¢v) € L*([0,00))™ }.
Thus, introducing the m x m matrix-valued differential expressions 7;, j = 1,2, by
(riu)(z) = (AT Au)(z) = —(u[l’l])/(m) + ¢(z)ul(z) for ae. z > 0, (2.26)
and
(rou)(z) = (AAYw)(2) = — (ulV?) (z) — ¢(2)ul*?(2) for ae. z >0,  (2.27)
one infers that formally, 7;, j = 1,2, are of the generalized Schrédinger form

d2

f= Lt 1 Vila), V(o) =0 + (1)), j=12  (229)
We emphasize that while ¢? € Li ([0, 00))™*™ represents a standard matrix-valued

potential coefficient, in general, ¢’ is now a genuine distribution (unless one assumes
in addition that ¢ € AC),c([0,00))™*™). In contrast to these half-line Schrodinger
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operators, the Dirac-type operators D, («) only contain the standard potential
coefficient ¢ € L2 ([0, 00))™*™.

loc
By inspection, the second-order initial value problems,

((1j — 2)f)(z) = g(z) for a.e. x >0,
£ S € ACi0e((0,00))™, g € Liyc([0,00)™, (2.29)
fao) = co, M9 (wo) = do, j =1,2,

for some xg > 0, ¢g,dy € C, are equivalent to the first-order initial value problems

(f[{’g‘i)m))/ (T o) () - () ez

f(l‘o) _ Co .
(f[l’j] (1,0) - do )’ J=12, (230)
respectively. Since by Hypothesis ¢ € L2 _([0,00))™*™ (in fact, already ¢ €

loc

Li ([0, 00))™*™ would be sufficient), the initial value problems in (and hence

those in (2:29)) are uniquely solvable by [37, Theorem 16.1] (see also [14, Theorem
10.1] and [37, Theorem 16.2]).

Next, suppose that for some 1 < p < m, U = (ug usg)

solution of DU = (U, that is,
uj € ACioc([0,00))™*P, j=1,2, (2.31)
ut = Auy € Ll ([0,00)™P, ul? = —Atuy € LL ([0, 00))™*P.

Then, if ¢ # 0, the supersymmetric structure of D in (2.1)) actually implies that
also

T is a 2m x p matrix-valued

u[ll’l] = Auj = (us € AC)6c([0,00))™*P, (2.32)
U[QLQ] — _A+UQ = —Cul € AClOC([O, C)O))m'Xp7 (233)

and hence that u; are actually distributional m x p matrix-valued solutions of
Tiu = C?u, j = 1,2, that is,
uj,“g‘l’j] € ACIOC([O’ OO))mxp’ (ugl’j])l € Llloc([o’ OO))mxp’
Lil\/ j 1,j .
TiU; = —(ug J]) + (—1)3+1¢u5 = §2uj, ji=1,2.

Thus, applying the L2-property (2.23) and ([2.31)—(2.34) to the Weyl-Titchmarsh
solutions U4 ((, -, «) associated with the Dirac-type differential expression D, then
shows that uy ;(¢, -, o) are Weyl-Titchmarsh solutions associated with 7;, j = 1,2,
replacing the complex energy parameter ¢ with z = ¢2. Moreover, introducing the
following fundamental system s;(z, -),¢;(z, -), 7 = 1,2, of m x m matrix-valued
solutions of 7;u = zu, z € C, j = 1,2, normalized for arbitrary z € C by

5i(2,0) =0, s9(2,0) = I, (2.35)

¢j(2,0) = I, (z00=0, j=12, (2.36)

(2.34)

one observes as usual that for fixed z € R, s;(-,z),¢;(-,2), 7 = 1,2 are entire.
The connection with the solutions ¢; and 9, j = 1,2, of DU = (U is given by

Sl(zax) = C_lwl(Caxva())) Cl(Z,Z’) = 191(C,$,O[0), (237)
SZ(va) = CilﬁQ(CvxaQO)v CQ(Zax) = (,OQ(C,IL',O[()), z = 4'27 z = 0. (238>
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In addition, introducing the Weyl-Titchmarsh solutions 1 ;(z, - ) associated with
7, = 1,2, via
Via(z, -) =uqa(( - ao), (2.39)
Uiz, ) = uio(C - a0)ME (G )™ 2=¢% CEC\R, j=1,2, (240)
(the right-hand sides being independent of the choice of branch for () an/(i the

generalized Dirichlet-type m x m matrix-valued Weyl-Titchmarsh functions My g ;
of 7 js

My 0.1(2) = (MP (¢, a0), (2.41)
M, 02(2) = —CMP(C,a0)7Y, 2=(2, (€ C\R, (2.42)

one infers from that
Gy (2, ) =c¢i(z ) +55(z, )My ;(2), z€C\[0,00), j=1,2. (2.43)

Indeed, (2.43)) follows from combining (2.11)), (2.32), and (2.33) (for p = m), which
in turn imply
1,5 — .
Ui j(2,0) = Ly, 0(2,0) = My (2), 2€C\[0,00), j=1,2  (244)
and the unique solvability of the initial value problems in (2.29). We summarize
this discussion in the following result proved in [I3]:

Theorem 2.3. Assume Hypothesis and let ag = (I,, 0). Denote by

Ur(¢, - a0) = (ug 1 (¢, - a0) ur2(C, - a0)) ", ¢ € C\R, (2.45)

the Weyl-Titchmarsh solution corresponding to D, and by Mf( - ag) the m X m
matriz-valued half-line Weyl-Titchmarsh function corresponding to D. Then the
m x m matriz-valued Weyl-Titchmarsh solutions associated with 7;, denoted by

Yyi(z,-), j=1,2, are given by (2.39) and (2.40), and the m x m matriz-valued
generalized Dirichlet-type Weyl-Titchmarsh functions My o ; of 75, 7 = 1,2, are
gwen by (2.41) and (2.42)). In particular,

M, 1(2) = CMP(Ca0) = —2Mi02(2) 7", 2=¢% (€C\R. (2.46)

The subscript “0” in J/W\_ho,j, j = 1,2, indicates that these generalized Weyl—-
Titchmarsh matrices correspond to a Dirichlet boundary condition at the reference
point = 0 in the corresponding generalized half-line Schrodinger operators H4 o ;,
j=1,2,in L?([0,00))™ defined by

(Hy o, u)(z) = (tju)(z) = —(u[l’j])/(ac) + (=17 (z)ultI)(z) for ae. x>0,

u € dom(H, ;) = {v € L*([0,00))™ }v,v[l’j] € AC([0, R])™ for all R > 0;

0(0) = 0; [(WM) 4 (=1)7 o] € L2([0,00))™}, 5 =1,2. (2.47)
(For more general Sturm—Liouville operators in the scalar case m = 1 we refer to

[11] and the references therein.) The corresponding Green’s function of Hy ¢ ; is
then of the familiar form

Gioj(zz,a)=(Hy o, —20) Yz,
:{%QJW%ﬂ%fY7x
x

i
’ 2.48
bis(m )Gy, o <a (2.48)
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z € C\[0,0), x,2" €]0,00), j =1,2.
Of course, ([2.39)—(2.46), (2.48) extend as usual to all z in the resolvent set of H,  ;,
ji=12
We conclude this section by detailing some properties of M, o ;: First, we recall
the fundamental identity

Im(]/\/./\+707j(z)) = Im(z)/ dr' Yy j(z,2" )4 j(z,2"), z€C\R, j=1,2,
0
(2.49)

implying that J\/ZJ“OJ, 7 = 1,2, are matrix-valued Nevanlinna—Herglotz functions.
Moreover, one has the following result.

Lemma 2.4. Assume Hypothesis and denote by ]/\4\4_70,]4, j = 1,2, the general-
ized Dirichlet-type m x m matriz-valued Weyl-Titchmarsh functions associated to

Hioj,7=12, as defined by (2.41)) and (2.42)). Then J\/ZJDOJ-, i=1,2, aremxm
matriz-valued Nevanlinna—Herglotz functions of mazimal rank m. In particular (for

i=12),
Im (M, ,(2) =0, zeCy, (2.50)
My 0,(Z) = My ;(2)", (2.51)
rank (]\/ZJDOJ(Z)) =m, (2.52)
lsiﬂ)lﬁ+,o,j()\ +ig) ewists for a.e. X € R. (2.53)

3. INVERSE SPECTRAL THEORY FOR HALF-LINE DIRAC-TYPE
AND SCHRODINGER OPERATORS

Several equivalent forms of self-adjoint Dirac-type systems have been considered
in the literature. In particular, the case of self-adjoint Dirac-type systems of the
form

%T(g,x) — (B + G5 V(@) T(C, 2) for ae. > 0, (3.1)

S5 = (I(’)” _gm) . V() = (Q((;)* Qg”)) . 23>0, (3.2)

Q is an m x m matrix-valued function defined a.e. on [0, 00), and ¢ € C represents
the spectral parameter, was recently studied in [40]. The procedure described in [40]
to solve the inverse spectral problem of recovering Q from the underlying matrix-
valued half-line Weyl-Titchmarsh function is based on the method of operator
identities [41], 42} [43] (see also the references therein).

In the special case when

Q(x) = —9(x)* for a.e. z >0, (3.3)
the system (3.1)) is equivalent to the half-line Dirac-type system

where

_ g (0 e,
P0G = UG =Tt (o0 “G) wm0 e

where
J(f _vi Blx) = Blx)" for ae. x>0, (3:5)
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studied in the first part of Section [2]
The explicit connection between systems (3.1)) and (3.4)) is given by the relations

U(Ca) = WT(Ga) o) =—iQ), W= (G ). @
Indeed, one easily verifies that
—W*J W =iGs, -W <¢(x) 0 )W—V(x), x>0, (3.7)

where W is unitary (i.e., W*W = WW* = I,,).
In order to apply the results from [40] to the Dirac-type system (3.4]), we need
some preparations. First, we recall the normalized fundamental 2m x 2m solution

U((,z,a) of (3.4) as introduced in (2.12)), (2.13)), with « satisfying (2.2)—(2.6).
The m x m matrix-valued Weyl-Titchmarsh function MP(-, ), of the system
(3.4) on [0, 00) is then introduced by the relation

U(C,z, ) (MEI&Q)) € LQ([O,OO))mem, CeCy. (3.8)

On the other hand, the fundamental solution \/I\f(g ,x) of the Dirac-type system (3.1))
in [40] is normalized at z = 0 by

U(C,0) = Iy, C€C, (3.9)

and the corresponding Weyl-Titchmarsh matrix MP is introduced in [0, eq. (1.5)]
by the relation

(¢, ) (1\7&0) e L*([o, oo))Qm””, CeC,. (3.10)

In view of (3.6), (2.12) and (3.9) one concludes that
V(¢ m,a) =WU(C, )W U((,0,a), C€C, x>0, (3.11)

and one notes that according to (2.2), the initial value ¥((,0, @) is unitary. It is
immediate that the unitary matrix W*W¥(¢, 0, o) is given by

w0 =z (el SR = (T ) 6
where, according to , one has
(a1 +ian)(a) —iad) = Ly. (3.13)
Taking into account and 7, one derives the equality
MP(C) = (af +i03) [MP (¢, a) — il,) [MP (¢, ) + il,] " (n + i), € G((gﬁ)

relating the matrix-valued Weyl-Titchmarsh functions for systems (3.1)) and (3.4)
We note that the Weyl-Titchmarsh matrices for both systems are unique (due to

the limit point property of D at oo) and that MP is contractive on Cy.

Since ¢ = —iQ (see (3.6))), using we can now reformulate [40, Theorems
1.4 and 4.4] for the case of the half-line Dirac systems at hand. For that purpose,
we partition ‘TJ((), x) into the m x m blocks f1, B2, 71, and 7z:

w00- ()= (3 5). w0
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and recover ¢ from those blocks. The properties of 8 and -, which we give below,
are essential for their recovery and follow immediately from (3.1)), (3.2)), and (3.9):

BO)=(Im 0), ~(0)=(0 In); BG3B" =1L, 637" =-I,, (3.16)
BG3y* =0, ['G36"=7'637"=0, ['S37" =0¢. (3.17)

Next, we introduce the operator of integration, A, € B(L?(]0, x])m), z >0, by

() () = —i / " fde; ye[0.a], fe1?(0.2)™ (3.18)

acting componentwise on f.
A direct application of [40, Theorems 1.4 and 4.4] then implies the following
inverse spectral result for the half-line Dirac operator Dy («):

Theorem 3.1. Assume Hypothesis and consider the half-line Dirac-type op-
erator Dy () in ([2.8), with associated Weyl-Titchmarsh matriz MP (-, ). Then
MP (-, a) uniquely determines ¢(-) a.e. on [0, 00).

In order to explicitly recover ¢(-) from MP(-,a), one first recovers the m x m
matriz-valued function A(-) via equality (3.14) and the formula

a

—iz€ .
A(x) = (2ri)~'e™ Lim. [ de §+ il (5 *;”’) , x>0, (3.19)

where n > 0 is arbitrary and l.i.m. denotes the entrywise limit in the norm of
L*([0, 00)). Then

A € HE ([0, 00))™>™, (3.20)
Introducing the bounded operator 11, € B((CQm, LQ([O,x])m), x>0, via

(MLg) () =A()g1 + g2, x>0, g= (5;) . g1, 92€C™, (3.21)

the following operator identity,
A S, — Sp AL =11, G311, x>0, (3.22)

leads to the boundedly invertible and strictly positive operator S, € B(LQ([O, x])m),
x >0, given by

(Szf)(y)Zf(y)—;/Oxds/ersth’<t+g_S)A’<t+;_y)*f(s) (3.23)

ly—s]

fory € [0,z] and every f € L*([0,z])™. Moreover,
TS, ', € AC)0([0, 00))™>™, (3.24)

and hence one can define the Hamiltonian H of the corresponding canonical system,

H(x) =~(z)"y(x) = %(H;S;lﬂm) for a.e. > 0. (3.25)

Using (3.16) and (3.17)), one uniquely recovers v and 8 from H as described in
Remark [3.2] below. Finally, one obtains ¢ via

d(x) = B'(2)S3v(x)* for a.e. x> 0. (3.26)
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Remark 3.2. We describe the recovery of 5 and + satisfying (3.16]) and (3.17) from
H given by (3.25) in greater detail. First, one recovers v, 'y via

v i = el e = ((O L) H (I?n))_l (0 I,)H (%”) . (327)

Next, one recovers 7 from the differential equation and initial condition below,

— — * — — «\ —1
Yo =205 ) (') In =% (")) s 10) =In. (3.28)
Given v and 5 141, one recovers 41 and ~. Finally, one recovers 3 via the relations,
B=ppB, B:= (Im v (7’2*)71> , (3.29)
= SN kT TS Sy k1 —1
B =—bi[3'63(8)]1[665(8)] . B1(0) = L. (3.30)

Next, combining (2.46)) and (3.14) one also obtains (employing ag = (I, 0))

= 1T . = . -1 .

MP(Q) = (1) [My0,5(C?) = iClm] [Mi05(C%) +iCIm] ~, C€Cy, j=12.
(3.31)

Thus, given ¢, one has actually reconstructed the distributional potential coeffi-

cients V; = ¢? + (—1)7¢’ in the generalized half-line Schrédinger operators H g
j=1,2:

Js

Corollary 3.3. Assume Hypothesis[2.1] and consider the generalized half-line Schré-
dinger operators Hy o ;, j = 1,2, with associated Dirichlet-type matriz-valued Weyl-

Titchmarsh functions M4 o, j = 1,2. Then either one of M\+,0,1 and ]\/4\_5_70,2
uniquely determines ¢(-) a.e. on [0,00), and hence also V; = ¢*+(=1)7¢/, j = 1,2.
In addition, ¢(-) is recovered from My o1 (resp., My 2) along the lines of

(13.19)—(3.26) upon employing (3.31)) on the right-hand side of (3.19)).

For inverse spectral problems with distributional potentials in the scalar context
m = 1 we also refer to [12].
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