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ABSTRACT. We provide a complete spectral characterization of a new method of constructing
2
isospectral (in fact, unitary) deformations of general Schrodinger operators H = —dd? + V in

L? (R). Our technique is connected to Dirichlet data, that is, the spectrum of the operator HD
on L?((—o0,10))® L?((x0,c0)) with a Dirichlet boundary condition at zo. The transformation
moves a single eigenvalue of H” and perhaps flips which side of o the eigenvalue lives. On
the remainder of the spectrum, the transformation is realized by a unitary operator. For cases
such as V(z) — oo as |z| — oo, where V' is uniquely determined by the spectrum of H and the
Dirichlet data, our result implies that the specific Dirichlet data allowed are determined only
by the asymptotics as £ — oo.

§1. Introduction

Spectral deformations of Schrodinger operators in L?(R), isospectral and certain classes
of non-isospectral ones, have attracted a lot of interest over the past three decades due
to their prominent role in connection with a variety of topics, including the Korteweg-
de Vries (KdV) hierarchy, inverse spectral problems, supersymmetric quantum mechanical
models, level comparison theorems, etc. In fact, the construction of N-soliton solutions of
the KdV hierarchy (and more generally, the construction of solitons relative to reflection-

less backgrounds) is a typical example of a non-isospectral deformation of H = —% in

L?(R) since the resulting deformation H= —% +V acquires an additional point spectrum
{\,..., AN} C (—00,0) such that

O-(f{> :U(H)U{)‘lvv)\N}
(o(-) abbreviating the spectrum). On the other hand, the solution of the inverse peri-

odic problem and the corresponding solution of the algebro-geometric quasi-periodic finite-
gap inverse problem for the KdV hierarchy (and certain almost-periodic limiting situations
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thereof) are intimately connected with isospectral (in fact, unitary) deformations of a given

base (background) operator H = —j—; + V. Although not a complete bibliography on appli-
cations of spectral deformations in mathematical physics, the interested reader may consult
[1], 2], [3], [19], [31], [47], and the references cited therein.

Our main motivation in writing this paper descends from our interest in inverse spectral
problems. As pointed out later (see Remarks 4.5, 4.7, and 4.8), spectral deformation methods
can provide crucial insights into the isospectral class of a given base potential V, and in

some cases can even determine the whole class Iso(V) = {V € LL _(R) | U(—j—; +V) =

U(—% +V)} of such potentials. A particularly “annoying” open problem in inverse spectral
theory concerns the characterization of the isospectral class of potentials V with purely
discrete spectra (e.g., the harmonic oscillator V(z) = x2).

In [24], we proposed a way to label the isospectral operators for such a situation with
Dirichlet data. Fix x¢ and let HP be the operator in L?((—o0,xq)) ® L?((zg,00)) with
Dirichlet boundary condition at zg. H” = HP? @ H f . The Dirichlet data are the pairs
(n,0) with g € R, 0 € {+,—} of eigenvalues of H” and a label of whether they are
eigenvalues of H? or H f . We showed in [23], Theorem 3.6, that for any Dirichlet data,

there is at most one V' in the isospectral class of a given —j—; + Vp with discrete spectrum
so that V has the given Dirichlet data (in the degenerate case, where any eigenvalues of H”
and H coalesce, one must include an additional parameter in the Dirichlet data for each
coincidence of eigenvalues, see Remarks 4.9 and 4.10). That is, the map from V' to Dirichlet
data is one-one when defined on the isospectral set of potentials. The issue is determining
the range of this map.

While this paper does not solve the inverse discrete spectral problem, it will make one
important contribution. As a result of our principal Theorem 4.4, we obtain the fact that
for any potential V, any finite number of deformations of Dirichlet data (i.e., Dirichlet
eigenvalues together with their left/right half-line distribution, see (2.7)) in spectral gaps
of V produce isospectral deformations V € Iso(V') of V. In particular, there are no further
constraints on these Dirichlet data (except, of course, these deformations are required to be
finite in number and to stay within the spectral gaps in question). Applied to the inverse
discrete spectral problem, this means that any constraints enforced on Dirichlet data can
only be asymptotic in nature, that is, can only come from their “tail end” at infinity. That
such asymptotic constraints necessarily exist is a consequence of a recently proved general
trace formula for V(z) [24] (see Remark 4.8). The precise nature of these constraints,
however, is unknown to date.

Mathematically, the techniques involved to produce isospectral V or classes of non-
isospectral ones where eigenvalues are added or removed, but the remaining spectral charac-
teristics stay identically to those of the base potential V, can be traced back to commutation
methods. These commutation methods in turn are intimately connected with factorizations
of the Schrédinger differential expression —f—; +V (z) into products of first-order differential
expressions. More precisely, one seeks a factorization of the type

d2
V() = a(a)t A
d d
Oé()‘) = % + Cb()\,l‘), O‘(/\)+ = _% + gb(/\ax)

for some appropriate A € R. A subsequent commutation of the factors a()\) and a(\)T,
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introducing the differential expression

d? ~
— +
T2 + V(N x)=aA)Ta() + A,

then yields associated isospectral or special classes of non-isospectral deformations V(A, x)
of V(x) depending on the choice of ¢(\, z) in a(A), a(A)*. In the following, we briefly outline
three different instances of commutation techniques that occur in the literature.

We start with the single commutation or Crum-Darboux method (going back at least to

Jacobi). In this method, H = —% + V is assumed to be bounded from below, inf o(H) >
—00, and XA € R is chosen according to A < inf o(H). One sets ¢(\,z) = ¥, (A, z) /P, (A, x),
where v, satisfies ¥ = (V — Ay (cf. (A.7)). Depending on the choice of 1, (), x), the
aforementioned commutation procedure yields a spectral deformation H,(\) of H,

H,(\) = —% +Vi,(\z), V,(\z)=V(z)—2{n[p,(\2)]}, zeR, \<info(H),

which is either isospectral to H or acquires the additional eigenvalue A below the spectrum
of H, that is,

either o(H,(\)) = o(H) or o(H,()\)) = o(H) U {\}.
Moreover, it can be proved that the remaining spectral characteristics of H remain preserved
in the sense that lfL,(/\) and H, restricted to the orthogonal complement of the eigenspace
associated with A, are unitarily equivalent.

A summary of this technique, as well as pertinent references to its extraordinary history
and to more recent applications of it, will be given in Appendix A.

The fact that A is required to lie below the spectrum of H is clearly a severe limitation.
One possibility to avoid this restriction is provided by the following second technique, the
double commutation method.

Formally, this method can be obtained from two successive single commutations at a
point A € R\0ess(H) (0ess( ) the essential spectrum), or equivalently, as the result of two
single commutations at A" and X’ X # X' N/ N’ € R\oess(H) with a subsequent limiting
procedure A’ — X and A — \. The final outcome can be sketched as follows. Pick v > 0, A €
R\0ess(H) and real-valued 14 (A, ) € L2((R, £00)), R € R satisfying ¢ (\) = (V — XN)p(N).
The spectral deformation H. ,(\) of H is then given by

2

f{iﬁ(A) = _@

+ f/iﬁ(/\,m),

x

f/i,,y(/\,m) =V(x)— 2{ln {1 Fy / dz’ @Di(A,x’)Q} } , 7Y>0, A€ R\oess(H).
+oo

In this case, one can show that
o(Hen (V) = o(H) U{}

and again ﬁiﬁ()\) and H are unitarily equivalent upon restriction onto the orthogonal
complements of their eigenspaces corresponding to .

A summary of this method together with appropriate references to its history, as well as
to recent applications of it, will be provided in Appendix B.
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Finally, and most importantly in connection with the contents of this paper, we shall
describe a third commutation method first introduced by Finkel, Isaacson, and Trubowitz
[12] in 1987 in connection with an explicit realization of the isospectral torus of periodic
potentials. This method was again used by Buys and Finkel [4] (see also Iwasaki [32]) in the
context of periodic finite-gap potentials and by Poschel and Trubowitz [48] and Ralston and
Trubowitz [49] for various boundary value problems on compact intervals. As in the previous
case, this method formally consists of two single commutations, but this time at different
values of the spectral parameter. The principal contribution of this paper is a generalization
of the work of Finkel, Isaacson, and Trubowitz to arbitrary (i.e., not necessarily periodic)
base potentials V' (z) and a complete spectral characterization of this commutation technique.
As a result we obtain a powerful new tool in constructing sets of isospectral potentials for
arbitrary base potentials.

We briefly sketch this approach. Suppose ¥+ (z, -) € L?((R, £0)), z € C\oess(H), R € R
satisfy ¢ (2) = (V — 2)¥(z), and pick a spectral gap (Eo, Eq1) of H with u, i € (Eo, E1).
Define

Wiy (#) = (i — 1) W (s (1), 5 () (&), 0,5 € {—,+}, w €R,

where W(f,g)(z) = f(z)d'(z) — f’(x)Ng(:U) denotes the Wronskian of f and g (taking limits
if i = p). The spectral deformation H(; 5y of H is then given by

2
Hg) = —% +Vigs): Vips) (@) =V(z) = 2{In[W 5 (2)]}".

In order to define ‘7( ii,5), one needs, of course, to show that W(; 5)(x) is non-vanishing on R.
Indeed, the key to our extension of this method to the whole line is precisely our proof in
[25] that this Wronskian is non-zero. This proof avoids the indirect argument of [12], [48],
[49] that relies on compactness of the underlying interval. (Even if one is only interested
in the compact interval case, our direct proof is simpler than their indirect argument.) In
addition to allowing the extension to whole line problems in principle, this paper provides
explicit calculations in the change of Weyl-Titchmarsh and spectral functions.

In our main result, Theorem 4.4, we shall prove that

in fact, I:I(,L&) and H will turn out to be unitarily equivalent. Moreover, if (u,0) is a
Dirichlet datum for H with respect to the reference point xy, then all Dirichlet data for
f[(ﬁ,,;) with respect to xg are identical to those of H, except that (u,o) is removed and
(f1,0) is added instead. These results and a variety of extensions thereof constitute the
principal new material in this paper. Because the spectral types of all operators in [12],
[48], and [49] are explicitly known, the unitarity theorem is a trivial consequence of the
determination of spectra. However, for general base potentials, the spectral types can be
exotic so that the unitarity result is much stronger than a mere equality result of spectra.
Our proof of the unitarity relies on the explicit formula of the changes in the spectral matrix.

Section 2 provides the background needed in the remainder of this paper. Section 3 treats
Weyl-Titchmarsh m-functions and spectral functions associated with half-line Dirichlet op-
erators. Section 4 contains our principal results on isospectral deformations and provides
a complete spectral characterization of this deformation method. In particular, the Weyl-
Titchmarsh M-matrix and spectral matrix of the deformation H, (1,5) are computed in terms
of the corresponding matrices of the base operator H. A variety of additional results and
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possible extensions, including limit point/limit circle considerations, iterations of isospec-
tral deformations, general Sturm-Liouville operators on arbitrary intervals, and scattering
theory, are treated in Section 5. Finally, the single and double commutation methods are
reviewed in Appendices A and B, respectively.

§2. Preliminaries on the Dirichlet Deformation Method

This section sets the stage for a complete spectral characterization of the Dirichlet defor-
mation method in the remainder of this paper.
Suppose
V € Li,.(R) is real valued, (2.1)

introduce the differential expression 7 = —% +V(z), x € R, and pick \g € R and 1 (Ao, x)

satisfying
T1h(Ao) = Ao (Ao),

2.2
n+(Xo, -) € L*((R,£00)), R €ER, ni(Xo,z) real-valued. (22)

Given 7+ (Ao, x) we define the self-adjoint base (background) operator H in L?*(R) via

Hf =1f,
feDH)={ge L*R)]|g,g € ACioc(R);7g € L*(R); (2.3)
xll}gloo W(n+(Xo),g)(x) =0if 7is Lc. at +o0}.

Here W(f,g)(z) = f(z)¢' (z) — f'(z)g(x) denotes the Wronskian of f,g € ACjoc(R) (the set
of locally absolutely continuous functions on R) and l.c. and l.p. abbreviate the limit point
and limit circle cases, respectively. The corresponding boundary condition at woo in (2.3)
is superfluous and hence to be deleted whenever 7 is l.p. at woo, w € {—,+}. The reader
unwilling to get caught up in limit circle situations may safely add the assumption that 7 is
l.p. at 00 which renders H independent of the choice of 14 (Ao, z). However, as discussed
in Lemma 5.3, assuming 7 to be l.p. at 00 does not necessarily dispose of all limit circle
considerations in connection with the deformation method at hand.

Given H and a fixed reference point zg € R, we introduce the associated Dirichlet operator
HP in L?(R) by

HPf=rf,
feDHP)={ge L*(R)| g€ ACL(R), ¢ € ACIOC<R\{$O});13£9(SCO +e) =0; (2.4)
79 € L*(R); xgrinoo W(ne(Xo),g)(x) =0if 7is Le. at £oo}.
Clearly, HP decomposes into
HP = HP © HP (2.5)
with respect to the orthogonal decomposition

L*(R) = L*((—00, 20)) ® L*((x0, 00))- (2.6)

(For notational convenience, we shall later identify (zg,c00) with (—o0, zg) or (xg,00) de-
pending on whether 0 = — or ¢ = +.) Moreover, for any u € oq(HP)\o(H) (o4(-) =
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o(-)\Tess( - ), the discrete spectrum, o(-) and oegs( - ), the spectrum and essential spectrum,
respectively), we introduce the Dirichlet datum

(1, 0) € {oa(HP\oa(H)} x {—,+}, (2.7)
which identifies p as a discrete Dirichlet eigenvalue on the interval (xg,000), that is, u €
oqo(HP), 0 € {—,+} (but excludes it from being simultaneously a Dirichlet eigenvalue on
(xg, —00)).

In some cases, for instance, if V(x) — oo as |z| — oo, the spectrum and Dirichlet data
uniquely determine V' (x) [23], Theorem 3.6 (cf. also Remarks 4.9 and 4.10).

Next, we pick a fixed spectral gap (Ey, F1) of H, the endpoints of which (without loss of
generality) belong to the spectrum of H,

(Eo,E1) CR\o(H), Ey Ei€0(H) (2.8)
and choose a discrete eigenvalue p of H” in the closure of that spectral gap,
p € oq(HP) N [Ey, E1] (2.9)

(we note there is at most one such yu since (H” —2z)~! is a rank-one perturbation of (H—z)"1).
According to (2.7), this either gives rise to a Dirichlet datum

(1,0) € (Eo, E1) x {—,+}, (2.10)
or else to a discrete eigenvalue of H? and H f , that is,
p€{Eo, E1} Nog(H)Nog(HP)Nog(HY) (2.11)

since the eigenfunction of H associated with p has a zero at zg. In particular, since (HP —

2)~! is a rank-one perturbation of (H — z)~!, one infers
Uess(HD) :Uess(H), (212)

and thus, p € {Ey, F1 }Noess(H) is excluded by hypothesis (2.9). Hence, the case distinctions
(2.10) and (2.11) are exhaustive.

In addition to p as in (2.9)—(2.11), we also need to introduce i € [Ey, F1] and 6 € {—,+}
as follows: Either

(f1,0) € (Eo, Ex) x {—,+}, (2.13)
or else
f€{Ey, E1} Nog(H). (2.14)

Given H, we define solutions ¢4 (z,z) of (7 — 2)9(z) = 0 which satisfy
Vi(z, ) € L*((R,+0)), RER,
lim W(¢4(z),9)(x) =0 forall g € D(H).

r—Foo

(2.15)

If ¢4 (z,x) exist, they are unique up to constant multiples. In particular, ¥y (z,z) exist
for z € C\oess(H) and we can (and will) assume them to be holomorphic with respect to
z € C\o(H) and real-valued for z € R. One can choose,

Vi(z,2) = (H = 2)" X@w)(z) forzZ 2, —00 < a<b<oo (2.16)

and uniquely continue for z<?. (Here xq(-) denotes the characteristic function of a set

2 C R.) A finite number of isolated eigenvalues can be included in the domain of holomorphy
of ¥4 (z) by multiplying (2.16) with an appropriate function of z.
Next, we state a simple technical result which will be needed in the context of (2.19) and

(2.20).
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Lemma 2.1. Let ¥, (1, ), ¥ (fi, -) € L>((R,000)), R € R be defined as in (2.15). Then

x

tim (7 = )W (0 (). 0 () ) = = [ o' (') 217
Proof. Since
(= 107 W (i), o (D)) = = [ ') ), 219

(oo ]

((2.18) is easily verified by differentiating W (¢, (1), %o (1)) (x) w.r.t.  and using (2.15)), we
only need to justify interchanging the limit i — p and the integral in (2.18). By (2.16),

¥>xr>b>a

((H = ) X(a0)) (@) = ca(A)s (1, ') for o <xz<a<b

for some constants c4 (i) # 0, and hence

xT

- / dxldja (,va x/)¢a(ﬁ7 .CE/) = C;l(dja (M)X(x,aoo% (H - ﬁ)_1X(a,b))

agoo

yields the desired continuity with respect to ji. (This fails at first sight if u € o4(H)Nog(HP).
A proper factor removes the pole at z = y in this case.) O

Given ¥q(p, ), ¥_5(fi, ), and Lemma 2.1, we define

o (/2_M)ilw(wa(u)ﬂb—&(ﬂ))(l’)? ,uvﬁ € [E07E1]7 /]7&/1
W(ﬁﬁ)(x)_ o [* do! N2 AR _
Ufaoo z' e (p, )%, (f1,0) = (u, —0), p € (Eo, E1)
(2.19)
and the associated Dirichlet deformation
2 ~
o) = ~ g3 T Vo (@),

Vigo (@) = V(z) = 2{m[W, (@)}, =R, (2.20)

1, it € [Eo, Er], p# por (fi,6) = (u, —0), p € (Eo, Er).

(We will show in Lemma 2.2 that W 5)(z) # 0, € R and hence (2.20) is well-defined.) In
the remaining cases (fi,5) = (u,0), u € [Eo, E1], and p =i € {Ep, E1} Nog(H), we define

Vipa)(x) = V(z). (2.21)

Equation (2.21) represents the trivial deformation of V(x) (i.e., none at all), and for no-
tational simplicity these trivial cases are excluded in the remainder of this paper, unless
explicitly stated otherwise. For obvious reasons we will allude to (2.20) as the Dirichlet
deformation method in the following.

If i € 04(H), then ¥_ (i) = cpy (1) for some ¢ € R\{0}, showing that W 5y(x) and
hence, V(; 5)(z) in (2.19) and (2.20) become independent of o or ¢. In this case we shall
occasionally use a more appropriate notation and write V(z) and 7; (instead of f/(ﬂ’a-)(l‘)
and ’7'(!1’5)).

The next result, taken from [25], shows that (2.20) is well-defined on R. For the reader’s
convenience, we reproduce the proof of the special case we need of Theorem 1.6 in [25].
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Lemma 2.2 [25] Suppose /J,,/], € [E07E1] and 1/10—(%37)7 QP—J(/LJU); 0-75- € {_7+} are
defined as in (2.15). Then

W (o (1), ¥—o (1)) () # O, W (Y5 (1), -5 (1)) (x) # 0,  p# 1, x €R, (2.22)
and hence,
f/([1,,5) € Llloc(R) (223)
in (2.20).

Proof. Since W (¢, (), —»(pt)) = const. # 0 and (2.23) is clear from (2.19), (2.20), and
(2.22), we only focus on the case W (¢ (1), ¥_5(f2))(x) # 0, u # i, z € R.

First, consider the case 6 = 0 = —, assume without loss of generality that g > u, and
abbreviate

W(z) = W(- (), v-())(x), zeR.

Suppose that
W(xz1) =0 for some z; € R. (2.24)

Define
1/’*(”7513)7 r <
mie) = {

N4 (i, @), x>
where 77 € R is defined such that 7, € D(H) and

~ (m):{¢—(uam)a xle
" (i, x), >3

If i € 04(H), we define in addition

no(x) = Yy (fi,x) = —io(x), x9=—00
and if p € 04(H),
7]2(1‘) =P (:ua :C) = 772(-73), To = +00.

Then
(nj,mk) = (7;,7x) for all 4, k. (2.25)

Indeed, let j < k, then (2.25) just means that

Tk
[z v 0y ) =0 (2.26)
But
Tk
[z sy o) = = 1) W (o)~ W) =0
due to W(zy) = 0 and limg 400 W(z) = 0 if 4 or p lie in o4(H) since limg_ 10
Wi(g1,92)(x) = 0 for all g1,9o € D(H). (For xg = —oo take go = ¥4 (i) € D(H) and
choose g1 = ©_(p) near xg = —oo and continue ¢g; € D(H) appropriately. Similarly, for
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9 = 400, take g1 = 1p_(u) € D(H) and choose g2 = ¥4 (f1) in a neighborhood of x5 = +00
and continue gy € D(H) appropriately.) Next, one verifies that

{H— %([Mru)]m = %(u—ﬁ)ﬁj

and hence for n € Span{ﬁj};

1, 1
|- 540 = 51— o
implying

dim Ran(Py, z(H)) > dim span{n;},

where Po(H) denotes the spectral projection of H corresponding to 2 C R. But ¢ _ () and
Y4 (fn) are linearly independent on each interval (since their Wronskian is non-constant) and
hence all n; are linearly independent. In particular,

dim Ran(P, ;) (H)) > 1,

which contradicts our basic hypothesis that (Ey, E1) C R\o(H). This contradiction shows
that (2.24) is impossible, and hence W (x) # 0 for all z € R.
Next, consider the case &§ = —o = — (and still i > p). Define

and suppose
Wi(x1) =0 for some x; € R. (2.27)

We introduce 3
. w— (:ua ZC) - fVlw—(N?x)? X S €1
m(r) =

0, T > 1

(fixing 71 by demanding 7, € D(H)) and

~ { w—(/%a?) +’71”¢—(ﬁ>$), X S €1

0, T >z

If i € 04(H), we introduce in addition

no(z) = (i, x) = —no(x), o= +00

and if i € oq(H),
na(x) = h_(p,x) = p(x), xo = +00.

The rest of the proof is analogous to the case considered first: The 7;’s are linearly inde-
pendent by considering their supports and

[ dw o n oy ) = (o= )t [ W) = (@) =0
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since W(ml) = 0 by hypothesis, and both ¥ _(pu,z) and ¥_(f,z) satisfy the boundary
conditions of H at —oo.
Finally, the cases ¥ (1, x), ¥4 (fi, z) can be obtained by reflection. [J

Actually, Lemma 2.2 is only the tip of the iceberg. The principal results of [25] relate the
number of zeros of appropriate Wronskians on an arbitrary interval (a, b) of the type studied
in this section to dimensions of spectral projections of general Sturm-Liouville operators on
(a,b). For a previous generalization of Sturm’s separation theorem invoking the sign of
Wronskians, see [36].

For later reference, we now summarize our basic assumptions on V', u, and f in the
following hypothesis.

(H.2.3). (i) Suppose V € L{ (R) to be real-valued.
(i)
(E(),El) C R\O’(H), Ey, By € O'(H),
JUBS ad(HD)a (M?O-) € (E07E1) X {_7+} or 1 € {EO?El} ﬂO’d(H),
(/:L,&) S (Eo,El) X {—,—l—} or i € {Eo,El} ﬂO’d(H),
:ualle [E()aEl]a /L;éﬂOI‘ (/175-) = (Ma _0)7 JUBS (E()aEl)'

Next, we introduce various solutions of (7(; ) — 2)1(z) = 0 needed in (2.32)-(2.35) to

define the self-adjoint operator H, ( in L?(R) associated with 1;([,,75). Define

f1,5)
@E—U(Ma $) = "7[]—5([]’7 x)/W([L,&) (I‘), (2'28)
Vs (i, 2) = Yo (1, ) [Wiaz) (@), ¥5(fi,20) = 0. (2.29)
Then 3 ~ ~ ~
(T(p.6) Vo () (@) = pp—o (1, ), (Ta,6)V5 (1)) () = i (i1, ) (2.30)
and
Yo (i, )5 (fi ) = Wi () (2.31)

The Dirichlet deformation operator H, (ii,5) associated with 7(; 5) in (2.20) is then defined
as follows:

Ho)f = T(,6) ]
f < D(H(,a’&)) = {g € L2(R) ‘ g7g/ S ACIOC(R);%(/]7&)9 € L2(R),

(2.32)
g satisfies one of the b.c.’s in Cases I-III if
T(j,5) 18 L.c. at —oo and/or +o0}.
The boundary conditions (b.c.’s) alluded to in (2.32) are chosen as follows:
Case I: Either 7 is l.p. at £oo or ¢ = 0.
im W(ys(fi), g)(z) = 0 if 7; 5) is Lc. at Goo,
T— 000 ~ (2.33)
lim W(Y_o(n),g)(x) = 0if 7 5) is l.c. at —Goo.
T——000
Case II: 6 = —o, 7 is l.c. at —o0 or +oo, and p € o4(H).
lim W (s (fi), g)(x) = 0 if 75 is Lc. at woo, w € {—,+}. (2.34)

T—woo
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Case III: 6 = —0, 7 is l.c. at —o0 or +oo, and i € o4(H).

ml_i)glooW(w_g(M),g)(.T) = 01if 7(,5) is L.c. at woo,  w € {—,+}. (2.35)
(Note that Case II = Case II1 if (fi,6) = (u, —0).)

As always, there is no boundary condition at woo in (2.32) if 7(;5) is L.p. at woo, w €
{—,+}. Cases I-1II, of course, are not exhaustive. We singled them out since they are the
only situations where the spectra of H and H (ii,5) are closely related (see (3.17) and the
discussion at the end of Section 3).

If i € 04(H), we will occasionally use the more appropriate notation ‘N/ﬁ (x), Ta, and H i
(instead of ‘7(,175)(30), T(,5), and ﬁ(ﬁﬁ), cf. the comments following (2.21)).

We conclude this section by introducing the Dirichlet operator H, (%7&) associated with

H (i,5) and the fixed reference point zg € R,

- 3
Hi; s f = et

FeDHE ) ={9€ L*(R) | g € ACc(R), g € ACloc(R\{xo});leiifgg(l‘o +€) = 0; (2.36)
(4,59 € L*(R); g satisfies one of the b.c.’s in Cases I-III if
T(a,5) is L.c. at —oo and/or 400} .
In analogy to (2.5), I:I(j?1 5) decomposes into
77D 77D 77D
HGs) = Hips),- © Hisy+ (2.37)

with respect to (2.6).

63. Half-Line Weyl-Titchmarsh and Spectral Functions

In this section we derive the Weyl-Titchmarsh m-functions for the Dirichlet deformation
operator H(; 5y and relate them to those of H. Moreover, we provide a complete spectral
characterization of ﬁ(f?j’&)’i in terms of HY.

We start by introducing the transformation

ACoc(R) — Llloc (R)

F(@) = fao)(z,2) = f@) = (2 = ) oo (1, 2)W (o (1), f)(2), 2 € @\{(g}l)

U (2) : {
and note that by inspection,

(Ta,e) — )V (2)¥(2))(z) = 0 if and only if ((7 — 2)¥(2))(z) =0, =z¢€ C\{u}. (3.2)

Moreover, one verifies

)f(z) = (2 — )~ s (1, )W (Vs (1), f)(z), (3-3)
f € ACc(R), z € C\{u},

Il
~~
N
|
=
N—

|
S
N
|
=
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Utgo) ()5 (1)) (2) = 0, (Uga,o) ()05 () (x) = (i — )= W (Ws (i), -5 () )5 (1, @),
lim (z — 1) (Ua,5)(2)0e (1) (2) = 0,

im (= = 12) (U () (1)) (@) = =W (o (1), 10— (1)) (11,2):
(3.4)
In addition, if R
(r=2(z) =0, (1=2(E) =0, 22eC\{u},
then
; e (e — W (), 6(2)) (@)
W (0o (1), Ugs (2)(2)) (@) s (3.5)
e 2 W e (), 9(2)) (@)
W (70 Uip) ()2 w) = S == 5o, (3.6)
W (Ui (2)0(2), Uy (VD)) (@) = S W (0(2), () )
2=F W) 9@ @W (s () %(2) ()
N e e Wigeo (@) B

Next, let ¢(z,z),0(z, z) be the standard fundamental system of solutions of (7 —2)¥(z) =0,
z € C defined by

d(z,x0) = 0'(2,20) =0, ¢'(2,20) =0(2,20) =1, 2€C (3.8)

with 2o € R the reference point used in (2.4), and denote by é(ﬂ’(;)(z,x),q;(ﬁy(;)(z,x) the
analogous fundamental system of solutions of (75 5) — 2)ih(z) = 0, z € C satisfying (3.8).
Since by definition (2.15), ¥, (2, -) € L?((R,0)), R € R, z € C\R satisfy the boundary
conditions of H near ooo (if any) and, in particular, lim, .00 W (%4 (2),g)(x) =0, g € D(H),
one obtains

W (z,10) Ve (2,20) = Mmy(2), o€{—,+}, z€ C\R, (3.9)

where m,(z) denotes the Weyl-Titchmarsh m-function of H with respect to the half-line
(x0,000), 0 € {—,+}. Thus,

o (3.10)
Wi (2)]) (o) = f (o) = S (@) f (o), 2 € C\{p}, f € Aioe(R)

O (2 0) = —5 (U0 (2)0(2)) (@) + £ ‘g m_s() (U (2)6(2)) (@), 2, fi € C\{u}.

(3.11)
The case (fi,6) = (p,—0o) in (3.10) and (3.11) can be obtained by a limiting procedure
(m4(z) being Herglotz, has at most one simple pole for A € [Ey, E;] with a negative

residue),
zo

dim (7 = p)mo () = (/dw(/ﬁ,w)Q)_l» oe{-+} (3.12)
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(see, e.g., [23], Appendix A for a brief summary on Weyl m-functions).

The following general fact on Weyl m-functions, which provides an effective tool for
computing them in the context of Hj; 5), may well be of independent interest.
Lemma 3.1. Let V € Li _(R) be real-valued, T = —% + ‘A/(a:), r € R, and N, (N, x),
A €R, o€ {—,+} non-zero real-valued solutions of (T — )\)QZ()\) = 0. Define the self-adjoint
operator H in L*(R) by

Hf=7f,
feD(H)={ge L*R) | g,g € ACioc(R);7g € L*(R); (3.13)
wli)rilooW(ﬁi()\),g)(x) =0 4fT is Lc. at +oo}.

(If T is L.p. at +o00 and/or —oo, the corresponding boundary condition in (3.13) is to be

deleted.) Denote by ¢(z,),0(z, x) the fundamental system of solutions of (7 — z)ih(z) =0,
z € C, with initial values as in (3.8). Then the limits

_ W), 0(2) ()
me(z) = — lim — , z€C\R, 0€{—, 3.14
B (AR T M .

exist and represent the Weyl-Titchmarsh m-functions ofﬁ on the half-line (g, 000).

Proof. First suppose that 7 is L.p. at coo and z € C\R. Then

W@ (N 0(2))(x) _ 0z2) +tan(B@)f(z2) o
— — = —— — , cot(B(x)) = —n, (N, x)/ne(\,
W00 o) + ana)d e ) e 5 )15)

converges to M (z). This does not quite represent the typical Weyl limit point consideration
in which one usually involves an z-independent boundary condition parameter 5 € [0, 7).
However, due to the 1.p. hypothesis made, the Weyl disks shrink to a limit point and the
x-dependence of () in (3.15) becomes immaterial in the limit z — ooc.

Next, assume 7 is l.c. at coo. Then $(z, ), é\(z, ) € L*((R,000)), R € R, and hence the
limits

lim W (@A), X(2))(2) = W (7, (A), %(2)) (w0)
g ~ { @z,x)

F(z—2) / da' 5, (0, )Rz, 27) for Rz, z) = (3.16)

[ope ]

0(z,x)

exist. Actually, the limits in (3.16) not only exist but they are also non-zero since other-
wise one could construct self-adjoint operators with boundary conditions at coo induced by

~ -~

¢(z,x) or §(z,x) with associated eigenvalue z € C\R.
Next, consider the function

Vo (2,2) = 0(2,2) + My (2)d(2,2), z€ C\R,

where i, () denotes the m-function associated with H on (zg, 000). Since by construction,
o (z, x) satisfies the boundary conditions of H at oo, one infers

0= lm W@\, (2)()
= [ lim W(@H,(\),0(2))(@)] + e (2) [ lim W (7, (A), 6(2)) ()],

T— 000 T— 000
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and hence (3.14) again. O

Applying Lemma 3.1 to H (7,5), We obtain as our first major result the following expression
for the half-line Weyl-Titchmarsh m-functions of H (i,5) in terms of those of H.

Theorem 3.2. Assume (H.2.3). Given H and ﬁ(ﬁﬁ) by (2.3) and (2.32), respectively,
denote by m+(z) and m;5),+(2) the corresponding m-functions associated with the half-
lines (zg,+00). Then

as4(2) = —Em Z—M_'um_5~ [l
(75),£(2) - +(2) p— (B), f# u,
7 -1y (3.17)
M)+ (2) =mx(z) — (/dwﬂﬁ(u,w)z) p— (fi,6) = (p, —0), z € C\R.

Proof. Combining (3.11), (3.5), and (3.6), one computes 17 5),.,(2), w € {—, +} either from

_ MHIVWAMﬁm@QD@):z—Mﬂ_hm WW%W%W@X@}_&—MWL%M
200 W (s (1), oy (2))(m) 2= AL a=wee W(tg(), ¢(2))(w) ] 2 —fi 7 |
3.18
or from
o W), 0.5 (2)) ()
2w W (o (1), P(a,6)(2)) ()
_amn[ o W@ 0 @] pep
‘z—a[ waw«wﬁmxa@xm} e (3:19)

(ozfl;(}m bDoth), depending on Cases I-1III in (2.32)—(2.35) by applying Lemma 3.1 to I:I(ﬁﬁ)
and H.

An examination of M 5y +(2) in (3.17) then reveals the following behavior near p and
i.
Corollary 3.3. (i) Suppose p, 1 € (Eo, Er), p# p or p € {Eo, E1} Nog(H), i € (Eo, En).
Then, mj,5),—5(2) is holomorphic in a neighborhood of fi whereas My 5y,5(2) has a simple
pole at [i with residue

lim (= — )1i.00.6(2) = (i — p)lma () — m_a ()] # 0. (3.20)

Z— [

Both M 5),+(2) are holomorphic in a neighborhood of p.
(ii) Assume p = fi € (Eo, E1), 6 = —0. Then m;,5),—5(2) is holomorphic in a neighbor-
hood of ji whereas M 5),5(2) has a simple pole at i with residue

Zo

lim (z — [1)m,5),5(2) = — lim (& — p)me(p) = —( / dx Cb(ﬂ»ﬂf)Q) _1- (3.21)

z—f p—p
o oo

(iii) Assume p € (Eo, Ev), i € {Eo,E1} Nog(H) or p, i € {Eo, E1} Nog(H), p # fi.
Then My, 5),+(2) are both holomorphic in a neighborhood of p and fi.
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Proof. Observing that

me(2) = co(z—p) 1+ 0(1), ¢, € R\{0}, m_,(2) meO(l), pe (Mo, A1),  (3.22)

zZ—=r

me(z) = ce(z—p) P+ 0(1), cx €R\{0}, cx SO, ucog(H?)No(H), (3.23)

2=

cases (i) and (ii) are a straightforward consequence of (3.12),(3.17), and the fact that
m_(f1) # m4 (i) since i ¢ o4(H). For (iii) one observes, in addition, that first,

m_ (i) = m (i) since fi € oa(H)\oa(HP)
by hypothesis, and second,

lim (z — \)m (2) exists for all A € [Ey, E1] (3.24)

Z—=A
since +m (z) are Herglotz functions (and oess(H) N [Eo, E1] =0). O

As we will explore in more detail in the next section, Corollary 3.3(i) for u, i € (Ey, E1),
p # i just means the Dirichlet datum (u, o) gets changed into (fi,5) and (ii) illustrates
the “flip” of the Dirichlet eigenvalue p from one half-line (z¢,000) to the other, (g, —o0),
changing (i, o) into (u, —o). The remaining cases represent non-isospectral deformations
of H where the eigenvalue p € o4(H), respectively, fi € oq4(H), or both, u, i € o4(H) are
actually “knocked out” of the spectrum of H (i.e., do not belong to a(I:I (ii,5)), respectively,

o(Hp)).
Corollary 3.4. Let z € C\{o(H) U{u}}, ii € (Eo, E1). Then ¢o(ji, @), ¥—o(pt, ), p 7 fi,

and (Uu.5)(2))Y+(2))(z) satisfy the boundary conditions of f-I(/;L’,;) (if any) at Goo, —o00,
and +oo, respectively. In particular,

lim W(&a(ﬂ)ag)(x) =0,

33—]-)1300 W(lﬁ/;fa(:u)ag)(x) =0, p# £, (325)
lim W(U,5) (2)¢+(2),9)(x) =0

r—+o0

for all g € D(H 5)). Moreover,

v (i, -) € L*((R, 500)),
boo(p, -) € L*((R,—000)), p# i, (3.26)
U,e)(2)Y+(2) € L*((R,+0)), RE€R

(justifying the notation we chose for ¥z (i, x) and _q(u, ).

Proof. Let H (% &) denote the Dirichlet operators (2.37) corresponding to 7(;; 5) on the half-
line (xg,wo0), w € {—,+}. Since M 5),5(2) has a pole at z = fi by Corollary 3.3, one infers
S Jd(lfl(%&)’&). Moreover, since (7(z,5) — )s() = 0 and ¥z (fi, z0) = 0 (cf. (2.29)),
Vs (fi, x) is the corresponding eigenfunction of H %&)75 and hence 95 (i) € D(H (D

! 7,5),5)
isfies (3.25) and (3.26). In the case of ¢_,(u, x), i # fi, one verifies that

M(,5),—o (1) = m—z (1) = V5 (1, 20) /-5 (i, x0) = V"5 (1, T0) /10— (1, 0)

sat-
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and hence (3.25) and (3.26) are valid for ¥_,(u). Finally, as a consequence of (2.15), one
infers that

Yi(z,2) = ce(2)[0(2z,2) + my(2)p(z,2)], z¢€ C\o(H) (3.27)

for some constants c4(z). Combining (3.11), (3.17), and applying U; 5)(2) to (3.27) results
in

(Uaa)(2)¥+(2)) () =

g
Ci(z)z_u

03,6 (2, %) + 13,6 (2)(a,0) (2. 0)), 2 € C\{o(H) U {u}}. (3.28)

Clearly, (3.28) proves that U ; 5)(2)1+(2) satisfy (3.25) and (3.26). O

Given the fundamental relation between 1 ; 5),+(2) and m+(z) in Theorem 3.2, we can
readily derive the ensuing relation between the corresponding spectral functions p; 5 +(A)

and p4 () associated with the half-line Dirichlet operators H (% 5,4+ and HP. The right-
continuous non-decreasing functions p+(A) and p(;,5),+ () are defined for A € R by

A6
p(N) = pe (V) =+ limlin n ™! / dv Tm[me (v + i€)] (3.29)
N4S
and
A+
ﬁ(ﬂ,&),:l:(A) — ﬁ(ﬁ,&),:l:(/\/) = j:%lf()l 11%1 7'('_1 / dl/ Im[m(ﬁv&)yi(u —|— ZE)] (330)
N +6

This sets up the second major result of this section.

Theorem 3.5. Assume (H.2.3). Let HY and ﬁ(% 5.+ denote the Dirichlet operators (2.4)

and (2.37), and dp+(X\) and dp(; 5),+(A) the corresponding spectral measures generated by
p+(A) and p(;.5),+(A), respectively. Then

A—p _ {0 G = q:}
dpis.s) + (A dp+(N) + (p — T - - dO(\ — ,
PN = 3= =N+ (B =)\ o () — (i), 6=+ [ PO, nF
~ oc==
dpi,e),+(N) = dp+ () + { fxo dr d(p,2)2)"), o=7 } dO(\ — ), (3.31)
(ﬂ?a-) = (H‘? _0)7 AeR.
1, >0
Here 0(x) = { :
0, <0
Proof. Inserting (3.17), for p # fi (for simplicity) into (3.30) yields
et —p)
~ ~ T e+ w—p)v—mn _
(), £(N) = Plaaye(N) = +limlimm 1 / dy{ R Tm[m (v + ie)]
PR
(f1 — p)e

= {m_s(ft) — Re[my (v + ze)]}} (3.32)
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Since

m4 (v) are real-valued for v € [Eg, Eq)\{u},

Im[m4 (v 4 i0)] dv has no support in a sufficiently small

neighborhood of fi (since fi € [Ey, E1]\{1}), (3.33)
1 edv _
7 m[may (v + i€)] dv ? dp+(v) weakly [49], (3.35)
lifgl($ieﬁ_1mi (A+i€)) = pL(A) — p£ (A —0),
lim(Fier tmi (A +ie)) < px(Fy) — pe(Eo —0), X € [Ey, By, (3.36)

€l0
lentmi (N +ie)| <O, €€ [0,e)], A€ [Ey, E1] for some ¢g >0, C > 0,
(3.32) implies (3.31) for p # [ by splitting the integral in (3.32) into a sufficiently small

interval around i (if & € [N, \]) and the remaining intervals (applying the dominated con-
vergence theorem). The case (fi,5) = (i, —0o) is treated analogously. [

Remark 3.6. If i # p, the factor (A — p)/(A — i) # 1 in (3.31) shows that the half-

line Dirichlet deformation method HY — H (ZZ &)+ affects all remaining norming constants

corresponding to eigenvalues of HY. More precisely, denote by

Zo

—1
A= (3F / dx (A, 90)2) = p+(Atn) — p+(Asn —0)

+oo

the norming constant associated WiNth M € 0p(HP), As, # p and denote by 5%;1,&),1,71
the one associated with Ay ,, € ap(H(llj2 5),4)- Then

N A —
2 n lfcz

= o 3.37
)\i,n —H = ( )

“(h.&)tn =
Only in the case (fi,5) = (i, —0), the remaining norming constants stay invariant,

5%“7_0)7i7n = Civn (338)

In fact, the deformation (u,0) — (i, —o) coincides with the isospectral case of the double
commutation method considered in Appendix B (cf. Remark B.3(i)). The corresponding
invariance in (3.38) was originally proven in [19].

Theorem 3.5 implies the following half-line deformation result.

Theorem 3.7. Assume (H.2.3) and denote by HY and Ijl(% 5),+ the half-line Dirichlet
operators (2.4) and (2.37).
(i) Suppose p,fi € (Eo, E1). Then

. [ HomHI\Mpyu{a}, o=0o
70 (HGio10) = { o (HE,) U i}, o= (3.39)
- o (HP , 0= —0 .
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(ii) Assume p € {Eo, E1} Nog(H), i € (Eo, E1). Then

U(p)(ﬁ(%,&),&) = {‘7(29)(H£)\{N}} U{i},

3.40
U(p)<H(l,)1,&),—&) = U(p)(HE)&)\{M}7 L ¢ ( g& a—)~ ( )

(iii) Suppose p € (Eo, E1), i € {Eo, E1} Noqg(H). Then

7D\ — o D
U(p)(fig,a) = (p)(H%)\{M}: i (3.41)
U(p)(Hﬁ,—a) = U(p)(H—U)ﬂ [ ¢ U(Hﬁ,:t)'
(iv) Assume p, i € {Eo, E1} Nog(H), p# fi. Then

o (Hp) = o) (HE)\ ), ¢ o(Hp ). (3.42)

(Here o) () denotes o(-) or o,(-) (the point spectrum, i.e., the set of eigenvalues)
and we recall our occasional use of the notation of I:I[?’i instead of ﬂ(?l &)+ if o €
oq(H), cf. the paragraph preceding Lemma 2.2.)

Oess, ac, sc(f{(ll)],&)’i) = Oess, ac, SC(H£> (343)

Moreover, ﬁ(% &)+ and HP | restricted to the orthogonal complements of the (at most

one-dimensional, possibly equaling {0}) eigenspaces corresponding to fi and u, are
unitarily equivalent.

Proof. This is a direct consequence of Corollary 3.3, Theorem 3.5, and the fact that half-
line spectra corresponding to separated boundary conditions are simple. In particular, we
note that by Corollary 3.4(i) and (iii), 7(;,5),+(2) are holomorphic in a sufficiently small
neighborhood of p and/or i whenever they belong to o4(H). O

As long as u, i € (Fo, E1) and hence p, ,& ¢ o4(H), (3.39) just says that the Dirichlet
datum (u, o) associated with H? = HP @ HP ¥ got changed into the Dirichlet datum (f,5)

: D
associated with H(ﬁ,&) H(ﬁ 5),— fast H(“ &)t

possibilities where p and/or ji belong to o4(H) and possibly o4(HP) in which case, however,

The cases (ii)—(iv) examine all remaining

they no longer belong to ad(lfl(l?1 &)).

We have yet to show that our choices I-III of boundary conditions of H, (i,5) 0 (2.32)
(2.35) are indeed the only ones that lead to our fundamental formula (3.17) as claimed after
(2.35). We only need to focus on l.c. cases and hence assume that 7 is l.c. at oo. By
Lemma 3.1, the m-functions m; 5y +(2) of H(; ) can be computed as follows,

. W (N,

M(as),+(2) = — lim A 5)(2) ()

0
z—too T (f()\) QE[L 5) (Z))(x)

":1
Q(

: (3.44)

where (7(,5) — A)f(A) = 0 for some A € R. Consider a corresponding f(\,z) satisfying
(T =N f(\) =0and f(N\) = Ugs) (A f(N). Then (3.44) becomes
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Applying (3.7) to (3.45) then yields

e ] R R (CEV L RN
O ) Wl DN Ol e
— eI e N (3 v (70, :)a)

_ A =2 = ) W (1), 0(2)) (@)W (f(A), Yo (1)) ()

= e ca ML

In order to reproduce (3.17), the right-hand side of (3.46) would have to equal
Wn(A),0(z))(x)

T W, o)) 40

for some real-valued solution 7(z, z) of (7 — A)¥(\) = 0 which satisfies the boundary condi-
tions of H at +o0o. Clearly, f(\,z) = ¥, (, ) and f(A,z) = ¥_5(f, z) are distinguished in
(3.46) and these were precisely the cases we singled out in (2.32)—(2.35). No other choice of
f(A, ) in (3.46) is compatible with (3.47).

§4. Spectral and Weyl-Titchmarsh Matrices, Isospectral Deformations

In this section we prove our principal results including explicit computations of the Weyl-
Titchmarsh and spectral matrices of H (,5) in terms of those of H. Moreover, we provide a

complete spectral characterization of H (4,5) and HD (,5) in terms of H and HP.

We start with the Weyl-Titchmarsh matrices for H and H (i,5)- To fix notation, we
introduce the Weyl-Titchmarsh M-matrix in C? associated with H by

M(z) = (Mp,q(2))1<p,q<2

I (2) — ()] m_(z)m(z) [m—(z) + m4(2)]/2 p,
— ()= ma ™ (T 1 ). com
and similarly, in connection with H (7,5)> bY
M5)(2) = (M.5).p.q(2))1<pg<2
= [M,5),— (2) = gz +(2)] 7
M(5),— (2)Ma5),+(2) .6y~ (2) + sy (2))/2)
8 ([m(ﬁ,ﬁ),—(z) +M(,5),+(2)]/2 1 ) »F € C}}fz)

An application of Theorem 3.2 then yields

Theorem 4.1. Assume (H.2.3) and z € C\R. Given H and I;[(ﬂ7&) by (2.3) and (2.32),
respectively, their Weyl-Titchmarsh M -matrices are related by

My 14() = S5 M () — 222 s ()Mral)
~ 2
e f”uzé)— iy oo () Maa(2), (4.3)
M,5)1,2(2) = My o(z) — % m_z (1) M2 2(2), (4.4)
Mj,5)22(2) = z — z Msp(2), i # p (4.5)
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Equivalently,

) , ze€C\R. (4.6)

The case (fi,6) = (u, —o) follows by a straightforward limiting argument (see (3.12),
(3.17), and (3.31)).

Proof. This is just a combination of (3.17), (4.1), and (4.2). O
We note that (4.3) can be written as

M(g,&),m(Z) = z:g M;o(2) | my(2) — Z:Z m_a(ﬂ)} {m_(z) — ’I::': m_g(p)|. (4.7)

A close examination of M (ii,5)(2) then reveals the following behavior near p and fi.

Corollary 4.2. M(fh&)(z) is holomorphic in a neighborhood of 1 and fi (for all values of p
and i admitted by (H.2.3)).

Proof. 1t suffices to examine the pole structure (or better, the lack thereof) of M(ﬂﬁ)’p’p(z),

p = 1,2 since det[M(z)] = —7 then controls that one of M(ﬁ75-)7172(2) as well. The proof then
proceeds along a case-by-case study depending on whether pu, respectively fi, lie in (Ey, F1)
or in {Ey, E1} Nog(H). More specifically, one uses (3.26)—(3.28),

() = (), Maa(z) = o=~ )7 +0(1), e R\{0) .
if and only if i € oq(H)\og(HP) .

and

Ms2(z) S, c(z —p) +0((z — p)?), ceR\{0} for u € [Ey, B1] Noy(HP). (4.9)

The holomorphy assertion then follows directly from (4.5) and (4.7). O

Given the basic connection between M(ﬁ’{})(Z) and M (z) in Theorem 4.1, we can now
proceed to derive the analogous relations between the spectral matrices p(;5)(A) and p(A)

associated with H, (1,5) and H, respectively. The right-continuous non-decreasing matrices
p(A) and pz.5)(A) in C? are defined for A € R by

P(A) = (Pp,q()‘»lﬁp,qﬁ% ﬁ(ﬁ,&)()‘) = (ﬁ(ﬂ,&),p,q()‘))lﬁp,qﬁ%

A0
p) = p(N) = limlim 7~ / dv Tm[M (v + ie)], (4.10)
A 49
A+9
B V) = ey () = il [ (3 v+ i) (4.11)
A 496

The result for p(;,5)(A) in terms of that of p(\) then reads as follows.
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Theorem 4.3. Assume (H.2.3). Given H and I:I(,L&) by (2.3) and (2.32), let dp(\) and
dp(s,5)(N) be the corresponding C*-valued spectral measures generated by p(\) and p(z.5)(N),
respectively. Then

. A— - -
dp(,eyn1(N) = )\TZ dp1,1(\) — QH m_s(fi) dp1,2(N)
(o — N)2 ~\2
+ — s (1) dpas(N), 4.12
AB501.200) = dpr2 () = 5= s (1) dpaa (V) (4.13)
) A= i )
dp(i,é),2,2(N) = Py dp22(N), [ # p. (4.14)

Equivalently,
" _ 1y et (A= = (B = p)mes(f)
dp(/l,&) ()‘) - ()‘ - /'L) ()‘ - :u) 0 A — Ia

<o) ( 0 oal) iAo

The case (fi,0) = (u, —o) follows by a straightforward limiting argument (cf. (3.12),
(3.17), and (3.31)).

Proof. It suffices to consider p(; 5)2,2(A), the remaining cases being analogous. Equation
(4.5) and

(7 —

e+ - —pn j1)e
(v —p)? + ¢

= np+e

Im[]\Zf(ﬂﬁ),Q’Q(l/—i—ie)] = Im[Ms 5 (v +ie)] + Re[Ma o (v +ie€)]

show that one can follow the proof of Theorem 3.5 step by step involving (3.34)—(3.36)
(replacing m (z), p+(X) by Ms2(2), p2.2(A), ete.). O

This finally leads to the principal spectral deformation result of this paper.

Theorem 4.4. Assume (H.2.3) and let H, ﬁ(ﬂﬁ), HP, and ff(%&) be defined by (2.3),
(2.32), (2.4), and (2.36), respectively.

(i) Suppose p,ii € (Fo,E1). Then I:I(ﬁ,;,) and H are unitarily equivalent. Moreover,
ﬁ(%&) and HP, restricted to the orthogonal complements of the one-dimensional eigenspaces

corresponding to i1 and p, are unitarily equivalent.
(ii) Assume p € {Eo, E1} Noqg(H), it € (Eo, E1). Then

o) (H3)) = o) (H)\ {11}, (4.16)
0(19)(1{[(121,5)) = {U(p)(HD)\{M}} U {a}. (4.17)

(iii) Suppose p € (Eo, Ev), i € {Eo, E1} Nog(H). Then

o) (H) = o) (H)\{i1}, (4.18)
o (HY) = o) (HP)\{u}, ¢ o(HY). (4.19)
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(iv) Assume p, i € {Eo, E1} Noa(H), u# fi. Then

o(p)(Hp) = (p) (H)\{Eo, En}, (4.20)
o (HD) = o) (HP\ ), fi ¢ o(HD). (1.21)

In cases (ii)—(iv), the corresponding pairs of operators, restricted to the obvious orthogonal
complements corresponding to p and/or fi, are unitarily equivalent. In particular,

Oess, ac, sc(ﬁ(,&ﬁ)) = Oess, ac, SC(H(%,(})) = Oess, ac, SC(HD) = Oess, ac, sc(H)~ (422)

Proof. This is a direct consequence of Corollary 3.3, Theorems 3.5, 3.7, and 4.4, and the
orthogonal decompositions of H? = HP @ Hf, H(% 5 = H(% 5),— @ H% )4 Moreover, in
connection with case (iv), one observes that u € oq(H) N og(HP) necessarily implies that
it € {{Eo, E1}Nog(H)}\{u} cannot lie in oq( HP) (i.e., two consecutive discrete eigenvalues

of H cannot both belong to the spectrum of H?). [

Remark 4.5. Perhaps the most spectacular consequence of Theorem 4.4(i), from an in-
verse spectral point of view, is the fact that any finite number of deformations of Dirichlet
data within spectral gaps of V yields a potential V in the isospectral class of V. No fur-
ther constraints on (uj,0;), (fij,0;), other than (uj,0;),(i;,05) € (Ej—1,E;) x {—,+},
(Ej—1,E;j) e R\o(H),j=1,...,N, N € N are involved.

On an intuitive level, the Dirichlet deformation method amounts to the following two-
step procedure. In the first commutation step, effected by 1, (p, z) in (2.19), the Dirichlet
eigenvalue 1 € (Ep, E1) associated with H = —J‘i—Qz—l—V on the interval (z¢, coo) for some z¢ =
xo(p) € R is moved to oo, thereby producing a singular intermediate potential deformation
of V() in the process. The second commutation step, effected by 1 _z5(fi, x) in (2.19), then
moves back this “Dirichlet eigenvalue” from oo to i € (Ey, E1) associated with the interval
(xg,000). In the latter process, the resulting deformation ‘7(,17&)(33) becomes regular again
(ie., W5y (x) # 0, z € R) and isospectral to the original base potential V().

We conclude this section with a series of remarks. A variety of additional results and
possible extensions in connection with the Dirichlet deformation method will be presented
in Section 5.

Remark 4.6. (i) The isospectral property (i) in Theorem 4.4, in the special case of periodic
potentials V(x), has first been proven by Finkel, Isaacson, and Trubowitz [12]. Further
results can be found in Buys and Finkel [4] and Iwasaki [32] (see also [40]). Similar con-
structions in connection with Schrodinger operators on a compact interval can be found
in Poschel and Trubowitz [48] and Ralston and Trubowitz [49] (see our discussion in the
introduction).

(ii) By inspection, Dirichlet deformations produce the commuting diagram

(/1'27 02)

/! N\

(pe1,01) — (us,03)

for (uj,05) € [Eo, E1] x {—,+}, 1 < j < 3 according to (H.2.3).
(iii) Let p € (Ep, E1). Then the (isospectral) Dirichlet deformation (u,0) — (u, —0) is
precisely the isospectral case of the double commutation method considered in Appendix B
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(see Remark B.3(i)). It simply flips the Dirichlet eigenvalue p on the half-line (zg,000) to
the other half-line (g, —o00). In the special case where V' (z) is periodic, this procedure has
first been used by McKean and van Moerbeke [46].

(iv) In analogy to Remark 3.6, the Dirichlet deformation method as displayed in (4.12)—
(4.14) changes magnitudes of discontinuities of p(\) at all eigenvalues \,, € o,(H) as long
as fi # pu. Even in the special case (fi, &) = (u, —o) discussed in item (iii) above, one obtains
invariance of the magnitudes of jumps at A,, only for the spectral matrix element pg o(\).

(v) In the non-isospectral cases (ii)—(iv), a combination of the present Dirichlet deforma-
tion method with the double commutation method in Appendix B can restore isospectrality
by inserting an eigenvalue at pu, f, or both.

Remark 4.7. In certain cases where the base (background) potential V' is reflectionless
(cf. (5.6)) and H is bounded from below and has no singularly continuous spectrum, the
isospectral class Iso(V') of V (the set of all Vs such that o(H) = o(H)) is completely char-
acterized by the distribution of Dirichlet (initial) data (pj4+1(z0),0j+1(20)) € [Ej, Ej41] X
{—, 4}, j € J in non-trivial spectral gaps of H. Here xy € R is a fixed reference point and
J={0,1,...,.N—1}, Ne Nor j € J =Ny (= NU{0}) parametrizes these non-trivial spec-
tral gaps (E;, Ej41) of H (the trivial one being (—oo,inf o(H))). Prime examples of this type
are periodic potentials, algebro-geometric quasi-periodic finite-gap potentials, and certain
limiting cases thereof (e.g., soliton potentials). In these cases, an iteration of the Dirichlet
deformation method, in the sense that (;11(x0),0j4+1(z0)) = (fj+1(20),6;+1(x0)) within
[E;,Ejt1] x {—,+} for each j € J, independently of each other (cf. (5.4), (5.5)) yields an
explicit realization of the underlying isospectral class Iso(V') of potentials with base V. In
the periodic case, this has first been proved by Finkel, Isaacson, and Trubowitz [12] (see also
[4], [32]). More precisely, the inclusion of limiting cases pjy1(xo) € {Ej, Ejy1} N Oess(H)
requires a special argument (since it is excluded by (H.2.3)) but this can be provided in the
special cases at hand.

Remark 4.8. Another case of primary interest concerns potentials V' with purely discrete
spectra bounded from below, that is,

o(H)=04(H) ={Ej}jen,, —00<Ey, E; <FEji1, je€ Ny,
Oess(H) = 0.

(For simplicity, one may think in terms of the harmonic oscillator V (x) = 22, [38], [45].) In
this case, either

(j4+1(20), 0541(20)) € (Ej, Eja) X {—,+}
or
pi+1(z0) = Ejp1 = pj42(2o),
that is, Dirichlet eigenvalues necessarily meet in pairs whenever they hit an eigenvalue of H.
The following trace formula for V() in terms of 0(H) = {E, }jen, and o (HP) = {u;(z)};en

(H,éj the Dirichlet operator associated with 7 = —% + V(z) and an additional Dirichlet
boundary condition at x = y), proven in [24],

o
V(z) = Ey +lima™* Z(Qe_o‘“j (@) _ =B _ gmaBiin) (4.23)
al0 -
j=1
then shows one crucial difference to the periodic-type cases mentioned previously. Unlike
in the periodic case, though, the initial Dirichlet eigenvalues p;+1(xo) cannot be prescribed
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arbitrarily in the spectral gaps (F;, F;11) of H. Indeed, the fact that the Abelian regu-
larization in the trace formula (4.23) for V(x) converges to a limit restricts the asymptotic
distribution of pj;yi(x) € [E;, Ej11] as j — oo. However, as stressed in Remark 4.5, one
of the fundamental consequences of this paper concerns the fact that there is no such re-
striction for any finite number of spectral gaps of H (see (5.4), (5.5)). In other words, only
the tail end of the Dirichlet eigenvalues p;41(x0) as j — oo is restricted (the precise nature
of this restriction being unknown at this point), any finite number of them can be placed
arbitrarily in the spectral gaps (Ej, Ej41) (with the obvious “crossing” restrictions at the
common boundary Ej;q of (E;, E;11) and (Ejt1, Ejy2)). This fact served as one of our
prime motivations for this paper.The only other known restriction to date on Dirichlet ini-
tial data (u;(zo),0;(x0)) is that oj(z9) = — and o;(z9) = + infinitely often, that is, both
half-lines (—o0, xg) and (g, 00) support (naturally) infinitely many Dirichlet eigenvalues.

The general characterization of the full isospectral class of operators with purely discrete
spectra remains a (very interesting) open problem. It is quite surprising that more than sixty
years after the founding of quantum mechanics, the isospectral class of the one-dimensional
harmonic oscillator remains shrouded in mystery.

Finally, it seems appropriate to comment on the map from V to Dirichlet data alluded
to in the introduction and describe the role played by the additional parameter needed in
the Dirichlet data in the special case where eigenvalues of H” and H coincide.

Remark 4.9. Suppose H (and hence HP) has empty essential spectrum and is bounded from
below. In order to show that the map from V' to Dirichlet data (suitable interpreted to allow
for eigenvalue coincidences of H” and H) is one-one when defined on the isospectral set of V/,
one can use results in [23] and [24] as follows. Since the spectra of both H and HP are purely
discrete they determine the diagonal Green’s function G(z, g, zo) = [m_(2) —my(2)]7! by
formula (6.7) of [24]. Moreover, since the Weyl m-functions are meromorphic, we only need
to know whether the pole of G(z, 0, 79)"! at each z = p belongs to m, (z) or m_(z) in
order to recover m.(z), that is, we need o as in (2.7). If u is an eigenvalue of HP and
H, and hence a pole of m_(z) and m4(z), o is not merely a sign but needs to contain the
information about how the residue of G(z, zg,z)~! at z = u is distributed between m, ()
and m_(z) as discussed in Theorem 3.6 of [23]. A convenient choice for this additional
parameter (see, e.g., [20]) would be o = (y4+ —v-)/(v++7-) € (—1,1), where v+ denote the
respective residues of my (z) at z = u. In this extended sense (when compared to (2.7)) the
spectrum of H and the Dirichlet data (i, o) uniquely determine V(x) for a.e. x € R. These
considerations are not confined to operators with purely discrete spectra but also apply to
situations where H is reflectionless and has no singularly continuous spectrum. This has
been discussed in the context of Jacobi operators in [20] but analogous arguments work in
the Schrédinger operator case.

Remark 4.10. The additional parameter oy introduced in Remark 4.9 in the case where Fj
is an eigenvalue of H and HP (and both have purely discrete spectra) can be tuned to
produce all corresponding isospectral potentials in Iso(V'). In fact, the double commutation
procedure (see Appendix B) allows to add/subtract 4; to the residues of the Weyl m-
functions (see (B.27)) as long as the term under the logarithm in (B.14) does not become
Zero.

In addition, one can use the following three-step procedure to generate a prescribed
degeneracy at an eigenvalue Fy of H:

(i) Use the Dirichlet deformation method to move p to a discrete eigenvalue Ey of H.
(This removes both the discrete eigenvalue Ey of H and the (Dirichlet) eigenvalue p of HP).
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(i) As a consequence of step (i), there is now another eigenvalue ji of H” in the resulting
larger spectral gap of H. Move [i to Ey using the Dirichlet deformation method.

(iii) Use the double commutation method to insert an eigenvalue of H at Ej.

Finally, use the method at the beginning of this remark to change o into any allowed
value.

Theorems 3.7 and B.2 then show that the resulting operator is unitarily equivalent to
the original operator H, and (3.17) and (B.27) then prove that the remaining Dirichlet
eigenvalues remain invariant.

65. Various Additional Results and Possible Extensions

In our final section we discuss a variety of additional results and sketch possible exten-
sions, including limit point /limit circle considerations, iterations of the Dirichlet deformation
procedure, scattering theory, and general Sturm-Liouville operators on arbitrary intervals.

We start with two limit point results. The first, although trivial from a technical point
of view, nevertheless will apply in a great variety of situations.

Lemma 5.1. Assume (H.2.3) and define H and HY as in (2.3) and (2.4). Leto € {—,+}
and suppose that one of the following conditions (1)—(iii) holds.
(1) UeSS(HaD) # 0.
(ii) Oess(HP) =0 and HP is bounded from below.
(iti) o(HLP) = 0q(HP) = {Esn}tnez with ¥, ., (1 + E2,) ' = o0.

Then, both T and Tz 5) are in the limit point case at ooo.

Proof. Clearly, T is l.p. at ooo if condition (i) holds since differential expressions being
regular at ro and l.c. at ooo can only generate self-adjoint operators in L?((zg,000)) with
purely discrete spectra. (Indeed, all solutions of ¢ = 21, z € C being in L?((xq,000)) yield
a compact, in fact, Hilbert-Schmidt resolvent). These spectra necessarily accumulate at 400
and —oo (see, e.g., Lemma C.1 in [19] for a short argument based on principal solutions in
Hartman’s terminology.) Finally, the Hilbert-Schmidt argument for the resolvent would lead
to 3.,z (14 E2)~! < oo for the corresponding eigenvalues {Ey, }nez in the l.c. case at ooo.

Theorem 3.7 then shows that H (% 5),0 Shares the corresponding property (i), (ii), or (iii),

rendering 7(; 5) 1.p. at ooc as well.  [J

Our second limit point result is a bit more refined and tailored toward the Dirichlet
deformation method (denoted as DDM for brevity in the remainder of this section).

Lemma 5.2. In addition to (H.2.3), assume that u, i € (Eg, E1), p# fi and & = 0. Then
T(i,0) 95 in the limit point (resp., limit circle) case at woo if and only if T is limit point
(resp., limit circle) at woo, w € {—,+}.

Proof. Assume that 7 is L.p. at woo and suppose the contrary for 7 that is, suppose

T(i,0) 18 L.c. at woo and hence

f,0)>

bo(fis ) h—o(p, ) € LP((20,w00)). (5.1)

Since by hypothesis, 7 is l.p.~ at woo, both functions in (5.1) generate the same m-function
M(j,5)w(2) associated with Hj 5y on (g, woo). This follows directly from (3.18) and (3.19).
In particular, both ¢, (i, 2) and t_,(u, ) fulfill the boundary conditions of ﬁ(ﬁ,&) and the



26 F. GESZTESY, B. SIMON, AND G. TESCHL

analog of (3.25) at woo. As a consequence of (5.1), we obtain existence, in fact, vanishing
of the limit

lim W (Yo (1), Yo (1)) () = 0.

T—wo0

Since by Corollary 3.4 9, (fi, -) € L?((x0,000)) and ¥_q(, - ) € L?((z0, —000)) satisfy

lim W (o (1), §)(x) =0, lim W(_o(fi),§)(x) =0

Tr— 000 T——000

for all § € D(H, (fi,0)), we arrive at the following case distinction. Either

(i) w = 0. Then ¢_,(p) € D(H;.0)) and hence p € 0p(Hp.0)),
or

(ii) w = —0. Then 9y (fi) € D(H(z,)) and hence fi € op(Hz0))-
Either way, since J(I:I(ﬁvg)) = o(H) by Theorem 4.4(i), we get a contradiction since by
hypothesis p, i € (Eo, E1) C R\o(H). If 7 is l.c. at woo, suppose 7 5y is L.p. at woo. By
studying the reverse deformation (fi,0) — (u,0), 7 would have to be l.p. at woo by our
previous argument. This contradiction shows 7(; ») is L.c. at woo. By symmetry in 7 and
T(ji,0), the proof is complete. [J

After these encouraging results, we shall take a chance (and possibly disappoint the
reader) by describing a construction showing that DDM in general neither respects the
l.c. nor the l.p. case if ¢ = —o. More precisely, we will construct an example where we
“hop” from l.c. to L.p. and then back to a l.c. case. This illustrates our warning raised in
the paragraph following (2.3).

Lemma 5.3. If 6 = —o, the Dirichlet deformation method (as presented by (H.2.3), (2.3),
and (2.32)), in general, neither preserves the limit point nor limit circle case.

Proof. Let p € (Fy, E7) and choose H in such a way that 7 is l.c. at coo but l.p. at —ooo
by assuming oess(H?,) # (. Now consider the (sign flip) deformation (u,0) — (u, —0).
Clearly, 7(,,—o) is .p. at —ooo since UeSS(H(LZL,a),—a) = 0oss(HP)) # 0. However, we claim
that 7, _,) is L.p. at ooo as well. To prove this assertion, we suppose the contrary, that

is, we assume T, _,) to be l.c. at coo. Then the left-hand side of the following identity
(cf. (2.17))

Do) 1, 2) = _%( / » %W)Z) .

[ege ]

isin L' ((xg,000)). However, the right-hand side is clearly not integrable near oo, providing
the desired contradiction. Hence, 7(, _,) is indeed L.p. at oo. A further sign flip, that is,
(1, —0) — (p,0), restores the original differential expression 7 which was l.c. at ooo (see
Remark 4.6(ii)). Summarizing,

e~

T %(Ma_o') — (7:(/L,—O')) 7-7 (5.2)

(hyo) —

that is, in obvious notation,

(/{’70) — (Hi_g) — (/f?o-)v (53)

displays the required deformations. [J
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By Remark 4.6(ii) again, (5.3) can be modified to an example of the type

(M7U) — (ﬁ? _0)7 ,uvla € (E07E1)7 H 7é /1

L.p. l.c.

using the chain

(“70-) — (/]’70-) — (/]’7 _U)
L.p. L.p. l.c.
(relying on Lemma 5.2 in the first step).
Next, we briefly comment on how to iterate DDM (see [4], [12]). Suppose V € Li (R)
and

(EnyEn-i-l)v ,U‘n—|—171an—|—1 € [EnaETH—l]? 0n+175n+1 € {_’+}
satisfy (H.2.3) for each n = 0,1,...,N — 1, N € N. Then the Dirichlet deformation result

after N steps, denoted by 74, 5,),...,(in,5~)> T€ads as follows.
. d? ~
(1), ow) = =75+ Vin,a0),0 i o) ()
~ 12
Vigin,o1)(in.o) (@) = V(@) = 2{In[Wiz, 51y, av.on) @)}, 2 €R, (5.4)

Wi = o (:L‘) _ W(¢01 (Nl)vw—&(ﬁl)y o Yoy (MN),ID_&N (,[LN))(:L‘)
(i) (v o) (1 —pa)--- (AN — pn) ’

fint1s fint1 € [En, Epya]s pin # fin, 0<n <N —1.

(5.5)

In case (fings Tng) = (Hngs —0n,) for some 0 < ng < N — 1, one amends (5.5) by replacing
the PAIE (fing — fing) " (Yorny (ing)s ¥y (ing)) BY (Virng (10 )s Y (fing)) (where - abbre-
viates d/d)). It should perhaps be pointed out that W (i, (t41), ..., ¥Y—55 (in))(z) in (5.5)
denotes a slightly modified 2N x 2N Wronskian of solutions of 7¢(z) = z1(z). In partic-
ular, it is understood that ¢”(z,x) must be replaced by (V(z) — 2)¢(z,z) with —zi(z, )
remaining, and similarly for higher derivatives of 1. At the end of this process only v, v’,
and z enter (5.5) and no additional smoothness on V is required. At this point each of our
previous results has an obvious counterpart in connection with (5.4), (5.5).

Next, we will show that DDM leaves reflectionless potentials invariant. We recall that H
(resp. V) is called reflectionless if and only if

forall x € R, arg(G(A+1i0,z,z)) =x/2 for (Lebesgue) a.e. X\ € 0ess(H). (5.6)

Here G(z,z,2') denotes the Green’s function of H (i.e., the integral kernel of (H — 2)™1)
and G(A 410, z,z) = lim. o G(\ + i€, x, x) in obvious notation. As discussed in [21], (5.6) is
equivalent to

m4(A+1i0) = m_(A+1i0) for a.e. X\ € gess(H). (5.7)
This then implies
Lemma 5.4. Assume (H.2.3). Then fl(ﬂﬁ), is reflectionless if and only if H is.

Proof. By (3.17) and Theorem 4.4, one observes that (5.7) holds if and only if

T’;’L(ﬁ75)7+()\ + ZO) = fn(ﬁ’&)’_()\ + ZO) for a.e. \ € Uess(ﬁ(ﬂ,&)) = Uess(H)' O
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Since
G(z,20,m0) = [m_(2) —my(2)] 71, (5.8)

we might add the fact that by (4.2) and (4.5),

2 i

é(ﬂ,&) (27'7707370) = G(Z7'/E07‘/E0)7 (59)

zZ—p

where Gf(ﬁy&)(z,x,:r’) denotes the Green’s function of I:I(/],,;). (5.9) again underscores the
change p — fi (but it stops short of indicating o — ).

In the following we describe how to define DDM for general Sturm-Liouville operators. To
keep this section within a reasonable length, we only point out the major changes required
in this context.

V € L (R) real-valued, 2o € R = p~ ', ¢,k € Ll .((a,b)), kp € ACie((a,b))
p>0, k>0, qreal-valued,
—oo<a<b<oo, g€ (a,b),
f=pf,
W(f,9)(x) = W(f,9)() = f(x)p(z)g () — p(z) f'(x)g(z),
L*(R) — L*((a,b); kdz),

T T = L(—%p(m)%w(:ﬂ) ;@€ (a,h), (5.10)

i) (@) = () + (75 (H@)pla)) =250 p(e) ) 7 1V g ()
T (a) = { (7= W)~ W (o (1), s () (2), s fi € [Eo, Br), p# i
e 0 [ k(@) da' o (a2, (f6) = (u—0), p € (Fo, B1)’

o (1) = pho (),  T-5(01) = p—5(f1)-

Since (a generalization of ) Lemma 2.2 is actually proven in [25] for the general Sturm-
Liouville case on (a,b), every result in this paper extends to the general setting in (5.10).
In particular, the fundamental Theorems 3.2, 3.5, 3.7, 4.1, 4.3, and 4.4 (replacing ¢(u, 2’)?
by k(z")o(u, 2")? if (fi,6) = (u, —o)) do not change at all.

Next, we turn to short-range scattering. Assuming temporarily

V € LR, (1 + |z|) dz) to be real-valued, (5.11)

the Jost solutions fi(z,z) associated with V' are defined as usual by

fr(z,2) = izt e + / da’ 2z~ 1/2 sin[zl/Q(:c — 2|V (2" f(z,2"), 2 € C\{0}, Im(zl/Q) > 0.
+oco
(5.12)
Denoting
f:t()\, z) = hir{)l f:t()\ + i€, .CL’), A >0, (5.13)
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one obtains ,

1 R™()\)
and
2i\1/2
W(F- (), £+ (V) W(f-(N), (V) |
R'(\) = — , R'(\)=- , A>0
V=mwimon o YT TW LA )
define the scattering matrix S(\) in C? associated with the pair (H, Hy), where Hy = —%22,
D(Ho) = H**(R),
_ (T R"(\)
S(A\) = (RL]()\) () ) A>0. (5.16)
(5.12) and (5.14) then yield (see, e.g. [8], Section 2)
etiX e o(1), x — £o00
f:l:()‘ax) = ¢ )
ixt/2g R™(A ixt/2g
T e+ TN +o(1), @ oo, (5.17)
LA 2eEN T 4 o1, z — +oo
FeQvay=g ., ¢ . . A>0.
i’lz“?,\) 6:I:'L')\ 124 ¥ Z‘)\l/2 1;(()\)‘))6:!:29\ 2 + 0(1), T — Foo

The following result proves that DDM preserves the class of L'(R; (1 + |z|) dz) potentials
and computes the scattering matrix S(; )(A),

- Tias(N) R - (X
S (A) = ~(e’“ N By () . A>0, (5.18)
’ R(a,&)()‘) T(ﬁﬁ)()‘)

associated with the pair (I:I(ﬂ,&), Hj) in terms of S(\) in (5.16) associated with (H, Hyp).

Lemma 5.5. In addition to (H.2.3), assume u,fi € (FEo, F1) C (—00,0). Then ‘7(/1,5) €
LY(R; (1+|z|) dx) if and only if V € LY (R; (1+ |x|) dz) and the scattering matrices g(ﬁﬁ)()\)
and S(A\) in (5.18) and (5.16) associated with (ﬁ(ﬂﬁ),Ho) and (H, Hy), respectively, are
related via

Y2 N2 o ()12 (5.19)

A A\L/2 P =
F 15/ R(\), A>0.

o (N) = =
(7,5) AL/2 + 2-5(_/1)1/2 /2 x ia(—,u)l/2

Proof. First, we prove that V € LY(R; (1 + |z|) dz) if and only if V{; 5y € L*(R; (1 + |=|) dz)
for p # fi. We adopt the strategy of Deift and Trubowitz [8] in their proof of Theorem 3.2
(which treats the analog of Lemma 5.5 in the single commutation context; see Appendix A
and especially the paragraph preceding (A.32), (A.33)). Introduce

1/2, -

0o (1, 7) = o (1, 2)e” TR g () = s (i, @) ) 1 # . (5.20)
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Then Lemmas 2.1 and 2.6 of [8] yield

9o (p, ) = Cop o () (1 +0(1)), z — £oo, (5.21)

with Cy, 4+ (p) > 0 and

9o () = o(1),  |z| — oo,

; . (5.22)
9o (ps -) € L=(R) N LY (R; (1 + [w]) d)

and similarly for g_5 (1, ). Next, abbreviating W(z) = W (¢4 (1), ¥—5(f2))(x), one computes
using (5.21),

Vigs) =V =2W 2 W? - WW"

= {[6(=)"? + o (~11))9o9-5 + 909" 5 — 9595} > (5.23)
x 2(ji — )26 (=) %2 g-59"5 + 20(— ) 9o 0% 590 + 92 9% — 925972},
o F

By (5.21) and (5.22), the right-hand side of (5.23) is clearly in L*(R; (1 + |z|) dz) at least
as long as (f1,6) # (u,—o). The case (fi,5) = (u,—o) leads to a rather cumbersome
0/0 expression in (5.23). Fortunately, this is quite irrelevant since we can simply apply
DDM twice, that is, use the deformation sequence (u,0) — (fi, —0) — (u, —o) with i # p
(instead of (u,0) — (4, —o) in one step) by appealing to Remark 4.6(ii). This then proves
Viis) € LY(R; (1 + |z]) dz) if and only if V € L*(R; (1 + |2|) dz) in all cases.

Next, define

f(ucf):l:()‘ .’E) (U ( )fi( ))(IE), )‘>07 [L#IUJ

(cf. (3.1)). Then (5.17) yields

)\1/2:|:ZO'( )1/2 RV
fae e\ x) = N2+ i M)l/g[ o(1)], = — +oo
L
F; O\ z) = A2 45 (— )2 iz, BT
(f,6),% \L/2 &+ o M)l/Z ( ) O
)\1/2 i5(— [L)l/2 )\1/2ﬂ:w( )1/2 e
Fi 'z
Al/Qizw( @)/2 A2 xio(— )1/26 0(1)}7 T — F00
At
)\1/2:i: o S 1/2 1 ) R'r~& )\ ‘
=i o ml/z{N R 10 )e:':Z)‘l/zm+0(1):|v
AVE Lo (—p) (#,6) (M) T(a,5) (M)
T — Foo, A >0, i # u,
(5.24)

~ L ~
with T(z,5)(A), R{; 5)(A) as given by (5.19). Applying this two-step procedure to Sz 5)(A)

then proves (5.19) also in the remaining (sign flip) case (u,0) — (u, —o). O

For simplicity we only considered the case p,fi € (Ep, F1) in Lemma 5.5 There is no
problem in moving /i to the boundary of the interval (Ep, F1) as long as the boundary
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point in question is an eigenvalue of H (i.e., different from FE; = 0). Indeed, in the case
(n,0) > € {Ey, E1} Nog(H), pu € (Ey, E1), the analog of (5.19) then reads

7 N2 —i(—p)'/?

Ta(\) = N i) T(N),

Rﬁ . )\1/2 —i(—ﬁ>1/2 )\1/2 :i:’iO'(—/])l/Q vai \ (525)
il( ) A1/2 -1—2'(—;2)1/2 A\1/2 s —ia(—ﬂ)l/z ( >7

A >0, (LL7U) € (Eo,El) X {—,+}, i E {E(),El} ﬁO‘d(H>.

One observes that the transmission coefficient in (5.19) stays invariant with respect to DDM
(since Lemma 5.5 describes the isospectral case a(p)(f[(ﬁﬁ)) = o (H) as u, i € (Eo, E1))
whereas (5.25) exhibits a change of T'(\) (as it must since now i € {Eg, F1} Noq(H) got
knocked out of the spectrum of ﬁ(ﬁﬁ), a(p)(I;[(ﬁ7&)) = o (H)\{z}). In this context we
invite the reader to compare with the corresponding single and double commutation results
in Appendices A and B (see (A.32), (A.33), and (B.35), (B.36)).

Remark 5.6. Tt should be pointed out at the end that the material in this paper is not
at all confined to Schrédinger or Sturm-Liouville operators. In fact, (a generalization of)
Lemma 2.2 for general second-order finite-difference (Jacobi) operators appeared in [52].
Moreover, the discrete analog of DDM was used in [28] to construct an explicit realization
of the isospectral torus for algebro-geometric quasi-periodic Jacobi operators. A detailed
analysis of the discrete version of DDM will be given in [53].

Acknowledgments. F.G. is indebted to C.W. Peck and A. Kechris for kind invitations
to Caltech during the summers of 1994 and 1996 where some of this work was done. The
extraordinary hospitality and support by the Department of Mathematics at Caltech are
gratefully acknowledged.

Appendix A. The Single Commutation or Crum-Darboux Method

We briefly summarize the main spectral characteristics of the single commutation
method (abbreviated occasionally as SCM in this appendix). The principal source for the
following material is the fundamental paper by Deift [7] (see also [8], [26], [50]). Further
hints to the literature and to applications of this method in spectral theory and completely
integrable systems are collected at the end of this appendix.

Suppose

V € L (R) is real valued (A1)

and assume that the differential expression

2
T = —% + V(z), « € R isnon-oscillatory at both oc. (A.2)
T

Denote by H the uniquely associated self-adjoint operator in L?(R), maximally defined, that
is,
Hf =7f,

FeD(H) = {g € L*(R) | g,g € ACie(R); g € LX(R)}. (4.3)
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Because of (A.2), H is bounded from below,
H>Yy, o=info(H)> —oco. (A.4)
Next, let ¥4 (z,x), z € C\oess(H) be the unique (up to constant multiples) solutions of
T(2) = 2¢(z) (A.5)
satisfying for all z € C\oess(H), R € R,
VYi(z,, ) € L*((R,£00)) and 94 (X, ) > 0 for A < 3. (A.6)

(The latter condition in (A.6) can always be achieved since ¥4 (A, x) # 0 for A < ¥.) One
defines

¢y1 ()\1,l') = %(1 — V1)77/J_()\1,£C) + %(1 + V1)¢+()\1,£L’), v € [—1, 1], A1 < X (A7)

(we identify ¥4 = 14 for notational convenience) and

¢V1 ()\1,1') - 77Z}1//1 ()\1,1')/77/JV1 ()\1,1'), (A8)
Cyy ()‘1) = % + ¢V1 (>\171')7 Qyy ()\1)+ == —% + ¢y1 ()\1,$). (A9)

(We note that 1, (A1, z) # 0 for A\; < ¥p). One infers that

2

T = Qyy (/\1)aV1 ()‘1)+ + )\1 - _W

+V(2) (A.10)

is independent of v € [—1,1] and A\; < ¥y and introduces a commutation of a,, (A1) and
aljl (>\1)+7

2

711/1 ()‘1) = 0y, ()\1)+051/1 ()\1) + A = + Vyl ()\1,.’17), T € R,

) da? (A.11)
V.M, 1) = V(x) —2{In[,, (A1, 2)]}’, M <o, 11 € [-1,1].
One verifies
a, (M) T, (A1) =0, au, (M), (A1)~ =0,
be(A, -) € L2((R,£00)), ¢+(M, -) ¢ L*((R,F0)), RER, (A12)

Ui (M, ) € L2((—00, R)) UL*((R,0)), RER,
Yo (A1, )7L ELA(R), 1 € (—1,1).

Next, let A, (A1), A,, (A1) , and H,, (A1) be the following closed linear operators in L?(R)
associated with a,, (A1), ay, (A1)T, and 7, (A1), respectively. Consider

Dy = {9 € D(H) | supp(g) compact}, (A.13)
AV1 ()‘1) = Oy (/\1)|’D0 . (A14)
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Then,
Ay (M) lp, = (M), (A.15)

and (cf. [30])

H=A4A, (M)A, (\) +X1, H,(M)=A4,, (M) A, (M) + A1 (A.16)

In particular, by Lemma 5.1(i), 7, (A1) (and, of course, 7) is Lp. at +oo since H,, (A1) > A1

A () = S0, )AL, )| = 1A, ()] S, (M),

. . . (A.17)
A, () 1= [Ar, () A, ) 172 AL ()] = [As, () A ()]Y?
denote the polar decomposition of A,, ()\1)*, where
S, (A1) : L*(R) — Ker( A, (M\))* (A.18)

—_x

is unitary. At this point we used the fact that Ker(4,,(A\1) ) = {0} by the hypothe-
sis A1 < ¥g = info(H). Moreover, we introduce the orthogonal projection P,, (A1) onto
Ker(A,, (A1)), that is,

0 v € {—1,1}

’ s i . (A.19)
11w, (A1) 7 g 7 (s (A1) 7 )b, (M) ™5, 1 € (=1,1)

Py, (M) = {

(cf. (A.12)).

The fundamental result regarding the spectra of H and H,, (A1) then follows as a special
case of the unitary equivalence of AA" and A" A, restricted to the orthogonal complements
of their respective null spaces (see Deift [7]).

Theorem A.1 (Deift [7], see also [26], [50]). Let H, H,, (A1), 11 € [-1,1], Ay < Zg =
info(H), and Sy, (A1), Py, (A1) be given as in (A.3), (A.16), and (A.18), (A.19). Then
ﬁl/l ()‘1) [ Ran<1 - ]51/1 ()‘1)) = SVl (Al)HSVl (Al)_la (AQO)

that is, Hy1(\1) and H, and H,, (\) and H, v € (—1,1), restricted to the orthogonal com-

plement of the (one-dimensional) eigenspace associated with the eigenvalue A1 of H,, (A1),
are unitarily equivalent. In particular,

~ B 0'(p)(H), V] € {—1, 1}
i B0 = { 30y, e )
, _ [ {0}, v € {-1,1}

Oess, ac, sc(ﬁul ()\1)) = Oess, ac, sc(H)-

Next, we describe a variety of additional results and possible extensions paralleling Section
5. This is intended to facilitate comparisons with DDM as well as the double commutation
method in Appendix B.
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One verifies that

Yoy, (2, A1, 2) = W0 (2), o, () (@) /10w, (M1, ) (A.22)

satisfies B ~
7~_V1 (/\1)¢V1,:|:(Z7 /\1) = Z¢V1,i(zu )‘1)7

§ (A.23)
Vo, +(2, A1, ) € L*((R,+0)), z¢€C\o(H), ReR.

(The latter fact is proven in [26], Appendix A for z < A;; one can use (2.16) to extend it to
z € C\o(H).) Hence, normalizing 14 (2, z) temporarily (and without loss of generality) by

@Di()\l,xo) = 1, o € R ﬁxed, (A24)

the Weyl-Titchmarsh m-function m,, +(z, A1) associated with ﬁ,,l (A1) and the reference
point xq is given by (cf. [21])

Z—)\l

myl, (Z, )‘1) = - COt(Oé,/l ()‘ ))7
1* cot(a, <1Al>> —ma(2) ' (A.25)
cot(a,, (1)) = 5(1 —vy)m_ (A1) + 5(1 +uvi)my (A1), v e€[-1,1], z€ C\R.

Here use has been made of

ml/l,i(z7 )‘1) = @Ll,i(%)\l,xo),

(A.22), (A.24), and the fact that 7,,,(\1) is l.p. at o0.
Given (A.25) one can compute M, (z, A1), the Weyl-Titchmarsh M-matrix in C? associ-
ated with H,, (A1) in terms of M(z), the M-matrix of H (see (4.1)). One obtains

My, 11(2, A1) = WMLNZ) +2cot(ay, (A1) [1 = W}Ml,g(z)
+ 1(z = A1) — 2cot?(au, (A1) + W] Ma5(2), (A.26)
Lo 12(2 M) = —%@Ml’l(z) n {QCOtj(fV;fAl)) . 1] My o(2), (A.27)
Wy, 220 M) =~ Mia(2) - QCOZ((iV;\(l)\l))MLQ(z) 4 %’WMM(@,
2 € C\R.

(A.28)

One readily confirms that all matrix elements Myl pq(z,A1), 1 < p,g < 2 have a pole at
z = A ifandonlyif 1y, € (—1,1) (i.e., if and only if cot(a,, (A1)) # m4 (A1) in agreement with
Theorem A.1. Moreover, we might note that m_ (A1) # m4 (A1) since A\ < X = inf o(H).

One could use (A.26)—(A.28) to compute the corresponding C2-valued spectral matrix
pv, (N, A1) of H, (A1) in terms of p()\), the one associated with H. The resulting formulas
(although providing an alternative proof of Theorem A.1), however, are rather complex and
hence omitted. (A.26)—(A.28) become simpler if the Dirichlet boundary condition ¥ (xg %

0) = 0, used to compute 1My, +(z, A1), My, (2, A1), is replaced by sin(a,, (A1))Y'(zo £ 0) +
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cos(ay, (A1))Y(zo £0) = 0. We will not pursue this now but return to this approach in
Appendix B.

Iterations of SCM can be handled as follows. Assume V € L{ (R) to be real-valued and
pick Ay < Ao < -+ <Ay <Xg=info(H),v; €[-1,1],Cr,; >0,1<j <N, N eN. Then
the SCM result after N iteration steps, denoted by Ty ,....un (A1, ..., AN), reads as follows.

2
%Vl,.,.,VN()\la"'aAN) = CZL’Q

VV1,~~~7VN (/\17 oy AN :L“) = V( ) - Z{IH[W(wm ()‘1)7 <. 7/(7Z}VN ()‘N))(x)]}”a

1 1 .
Yo, (Nj, ) = 5(1 —v;)C_ i (Nj,x) + 5(1 +v5)Cy ;04 (N, ), 1<j<N.

VoA, AN @), T ER, (A.29)

The obvious analog of Theorem A.1 (distinguishing between v; € (—1,1) and v; € {—1,1})
then applies to I:Iyl,m,,,N (M, ..., AN), the unique semi-bounded self-adjoint operator associ-
ated with 7, v (A1,...,An) (see [26], Appendix A for more details).

In analogy to Lemma 5.4, one infers from (A.25) that H,, (\;) is reflectionless if and only
if H is (as observed in [21]).

In order to obtain the Sturm-Liouville generalization of (A.1)—(A.16) (see [27], [50]), one
assumes

p, 0, kK € AC1oc((a,b), q € L ((a,b)) real-valued,

(A.30)
p>0, k>0 —0c0<a<b<oo,
and makes the changes
ay, (A1) = ay, (M) = (\/ +¢y1 (A1, )>,
() = () = (——wc<x>p<x> +onOna)).
Fo = B () () A = s (— @ +a@),
7,:”1 ()‘1) — ’7;:\1/1 ()‘1) = am ()‘1) 041/1 ()\1 + )\1 < CZL‘ p - ‘|’ QV1 ()‘17 ))7 (A31)
i B p'(z)  p@) 513)21?(33 k”( )p(x)
Gy (M1, ) = q() — 9 + Ap(a ) 4k($)2 2%k(z)
L k 2 A
(i (@) = 240 p(a)) 7 s O, 0

?wlﬁ()‘l) :)\1’%10\1)7 ¢V1()‘17x) :( k( ) ( )%l A1, )/%1 )‘17

It remains to sketch the scattering theory formulas analogous to (5.19), assuming V €
LY (R; (1+]z]) dz) to be real-valued. (We use the conventions established in (5.11)—(5.17).) It
was proved by Deift and Trubowitz ([8], Theorem 3.2) that V,,, (A1) € L' (R; (1+|z|) dz) if and
only if V is, and also the scattering matrix S, (A, A1) associated with the pair (H,, (A1), Ho)
in terms of S(A) in (5.16), the one corresponding to (H, Hp), was determined as follows.

A2 (= a)Y/2
)\1/2 _ i(—)\1)1/2

AL/2 —i—i(—)\1)1/2 ¢
A2 — i(_)\l)l/Q R ()‘)7 A>0, \{ <X, 11 € (—1, 1),

Tm ()‘7 )‘1) = T()‘)a
(A.32)

¢
Rzl ()\7 >\1) ==
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Ty, (A M) =T(N),

A2 £y (=A)V2 L (A.33)

¢
RVl ()\, )\1) = —)\1/2 :Fiyl(—)\l)l/z R ()\), A > 0, A< 20, V] € {—1, 1}

Further generalizations of (A.32), (A.33) in the context of supersymmetric quantum me-
chanics can be found in [3] and [22].

The discrete analog of SCM for general second-order finite-difference (Jacobi) operators
has been developed in detail in [28].

Finally we provide a brief historical account and hints to some applications of SCM. SCM,
or as it is often called, the Crum-Darboux method, (A.7)—(A.11) goes back at least to Jacobi
[33] and Darboux [6]. Important later contributions are due to Crum [5], Schmincke [50],
and especially, Deift [7] (see also [8]). In particular, the spectral deformation results of this
method, as summarized in Theorem A.1, are due to Deift [7].

In recent years, this method has been applied to a description of the isospectral man-
ifold of periodic and algebro-geometric quasi-periodic finite-gap solutions of the (m)KdV
hierarchy (see, e.g, [10], [11], [17], [18], [22], [29], [40], [41], [42], [43], [44], and the refer-
ences therein) and the construction of soliton solutions (resp., reflectionless potentials) of the
(m)KdV hierarchy relative to given background (base) solutions (resp., potentials) by means
of Bécklund transformations (cf., e.g., [7], [8], [14], [17], [26], [22], [42], and the literature
cited therein).

As is obvious from (A.11), ¥,, (A1, z) had to be chosen zero-free (and hence \; < ¥) in
order to guarantee V,, (A1) € L (R). This considerable restriction on the range of \; will
be overcome in the following appendix.

Appendix B. The Double Commutation Method

We review the double commutation method (occasionally abbreviated as DCM) to insert
eigenvalues into spectral gaps of general background (base) Schrédinger operators following
[19] and [27]. Applications of this method and pertinent references to the literature are
collected at the end of this appendix.

Assuming V' satisfies

V € L. (R), V real-valued (B.1)
and introducing the differential expression 7 = —%22 + V(x), z € R, we pick \g € R and

N+ (Ao, ) satisfying

T(No) = Ao (Ao),

B.2
n+(Xo, -) € L*((R,£00)), R €R, ni(Xo,z) real-valued. (B2)

Given 1+ (Ao, ), we define the self-adjoint background (base) operator Hy in L?(R) via

H:I:f = Tf?
feDHy)={g€ L*(R) | g,9' € ACioc(R); Tg € L*(R); (B.3)
im W(n+(Xo),g)(x) =0if 7is Le. at woo, w € {—,+}}.

Our choice of notation purposely stresses a possible dependence of Hy on ny(Ag,x). If 7
is in the l.p. case at woo, w € {—,+}, the corresponding boundary condition in (B.3) is
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superfluous at woo and hence to be deleted from (B.3). In particular, if 7 is Lp. at foo,
then H_ = H, = H is independent of the choice of 14 (Ao, x).
Next, denote

Lie([Fo0, £00)) = {g € Ly (R) | g € L*((F00,0))}
for some ¢ € R and pick 71 € (0,00), A1 € R and ¢4 (2, z) satisfying

TY(2) = 21(2),
VYi(z, o) € L*((R,£0)), 2 € C\Oess(Hy), RER,
4 (A, x) real-valued for A € R, (B.4)
VYi(Ag, o) € L*((R,£0)), RER,
a:1—1>gloo W(nt(Xo), ¥+ (A1))(z) =0if 7 is l.c. at woo, w € {—,+}.

As in (B.3), the last condition in (B.4) is superfluous at woo if 7 is 1.p. at woo, w € {—,+}.
Given v; > 0 and ¥4 (A1, z), we define the linear transformation
L, o ([£00, F00)) = L ([F00, F00))

8 N . , (B.5)
f(.%’) — f:l:,’h (>‘17 $) = f(.’L') + 71¢:|:,71 ()\171') f:l:oo dxlw:t()\la x’)f(x’)

Uty (M) - {

where

x

Tty Os) = (Famy s (M) (@) = [W% / dm’wiul,x’)ﬂ_ be(a).  (B6)
“+o00

By inspection, one infers for the inverse transformation

L, ([£00, Foo)) = Li, . ([F00, F00))

h(z) — h(z) F 1Y+ (A1, 7) fj;oo dz' Py -, (A, ' )h(a’) (B.7)

ﬁi:’h ()‘1>71 : {

We list a few more facts (cf. [27]) which explain Lemma B.1 and Theorem B.2 below.

x x -1
14+~ / dz’ P, (A1, 2)? = [1:|271/da:'1pi()\1,x')2] : (B.8)

+oo 00

T

-1
BeosO0) € ), Wso, (I = 1= tim (1500 [ oconar?| | o)

T—F o0
+oo

€T x

:F/dx/fiﬁl()‘hx,)giﬁl()\l;x/)::F/dw,f(xl)g(wl)
+o0 +o0

x x x

-1
+v [IZF'yl / d:c’wi()\l,x')Q] /dw’wi()\l,x’)m/dw"wi()\l,m”)g(x”), (B.10)

+oo 0o +oo
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F [ o F@Tgla) = % [ do' Feou(Ae) G (n,0)
Fo0 +oo

x x

7 [1i71/d90/15i,71()\1,$/)2] /dw,&i,m(}\lax/)szi,'ylo\laxl)
+oo +oo

x

y / do’ G (s )G Oty 2”). (B.11)
400

—1

Next, we denote the restriction of (71,71 (A1) to L3(R) by

Ut s () = Ui ()], (B.12)
define the orthogonal projections
P = { YOn) ¢ L2(R)
1) — _ )
1A% (M), (M), ¢x(h1) € L2 (R) (B.13)
Pr oy (A1) = [y Q) 122 (s (A1) - )th 1, (A1),
and introduce the double commutation differential expression
d? ~

7::|:7’Yl()‘1) = —E%—Vim()\l,x), r € R,

(B.14)

Vi (A, 2) = V(z) —Q{m{m% j da:’@bi()\l,x’)z} }H.

+oo

Relations (B.5)—(B.11) then yield

Lemma B.1 [27].
(i) Ust (A1) A(l - Pi(/\l))lf(R) — (1 — Py, (M) L2(R) is unitary.

(i) 7y, (A1) (U 7y (M) f) = U5y (A1)(7f).

Lemma B.1(ii) shows that Ui ., (A1) are transformation operators for the pairs
(H+ ~, (A1), H+) in the terminology of [37], Chapter 1, [39], Chapter 1, that is, they map
solutions of 79 (z) = z¢(2), z € C\{\1} into those of 74 ., (A1) (2) = z¢(2).

The self-adjoint operator Hx ., (A1) corresponding to 74 -, (A1) is then defined by

He s (M)f = Fan (M),
fE€DHzspy (M) = {9 € L*(R) | 9,9" € AC1oc(R); Te.r, (M1)g € L*(R); (B.15)
Em W (s, (M), 9)(2) = 0if 72, (A1) is Le. at woo, w € {—, +}}.
As usual, the last boundary condition at woo in (B.15) is to be deleted if 74 ., (A1) is L.p. at

WoO.
The principal result concerning the spectra of ﬁim (A1) and Hy then reads as follows.
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Theorem B.2 [27]. Let Hy, Hi (M), 11 > 0, ¥2(A\1,2), P+, (A1, x), A1 € R, and
Ut 4, (M), Pe(\), Pi~, (M) be given as in (B.3), (B.15), (B.4), (B.6), and (B.12), (B.13).
Then 3

(i) )\1 € O'p(H:bfyl ()\1)) and

Ker(Hy o, (A1) — A1) = span{ty -, (A1) }. (B.16)

(ii) If Y+ (\1) & L?(R) and (and hence T is L.p. at £00), one obtains

Hz y (AM)(1 = Piyy (M) = Uy (M) HU 5, (1 = Pr iy (A1), (B.17)

that is, ﬁim(/\l) and H, restricted to the orthogonal complement of the (one-dimensional)

ergenspace associated with the eigenvalue \1 of f[im (A1), are unitarily equivalent. In par-
ticular,

U(p)(I:I:I:,'yl ()\1)) = U(p)(H) U {)\1}. (B.18)

(it)) If ¢4 (\1) € L%(R), then there exists a unitary operator Uy o, (A1) = Ut (A1) ®
V1I+7lve(M)|21 on (1 — PL(A\))L?(R) @ Py(A\1)L%(R) such that

Hy oy (M) = Us oy M) H2Ux 5 (0) 71 (B.19)

Moreover, 3
Oess, ac, sc(H:I:,'yl ()\1)) = Oess, ac, sc(H:t) (Bzo)
in cases (ii) and (iii).

Remark B.3. (i) Thus far we considered the case 0 < 74 < co. The limit 74 — oo in
(B.14) (implying 94 , (A1,2) — 0 and hence Py -, (A1) = 0) formally seems to yield an

Y1—>0Q
isospectral deformation of H4 when compared with Theorem B.2. One computes

2

_@‘i‘vj:,oo()‘bx)) .',UGR,

Tt00(A1) =
N r: / SN (B.21)
Vi o0, 2) = V() _z{m{izo dz’ s O, ) H |

A quick look at (2.19) and (2.20) then shows that (B.21) is precisely the (sign flip) Dirichlet
deformation (cf. Remark 4.6(iii)) where

()\1,:i:>—>()\1,q:), %:t,oo()\l):%(/\l,q:)a /Lzﬁ:)\l, o= —0 = F. (B22)

As a consequence of (B.22), Cases II and IIT in (2.34) and (2.35) coincide and the boundary
conditions in H(y, ) (if any) are identical to those in (B.15), upon replacing 9+ -, (A1, )
by mlzim()\l? x) and formally letting 1 — oo. Thus

ﬁw,oo()‘l) = F[(M,—w% (A, w) = (p,w) = (A, —w), we{—,+} (B.23)

is the right definition for the self-adjoint operator associated with 7,, (A1) in (B.21). Hence
the case y; = oo is fully covered by Sections 3—5, and (B.21) indeed gives rise to an isospectral
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deformation of Hy. The isospectral nature of (B.21) has been systematically exploited in
the context of Bécklund transformations for the (m)KdV equation in [26].

(ii) If Hy has an eigenfunction ¥4 (A1) € D(Hy) associated with the eigenvalue Aj,
one can reverse DCM and remove A; upon choosing 71 = —|j1+(A1)[|;2. In this case,
Vg -, (A1) ¢ L(R) and hence 74 ., (A1) is Lp. at +oo (cf. [19], [27]).

(iii) Similarly to DDM (and in contrast to SCM in Appendix A where we exploited
that 7 was non-oscillatory and hence l.p. at +00), DCM does not necessarily produce a
L.p. differential expression 74 ., (A1) at Foo even if 7 was l.p. at Foo. In fact, one can use
(ii) above to construct an example where 7 is 1.p. at Foo but 74+ -, (A1) is l.c. at Foo ([19],
[27]). However, T4 ~, (A1) is Lp. at oo if and only if 7 is and 74 -, (A1) is Lc. at Foo if 7 is
([19], [27]). Of course, Lemma 5.1 immediately covers the present situation upon entering
the obvious changes in notation.

Next, we turn to a computation of Weyl-Titchmarsh functions associated with H -, (A1)
in terms of those of Hy. Since some of the following results (such as (B.26)) are new, we
provide a bit more details. First, some necessary notation. Let xo € R be a fixed reference
point and assume temporarily the notation used in Lemma 3.1. Given H , ‘A/, and my (z),
the corresponding m-functions associated with the half-line (z(,+00), we define the usual
fractional linear transformation of mL (z),

—1 + cot(a)m+(2)

G = @t e 0 2 €O (B.24)
mY (z) = m+(z), z€C\R
and
—a, v [ cos(a) —sin(a)\ cos(a) —sin(a) -
M?(2) = (sm(a) cos(a)) (2) (sm(a) cos(a)
_ e oo mE(R)mE(z)  glm(2) + WG (2)] (B.25)
=20 - a8 (e T J).

M\O(z) = J/W\(z), z € R,

with M\(z) defined in terms of my(z) as in (4.1). (B.24) and (B.25) are associated with the
boundary condition sin(a)y’(z¢ £ 0) + cos(a)i(xg £0) = 0, a € (0,7) as opposed to the
Dirichlet boundary condition a = 0, ¥(xzo = 0) = 0 in connection with m4 (z) and M(z).

Lemma B.4. Denote by mw 4 (2A1) and m&(z) the corresponding m-functions for
H, ., (M), w€{—,+} and H (= H,) associated with the half-line (¢, 400).
(i) Suppose m?, ()\1)7&00 (i.e., Yy, (A1,20) #0), w € {—,+}. Then

M (2, M) = cot(Bu (A1)
sin®(a, (A1) 9 O0 N cot(a w1 (Yo (A1, 20)? + 9L, (M1, 20)?)
e )){ (2) — cotlan () + ot ,
=" {1—6071 / dm%(h,x)zy : (B.26)

woo

COt(Oéw()\l)> = —7’)’Lg(/\1)7 COt(ﬁw()\l)) = COt(Oéw()\l)) — w%zbw()\l,xo)Q.
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(ii) Suppose ml (A1) = oo (i.e., ¥,(A1,20) =0), w € {—,+}. Then

wy YL, (A1, To)?

My (2, A1) = ML (2) + = S (B.27)
with 41 as in (B.26).
Proof. We recall that
7 ~0J 1 )\ 7w
Jons e h2) = vae,n) —em 2220w ) e )@ (B2
satisfies 3 }
%wf)’l (A1)¢w,71,:|:(za )‘1) = wa,’yl,:lz(zy )\1)7 (B 29)
r‘;wﬁl,i(% >‘17 ) € L2((R7 :f:OO)), S C\U( ~%’71 ()‘1))7 R € R .
and also note that
ww(}’lyw ()‘1’ )‘17 .CE) = %Jm ()‘171.) = |:1 - w71 / dCIZ‘/ 7% ()‘la ill'/)2:| ww()\la l’),
d (B.30)
T W (W (21), Yun (22)) (2) = 21 — 22, :
r=xq

mg(2> = @bé}(Z, l’o)/?/]w(z, xO)a
W (u, (21), Y, (22)) (o) = Mgy, (22) — my, (21).

(B.29) and (B.30) then yield

(2, M) = 0, 4(2, AL, 20) /Yy 2 (2, A1, 20)
= {1 — Wit (A1, 20)* (M (2) = md (M) (z = )1} (B.31)
x {mG(2) + Wi tw (A1, 20)? — w1 (A1, 20)?
X [(mg (M) + whthe (A, 0)?) (mEL(2) = md(M)](z = A1) ™1} if mg (A1) # oo

and (B.27) by a limiting procedure if mC(\;) = oo. Applying (B.24) to m%(z) and
mY ., +(z, A1) with the choices cot(a,(A1)) = —mf (A1) and cot(Bu (A1) = cot(aw(A1)) —
WY1 (A1, 20)? then shows by a straightforward (but somewhat painful) computation that

(B.31) is equivalent to (B.26). O

The singularity structure of (B.26) and (B.27) near z = A; then leads to a corresponding
pole behavior of Mgﬂ?l) (z,\1), J\Zl'fwl (2,A\1) (the C2-valued M-matrices of H,, ., (\;)) when
compared to M (1) (z), M°(2) (the M-matrices of H). The actual expressions for the M-
matrices, the half-line spectral functions, and the C2-valued spectral matrix of ﬁwm (A1)
for a, # 0, B, # 0 in terms of those of H are similar to the special case o, = £, = 0
and my,, (A1) = oo described in detail in [19]. While they provide an alternative proof of
Theorem B.2, we resist the temptation of providing detailed formulas at this point. (B.26)
appears to be a new result.
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Iterations of DCM can now be performed as follows. Assume V € Ll (R) to be real-
valued and pick w € {—,+}, 7, >0, \; € R, 1 < j < N, N € N. Then the DCM result

after N iteration steps, denoted by 7, v,.... yn(A1,.. ., An), reads as follows.
d? ~
7-w71 ..... 'yN()‘la a)\N>__@+Vw,'yl ..... 'yN()\la-'-v)\Na'T)7 .Z’ER,

Vo eovn A1y AN, ) = V(z) — 2{In[det(1 + Cyy n(2))]}”, (B.32)
Con(x)= (—wy,i/Q'yel/Q / dz’ @Dw()\k,x’)@bw()\g,x’))

1<k <N
woo

associated with 7, -,
[27] (see also [22], [26]).

As in Lemma 5.4 one infers from (B.31) that H,, -, (\1) is reflectionless if and only if H
is (as observed in [21]).

The Sturm-Liouville generalization of (B.1)—(B.14) then leads to the following results.
One assumes

p Ll ke Llloc((a, b)), kpe€ AC\c((a,b)), ¢ real-valued,
p>0, k>0 —oc0o<a<b<o

and makes the substitutions (see [27])

kE(z)\ dx dx
o ) = Py ) = i (= PO+ s O0))
B.33
s V0s2) = 0(0) + (5 (K@) = 2 0(0)) B

d
X In [1 — w1 / k(z")dz' ww()\laxl)z‘|7 we{—,+}

It remains to sketch scattering theory for real-valued potentials V' € LY(R; (1 + |z|) dz)
similar to DDM and SCM in Section 5 and Appendix A. (We again use the conventions
established in (5.11)—(5.17).) Suppose A\; < 0, 73 > 0. Then we claim that DCM leaves
L'(R; (1+ |z|) dz) potentials invariant as in DDM and SCM. More precisely, we assert that
Viors (A1) € LY(R; (1 + |x|) dz) if and only if V € L*(R; (1 + |z|) dz). Indeed, since

2 -2
%ﬂM@JWFPﬂm/mMMMﬂ 2924 (A, 2

woo
x

-1
+ |:1 —wmn / dzx’ ¢W(A17x/)2:| 4w’71¢w()‘17m)¢;(>‘171.)7 w € {_7 +}7 (B34)

woo
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the right-hand side of (B.34) is exponentially decreasing near woo and hence in
LY((R,wo0); (1 + |z|) dz) for all R € R. In order to treat (B.34) near —woo, one expands

x x

-1 -1
{’71_1 —w / dl’,@bw()‘lax/)ﬂ x—>fwoo< Y / dx/d}wo\hx/y)

woo woo

[of( foreonr) )

woo

in (B.34) and notices that O((...)™!) is exponentially decreasing as ¥ — —woo. The
proof of our assertion is then finished by observing that the leading order term in (B.34)
is precisely the isospectral double commutation deformation corresponding to v; = oo
(cf. Remark B.4(i)), which in turn corresponds to the (sign flip) Dirichlet deformation
(A1, +w) = (A1, —w). The latter has been dealt with in Lemma 5.5.

The fact that DCM leaves L'(R; (1 + |z|) dx) potentials invariant was proved by Levitan
[37], Section 6.6 using a different strategy (which yields exponential decay of [f/w,yl (A1, x) —
V(x)] also as © — —wo0).

Finally, we compute the scattering matrix in this context. Following the arguments
in (5.11)—(5.20), one readily verifies the following expressions for the scattering matrix

Swy1 (A, A1) of the pair (Hy ~, (A1), Ho) in terms of S(A) corresponding to (H, Hy).

)\1/2 + i(—)\1)1/2

Tom ()‘a )\1) = /2 _ i(—)\1)1/2 TO‘)? w e {_a +}7
R (A1) B, T (B.35)
w, Y 1 = 1/2 1(— 1 1/2 2 ] .
" (i—l/zfig—iliw) R'(N), w=+
. (A1/2+i(—A1)1/2)2 T(A), w=—
R, (A Ar) = 4 A ’ ; A>0, Ay € (—00,00\0a(H), 11 >0,
RT()\), w =+

~ 4 l
Tory(MA)=TA), R, (A A)=R(N\), we{—,+} A>0,\1 €04(H), 11 >0.
(B.36)

The case 77 = oo is a special case of (5.19) with p ==X, 0 = =6 = w.

The discrete analog of DCM for general second-order finite-difference (Jacobi) operators
can be found in [28].

As in Appendix A, we conclude with a brief account of the history of DCM and references
to further applications of it. The seminal work by Gel'fand and Levitan [16] in 1955 on a
solution of the inverse spectral problem seems to mark the first appearance of DCM where
it has been used in connection with Wigner-von Neumann examples on the half-line (0, c0).
(For a more recent treatment of the half-line case (0,00), see [7].) Shortly afterward, the
construction of reflectionless potentials in the particular case of 7 = —% (ie.,, V = 0),
using double commutation formulas as a result of applying the inverse scattering approach,
was derived by Kay and Moses [34]. Their result regained prominence when Gardner,
Greene, Kruskal, and Miura [15] used this formalism to solve the initial value problem
for the KdV equation and derived the KdV N-soliton solutions. The case of background
(base) potentials V' € LY(R;(1 + |z|)dz) is considered at length in [8] and [37], Section
6.6. The case of periodic finite-gap background potentials is treated in [13], [14], [26], and
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[35]. Close connections between the double commutation technique and the inverse spectral
method based on Marchenko’s approach can be inferred, for instance, from [13], [14], [15],
[22], [34], and [35]. General backgrounds were first treated in [26] (see also [9], Chapter 4). In
particular, the construction of KdV and mKdV soliton solutions relative to general (m)KdV
background solutions on the basis of (single and double) commutation techniques has been
systematically studied in [26]. In spite of the widespread use of the double commutation
method, its spectral characterization, as summarized in Theorem B.2, under slightly stronger
assumptions on 7, was first proven only recently in [19].
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