COMMUTATION METHODS FOR JACOBI OPERATORS

F. GESZTESY AND G. TESCHL

ABSTRACT. We offer two methods of inserting eigenvalues into spectral gaps of a given back-
ground Jacobi operator: The single commutation method which introduces eigenvalues into
the lowest spectral gap of a given semi-bounded background Jacobi operator and the dou-
ble commutation method which inserts eigenvalues into arbitrary spectral gaps. Moreover,
we prove unitary equivalence of the commuted operators, restricted to the orthogonal com-
plement of the eigenspace corresponding to the newly inserted eigenvalues, with the original
background operator. In addition we compute the (matrix-valued) Weyl m-functions of the
commuted operator in terms of the background Weyl m-functions. Finally we show how to
iterate the above methods and give explicit formulas for various quantities (such as eigen-
functions and spectra) of the iterated operators in terms of the corresponding background
quantities and scattering matrix. Concrete applications include an explicit realization of the
isospectral torus for algebro-geometric finite-gap Jacobi operators and the N-soliton solutions
of the Toda and Kac-van Moerbeke lattice equations with respect to arbitrary background
solutions.

1. INTRODUCTION

For a variety of reasons, techniques to insert and remove eigenvalues in spectral gaps of a given
one-dimensional second-order differential (i.e., Sturm-Liouville) respectively difference (i.e., Ja-
cobi) operator have recently attracted great interest. In fact, these techniques are vital in diverse
fields such as the inverse scattering approach used by Deift and Trubowitz [16], supersymmetric
quantum mechanics (cf. the literature cited, e.g., in [34]), level comparison theorems (see, e.g.,
[]), in the construction of soliton solutions of the Korteweg-de Vries (KdV) and Toda hierar-
chies relative to general KdV and Toda background solutions (see, e.g., [6], [7], [14], [16], [17],
Ch. 4, [23], [26], [30], [34], [38]-[40], [41], Sect. 6.6, [45]-[48]), and in connection with Béacklund
transformations for the KdV and Toda hierarchies (cf., e.g., [7], [18], [20], [24], [30], [32], [34],
2], @3], [63]).

Historically, methods of inserting eigenvalues in the case of differential operators go back to
Jacobi [37], Darboux [13], Crum [12], Gel’fand and Levitan [27], Schmincke [46], and especially
Deift [I4]. Two particular such methods, the so called single commutation or Crum-Darboux
method and the double commutation method, shortly to be described below, turned out to be of
particular importance. The operator theoretic approach developed in [14] applies to the single
commutation method and has been used in [I4] to give a complete spectral characterization
in the differential operator case. The double commutation method on the other hand required
entirely different methods and was only recently solved in the differential operator case. A
solution based on ODE techniques was given in [28] and most recently, a more general and at
the same time greatly simplifying operator theoretic approach to a spectral characterization of
the double commutation method appeared in [31].

Surprisingly, a complete spectral characterization of both the single and double commutation
methods in the difference operator context is lacking in the literature thus far. Although special
cases of the single commutation method with constant or algebro-geometric backgrounds have
been discussed in [7], [15], [52], no treatment of general backgrounds is known to us. Moreover,
with the exception of reference [52], where an eigenvalue is inserted into the spectral gap of a two-
band periodic Jacobi operator with period 2, no general formulation of the double commutation
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method for finite difference operators seems to be available in the literature. The present paper
fills these gaps and provides a complete spectral characterization of the single commutation
method (based on Deift’s operator theoretic approach) in Sections 2 and 3 and develops the
corresponding results for the double commutation method in Sections 4-6. Section 7 gives three
applications of our results. The discrete analog of the FIT formula for the isospectral torus of
periodic Schrodinger operators, thereby deriving an explicit realization of the isospectral torus of
all algebro-geometric quasi-periodic finite-gap Jacobi operators, and the N-soliton solutions of
the Toda and Kac-van Moerbeke equations on an arbitrary background solution using the single
and double commutation methods. Section 8 collects various appendices on the Weyl-Titchmarsh
theory for second-order difference operators.

In the remainder of this introduction we provide an informal discussion of commutation
methods and restrict ourselves to the case of the whole line and bounded Jacobi operators
(so we don’t have to bother with domain considerations). Throughout this paper we denote
by ¢(I) = (M,N)), I={n€ZIM <n < N}, M|N € ZU {£oo} the set of complex-valued
sequences {u(n)}ner and by ¢P(I), 1 < p < oo the sequences u € £(I) such that |u|? is summable.
Furthermore, £o(I) denotes the set of sequences with only finitely-many values being nonzero.
The scalar product in the Hilbert space ¢2(I) will be denoted by

(1.1) (u,v) =Y u(n)v(n), u,v e 3(I).
nel
For brevity we focus in the following on the case I = Z.

We first review the single commutation method [35]: Let a,b € £(Z) be two bounded, real-
valued sequences satisfying

(1.2) a(n) <0, b(n) € R,

and introduce the corresponding Jacobi operator H in ¢?(Z)

(1.3) (Hf)(n) = a(n)f(n+1) +aln—1)f(n—1) =b(n)f(n), u€*Z).
Next (cf. Lemma [2.3)), assume the existence of two weak positive solutions us (A1, n) of
(1.4) Huy = Mug, utr(A1,n) >0, us(,n) € £2(£N)

(implying b(n) + A1 < 0, i.e., H — A; > 0). uy are the principal solutions as used, e.g., in [33].
Any positive solution can then be written as

1 1-—
(1.5) o, O, ) = T ) + =T (), o1 € (1,1,
Now define the operator A,, in ¢?(Z) by
(1.6) (A0, F)(1) = pooy (M) f(n+ 1) + pegy () f(n),  f € (2),
where

B a(n)ug, (A1,n) _ a(n)ug, (A1,n+1)
(L7) posoa(m) = _\/_%(Al,wl)’ pea(n) = \/_ U 1)

We will always take the positive branch of all square roots involved. We note that p,,, and
Pe,o, are bounded sequences as can be seen from

a(n)ug, (A1,n+1) a(n — Dug, (A1,n—1)

1.8 =1b A1l
( ) | ufl,—l()‘lvn) |+| ual()\hn) | ‘ (’fl)+ 1|
The adjoint operator A} of A, is given by
(1.9) (A5, 1)) = pooy (n = 1) f(n = 1) + peo, (n) f(n), f € P(2),
and for the (positive self-adjoint) operator A} Ay, one infers
(1.10) AL Agy = H — Ay

This shows that (H — A1) > 0 is a necessary condition for the existence of a positive solution of
(1.4). We remark that this condition is also sufficient (see, e.g., [33], Theorem 2.8). Commuting
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A% and A, (observing (A} )" = A, ) yields a second positive self-adjoint bounded operator
A, Ay, and further the commuted operator

(1.11) H, = As AL+ M.
A straightforward calculation shows

(1.12) (Ho, f)(n) = a5, (n)f(n+ 1) + ag,(n — 1) f(n — 1) = bs, (n) f(n),
with

3 vamn)a(n + Dug, (A1, n)ug, (A1,n + 2)
Ug, (A1, n+ 1)

(1.14) by (n) = a(n)<uauc&(lAz :)1) T ua;[(fxa? Z)D) — A1

(1.13) ay,(n) =

)

As proven by Deift [14], the operators H — Ay and H,, — Aj, restricted to the orthogonal
complements of their respective null-spaces, are unitarily equivalent. Specifically, we have

oc(H)U{\}, o1€(-1,1)

(1.15) 7o) o(H), oy € {-1,1} Oac(Hoy) = 0ac(H),
o) = { DG TETN L eltin) = .

Here 0,(.), 0ac(.), and os.(.) denote the the point spectrum (i.e., the set of eigenvalues), abso-
lutely, and singularly continuous spectrum, respectively.

This method is known as the single commutation method [35] and we will give a complete
spectral characterization of it in Sections 2 and 3.

Our next aim is to remove the condition that H is bounded from below and thereby introduce
the double commutation method. Fix v+ > 0 and define

Cvyy (A1,1)

1.16 0 = e 1) —E——,
(1.16) Poce(n) = pean(n+ Dy [T

Crve(A,m+1)
1.17 . = o e
( ) Pe, v+ (n) P d:l(n) o (A1, n)
where

n+1
(1.18) Cre (M) =147: > ux(A, )%

Jj=to0

and introduce corresponding operators A, , A7, in *(Z) by

(1.19) (A () = poqse (M) f(n+ 1)+ peys(n)f(n),
(1.20) (A5, H(n) Poys (= 1) f(n = 1) + ey (n) f(n).

A simple calculation shows that A7, A, = A+1A%; and hence

(1.21) Hyp = A0 Ay + i
Performing a second commutation yields the doubly commuted operator
(1.22) Hy,, =A, A5, +\.

Explicitly, one verifies

(1.23) (Hyi f)(n) = ay (n)f(n+ 1) + ay, (n = 1) f(n = 1) = by, (n) f(n),
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with

(1.24) a,(n) = a(n+1) Ve (cili(qf\)?; (+/\11)n w2
R e R

(1.25) _aln+ 1)uic(i1(,£’tlliuf;(,\1, n+ 2)>.

Now observe that H,, remains well-defined even if ui is no longer positive. This ap-
plies, in particular, in the case where ug (A1) has zeros and hence all intermediate operators
Ayi, Ay, Hyq, etc., become ill-defined. Thus to define H.,, it suffices to assume the existence
of a solution u4 (A1) which is square summable near +0o. This condition is much less restrictive
than the existence of a positive solution (e.g., o(H) # R, i.e., the existence of a spectral gap for
H around \; is sufficient in this context).

One expects that formulas analogous to will carry over to this more general setup.
That this is actually the case will be shown in our principal Theorem [£:4] of Section 4. Hence
the double commutation method (contrary to the single commutation method) enables one to
insert eigenvalues not only below the spectrum of H but into arbitrary spectral gaps of H.

2. THE SINGLE COMMUTATION METHOD
In this section we intend to give a detailed investigation of the single commutation method.
We will need the following condition on a,b which will be used throughout Sections 2 and 3.
Hypothesis (H.2.1). Suppose
(2.1) a(n) <0, b(n)eR, b(n) >c¢, ceR, neZ.
We shall consider (self-adjoint) Jacobi operators H associated with the difference expression
(2.2) (rf)(n) = a(n)f(n + 1) +a(n — 1) f(n — 1) — b(n) f(n),

in the Hilbert space £?(Z). We remark that the case a(n) # 0 can be reduced to the case a(n) > 0
or a(n) <0 (cf, e.g., [19], p. 141). In fact one has

Lemma 2.2. Assume (H.2.1) and let H be a Jacobi operator associated with the difference
expression . Introduce a. by

(2.3) as(n) =e(n)a(n), e(n) € {+1,-1}, neZ

and the unitary operator U by

(2.4) Us = {E)0mntmmez, &) € {+1,-1}, E(n)é(n+1) = e(n).
Then H. defined as

(2.5) H.=U'HU.,

is associated with the difference expression
(2.6) (e f)(n) = ac(n)f(n+1)+a(n—1)f(n—1) = be(n)f(n).
In particular, H. is unitarily equivalent to H.

As a preparation we prove

Lemma 2.3. Assume (H.2.1). Let H be a given Jacobi operator in ?(Z) and let X < inf(o(H))
((H.2.1) implies that H is semi-bounded, cf. [33]). Then there exist unique positive solutions
ut (A, n) of Tu = Au (up to constant multiples) which are square summable near oo. (They are
sometimes called principal solutions of (H — z)u = 0 near +00.)
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Proof. For the existence of square summable sequences u4(A) near co consider the sequence
((H—=X)"1d0)(n) for n > 0 and extend it to a solution of (r —A)u = 0 for all n € Z. Let Hy ,, be
the restriction of H to £2((n,o0)) with a Dirichlet boundary condition at n. From (H — \) > 0
one infers (H; , — A) > 0 and hence

- ur(A,n+1)

2.7 0< Gpa1,(He p—N) " 10p0q) = —20 2 T 2
( ) < < +1’( +, ) +1> 7a(n)u+(>\,n)

which shows that u (\) can be chosen to be positive. The existence of u_ is proven similarly. O

We start with operators associated with the difference expression (2.2)) on the half axis £N.
For simplicity we will do most calculations only for £2(N). Let u(\;) be a positive solution of
7u = A\ju and define

B a(n)u(A,n+1)
= st = M BECT

B a(n — Du(A,n—1)
(2.9) Pe+(n) = \/— WO n) , n>0.
Define the operator Ay on £(N)
(2.10) (A4 S)0) = pos () (0 + 1) + pers (W) (), f € bo(N)
and denote its operator closure (in £2(N)) by A;. One verifies,
(2.11) D(AL) C{f € BN pos (M) f(n+1) + pes (0)f() € BN},
The adjoint A% of A, is then given by
(2.12) (AL1)(n) = po.t(n = 1) f(n = 1) + pe1(n) f(n),

D(AL) ={f € LM)|f(0) = 0; po(n = 1)f(n = 1) + pe 1 (n) f(n) € L£(N)}.

(The boundary condition f(0) = 0 is only introduced so that we don’t have to specify (A% f)(1)
separately.) Due to a well known result of von Neumann (see, e.g., [54], Theorem 5.39) the
operator Ay A% is a positive self-adjoint operator when defined naturally

(2.13) D(A,AT) = {f € D(AL)ALF € D(AL)}.
A simple calculation shows A A% f = (7 — A1) f and hence we may define
(2.14) Hy = AcA%+ N, D(H,) C{f € CNIFO) =0, 7f € BN},

where equality in the last relation is equivalent to 7 being limit point (I.p.) at +oo. Similarly
one defines for n < 0

B a(n)u(A,n) B a(n)u(A,n+1)
(2.15) Po,—(n) = — TuOan+ 1) Pe,—(n) = \/_u()\l,n)

and operators A_, and A* in ¢2(—N) which satisfy H_ = A* A_ + ;.
Commuting A% and Ay yields a second positive self-adjoint operator A_A*, respectively
A7 Ay, and further the commuted operators

(2.16) Hyp=AYA +X\, H i =A A" +\.

The next theorem characterizes Hy ; in terms of Hy, but first we need to introduce

Hypothesis (H.2.4). Suppose H. satisfies one of the following spectral conditions.

(i)~ UeSS(H:t) # 0.
(ii). o(Hy) = oa(Hz) = {Asj}jes, with 3je;, (1+A% ;)7 = oo
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Hypothesis (H.2.4) is satisfied if a,b are bounded near +oo.

Either one of the conditions (i), (ii) implies that 7 is I.p. at £oo. This follows since otherwise
the resolvent of Hy would be a Hilbert-Schmidt operator contradicting (i), (ii). This further
implies that the domain of H, is given by

(2.17) D(Hy) = {f € A(£N)|f(0) =0, 7f € £*(£N)}.

Theorem 2.5. Assume (H.2.1) and (H.2.4). Then the operators Hy 1 constructed above satisfy
(H.2.1) and (H.2.4) and are given by

(Hiaf)(n) = (r21f)(n)
(2.18) = axa(n)fn+1)+ar (n—-1)f(n—1) —bsa(n)f(n),
D(Hin) = {fel(EN)f(0) =0, 7o, f € CEN)},
with
(2.19) azi(n) = — Va(n - 1)‘1(”)2(();\117 7;)— Du(A,n + 1)7 n >0,
B u(A1,m) u(A,m—1)
bra(n) = a(n_l)(u(/\hn—l) u(A1,m) ) Mo
_ u()‘lao)
(2.20) bii(l) = a(O)u()\hl) — A1,
and
_ Vamn)a(n + Du(A,n)u(A,n + 2)
(2.21) a_1(n) = - WO+ 1) , n<—1,
— U(Alv n) u()‘h n+ 1) _ n< —
boa(n) = a(n)(u<)\1’n+ YRy ) AL, n< -1,
o u()\l,O)
(2.22) b_1(-1) = a(—l)m — A1

Moreover, Hy — A1 and Hy 1 — A\ restricted to the orthogonal complements of their null-spaces
are unitarily equivalent and hence

0.23) o(Hea\(N} = oUL\h  oue(Han) = oucllls),
’ O';D(Hi,l)\{)‘l} = O'p(H:t)\{)‘l}a USC(H:I:,l) = USC(H:l:)'
Proof. The unitary equivalence follows from [I4], Theorem 1 and clearly settles the spectral

claims. Thus both Hy and Hy ; satisfy (H.2.4) and hence 74 and 74 ;1 are l.p. at 200. The rest
are straightforward calculations. O

Next we turn to the case of the whole lattice ¢2(Z). We pick o1 € [—1,1] and \; < inf(c(H)).
Further denote by u (X, n) (for A < inf(c(H))) the solutions constructed in Lemmal[2.3| and set

1 1-—
+01u+()\1,n)+ Ulu,()\l,n).

(2.24) Uo, (A1, n) =
Now define sequences
a(n)ucfl ()\1,71) a(n)utfl ()\1,77, + 1)
2.25 . = —y|/——" - =4/— ,
( ) Po, 1(”) \/ Uo, ()\1,”"‘1‘ 1) Pe, 1(”) Uo, ()\hn)

and the corresponding operator A,, (first on £5(Z) and then take the closure in £?(Z) as before)
together with its adjoint A7 ,

(2.26) (Ao, F)(n) = pooy (n) f(n+ 1) + pe.oy (n) f(1),
D(Aq,) CH{f € (L) poo, () f(n+ 1) + peo, (n) f(n) € (2(Z)},
(2.27) (A5, 1)(n) = poo,(n—1)f(n— 1) + pe,o, (n) f (1),

D(A;,) ={f € (Z)|pog, (n = 1) f(n = 1) + pe,o, (n) f(n) € (Z)}.
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Again by von Neumann’s result A} A, is a positive self-adjoint operator when defined naturally
by

(2.28) D(A5,45,) = {f € D(A5,) |40, f € D(A7,)}-
A simple calculation shows A} A, =7 — A; and we hence may define
(2.29) H=A:As,+ X\, D(H)C{felP@)rfe*2))}

Commuting A} and A,, yields a second positive self-adjoint operator A,, A and further the
commuted operator

(2.30) Hy = Ag AL + A1, D(H,,) C{f € P(Z)|ry, f € A(Z)},

where 7,, is the difference expression corresponding to H,,. The next theorem characterizes
H,, under Assumption (H.2.2) for H; and H_ implying that 7 is l.p. at 00 and hence that

(2.31) D(H) = {f € (Z)|7f € *(Z)}.
Theorem 2.6. Assume (H.2.1) and (H.2.4). Then the operator H,,,
(Ho [)(n) = (75,f)(n)

Qg (n)f(n + 1) + ag, (Tl - 1)f(n - 1) - b0'1 (n)f(n)v
{f € C@)|rs. [ € B(2)},

(2.32)

D(Ho,)

is self-adjoint. Moreover,

Vam)a(n + Dug, (A1, n)ug, (A1,n +2)
Ugy (A1, n+ 1) ’

(2.34) bs,(n) = a(n) (uaua(lA;, Z)l) T uU;((TAa? 741-)1)) —\

(2.33) ay,(n) = —

and Gy, , by, satisfy (H.2.1). The equation T,,v = A\v has the positive solution
1
V—a(n)ug, (A1, n)us, (A1, n + 1)
which is an eigenfunction of Hy,, if and only if o1 € (=1,1). H — Ay and Hy,, — Ay restricted

to the orthogonal complements of their corresponding one-dimensional null-spaces are unitarily
equivalent and hence

(2.35) Vg, (A1,0) =

o(H)U{N}, o1€(-1,1)
(2.36) 7o) = o(H), oy e{-1,1} ° Oac(Hoy) = 0ac(H),
. op(H)U{\1}, o1€

op(Hoy) = g:lllll)} , 0se(Hoy) = 0sc(H).

UP(H)7 o1 €
In addition, the sequence

Wn(uo] (>\1)7 ’LL(Z))
\/_a(n>u01 <)‘1v n)utfl ()‘17 n+ 1)

solves To,u = zu if u(z) solves Tu = zu for some z € C, where Wy, (u,v) = a(n)(u(n)v(n + 1) —
u(n + 1)v(n)) denotes the modified Wronskian. Moreover, one obtains

(2.38) Worn(Ag,u(2), Aoy v(2)) = (A = 2)Wa(u(2),v(2))

(2.37) (Ao u)(2,n) =

for solutions u,v of Tu = zu, where Wy, ,,(u,v) = ag, (n)(u(n)v(n + 1) — u(n + )v(n)). The
resolvents of H, Hy, for z € C\(c(H)U{\1}) are related via

% (Ao (H — )73, 1)

z —

(2.39) (H,, —2)"' =
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or, in terms of Green’s functions forn >m, z € C\(c(H) U {\1}),

) — u+(z,n)u, (Za m)
Wi (ui(2),u-(2))

w0 e G - Gl

Furthermore, uq, +(z,m), the principal solutions of (Hy, — z)u =0 for z < A1, are given by

FWh (uo, (M), us (2)) .
\/_a(n)ulﬁ (/\1’ n)utﬁ (/\17 n+ 1)

G(z,n,m

(2.41) Ugy +(2,n) = A5 us(z,n) =

In addition, we have

(2.42) S g, (A1, )? = 1_40%W(u_(/\1),u+()\1))‘1, o1 € (—1,1)
nez

and, if Tu(\) = Mu(N), u(N,.) € £2(Z),

(2.43) D> (Agu)(An)? = (A= A1) > u(A n)?

ne”Z nez

Proof. The unitary equivalence together with equation follow from [I4], Theorem 1. That
H,, is L.p. at oo follows upon looking at the restrictions Hy, H4i ; and using Theorem [2.5
Equation together with imply . The facts concerning the point spectrum
follow since G, (z,n,n) has a pole at z = A if and only if oy € (—1,1). can be obtained by
investigating the residue of G, (z,m,n) at z = A;. The rest are straightforward calculations. [

Remark 2.7. (i). Hypothesis (H.2.4) is only needed in Theorem [2.6] to characterize the domains
of H and H,, explicitly.

(ii). Multiplying u,, with a positive constant leaves all formulas and, in particular, H,, invariant.
(iii). If H is bounded from above we can insert eigenvalues into the highest spectral gap, i.e.,
above the spectrum of H, upon considering —H. Then A > sup(c(H)) implies that we don’t
have positive but rather alternating solutions and all our previous calculations carry over with
minor changes.

(iv). We can weaken (H.2.1) by requiring a(n) # 0 instead of a(n) < 0. Everything stays the
same with the only difference that u4 are not positive but change sign in such a way that
stays positive. Moreover, the signs of a,,(n) can also be prescribed arbitrarily by altering the
signs of po -, and pe o, -

(v). The fact that v,, € ¢*(Z) if and only if o1 € (—1,1) gives an alternate proof of

+oo
1 . . (—1,1)
244 E < f and only if 01 € ’
( : n=0 _a(n)uUl ()‘17 n)um ()‘17 n+ 1) o R ony R (_1’ 1]

(cf. [44] and [33], Lemma 2.10, Remark 2.11).

At the end of this section we will show some connections between the single commutation
method and some other theories. We start with the Weyl-Titchmarsh theory and freely use the
definitions of Appendices B and C.

Lemma 2.8. Assume (H.2.1). The Weyl m-functions my o, (2) of Hy,, 01 € [—1,1] in terms
of m4(z), the ones of H, read

(2.45) Ma g (2) =

—Ug, (A1,1) (1 (z = A)mx(2) )
a(Dugy, (A1,2) 1+ Wmi(z)
o1 (M1,

Proof. The above formulas are straightforward calculations using (2.40) and (C.20)), (C.21). O
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Finally we turn to scattering theory. In order to facilitate comparison with the standard
literature on (inverse) scattering theory for second-order difference operators (cf. [9], [10], [21],
[29], [51]) we now assume

(2.46) a(n) > 0, b(n) € R, n|1 — 2a(n)|,nb(n) € £*(Z)
(cf. Remark . This implies
(2'47) Oac(H) = [_17 1}7 USC(H) =0, JP(H) = {)‘j}jGJ - R\[—l, 1]7

where J C N is a suitable (finite) index set, and the existence of the so called Jost solutions

f:l:(k7n)7

(2.48)

-1
(T— ik )fi(k,n) =0, lim kT fi(k,n) =1, |kl <1.

Transmission T'(k) and reflection Ry (k) coefficients are then defined via
(249) T(k‘)f$(k7n) :fi(kilan)+Ri(k)fi(k7n)a |k| =1,

and the norming constants vy ; corresponding to A; € o,(H) are given by

(2.50) vk = D ek n)P, ky =N+ /A2 = 1€ (-1,0), j € J.

nez
Lemma 2.9. Suppose H satisfies (2.46) and let H,, be constructed as in Theorem with

_lta £ (kr,m).

(2.51) Uoy (M1, 1) = —o—fr(ki,m) +
Then the transmission Ty, (k) and reflection coefficients Ry », (k) of H,, in terms of the corre-
sponding scattering data T(k), R+ (k) of H are given by

].70'1

1—-kk o k—k _
(252) Tffl(k) - k—ky T(k)7 R:I:,al(k) =k 1—kk R:t(k)7 o1 € ( L, 1)7
k{t — kT
(2.53) T5,(k) =T(k), Rio (k)= WRi(k)a o1 €{-1,1},

where k1 = A\ + /A —1 € (—=1,0). Moreover, the norming constants vy, + ; associated with
Aj € 0p(Hy,) in terms of v+ ; corresponding to H read

1— kjky
ot = |k —L~, o e d o1 e (—1,1),
You, %, |k (k; —kl)%” J o1 € ( )
1—¢ +1
2.54 - = ! 1— kP2 T(k 1,1
(2.54) s = (T52) N-APIT0). o1 e (L),
(2.55) Yortg = K =k ey, € J o e {11}

Proof. The claims follow easily after observing that up to normalization the Jost solutions of
H,, are given by A,, f+(k,n) (compare (2.40))). O

3. ITERATION OF THE SINGLE COMMUTATION METHOD

By choosing Ay < A1 and o9 € [—1,1] we can define

_1+0’2

1—-0
(3.1) oy s (A2i1) = =5ty 4 (A, ) + =5

2
and repeat the process of the previous section by defining po 5,,655 Pe,01,0, and corresponding

operators Ay, o,, Ay, 5, Which satisfy

(3.2) Hy, = A% o Agioy — Do

01,02

uo'l,f()\27n>

A further commutation then yields the operator
(33) Hal,ag = A’401,¢T2"4>k - )\2

01,02
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associated with sequences @y, oy, by, 0. The result after N steps is summarized in
Theorem 3.1. Assume (H.2.1) and (H.2.4). Let H be as in Section 2 and choose
(3.4) AN <o <A< A <inf(o(H)), oe€[-1,1], 1<L{< N, NeN.

Then we have

)m(ugl,...,uﬁ,VNmH(u;l, )

(3.5) Goy ... on(m) = —v/a(n)a(n+ N

""" Cn+1(u(1,1,...,u{7VN) ’
b (’I’L) — v+ a(n) Cn+2(u<171’ s ’uzlrvj\;_,ll)cn(u}rlw .. 7“{7\’]\[)
e Cn-i-l(u(lfl’ s ’uévzv_—ll)cn-ﬁ-l(uzlnv s 7u£7VN)
N— N
(3.6) N 1) C’n(u},l, . ,uUNfl)Cn+1(u(171, couyy)
Cny1(ul,,... ,uéV;}I)Cn(ugl, coub)
where
1+o 1—0o
(3.7) ug,(n) = g () + (~) = u (A, ),
and C,, denotes the n-dimensional Casoratian
(38) Cn(ul,...,uN) :det{ui(n—i-j — 1)}1§i7j§N-

Moreover, for 1 <L < N, A< Ay

+, /%]:[:(—a(n —|—j))C’n(u},1,. . ,ugz, us(N))

\/C,L(u},l, o ul)Cna (Ul ul)

are the principal solutions of 7, o,u = Au and

(39) ual,...,az,:l:()Hn) =

)

14+o
(310) Uoy,....00 (Af’n) = T£u017~~v70l—17+(>\£’n) +

is used to define Hy,, . »,. We also have

1—0’4

9 u017~~»705717—(>‘57n)

Cra(ul eud Gt NCR(ul ..., ul )
311 n)=— —aln 71 7N—1 o oN
( ) p070'17...,O'N( ) ( )C'n.+1(u(1,-l ,,,, “ffVNil)Cnﬁ—l(U};l ’’’’’ uyN)a
Cr(ul ud T VCnpr(ul ,oulY )
— o1’ TIN—1 g1’ TON
(3.12) Per,on () =4[ —a(n+ N = 1) o e e )
+ oq N—1 oq oN

The spectrum of Hy, .. 5xn 5 given by

.....

(3.13) 0(Hy,..on) = o(HYU{N | o0 € (—1,1), 1 < £ < N}.

,,,,,

Proof. Tt is enough to prove the formulas for as, ... -5 (n) and ue, ... oy (1), the remaining asser-
tions then follow easily. We will use a proof by induction on N. They are valid for N = 1 and
we need to show

(3.14) Ug,y,...onr,t (A1) = ’
1 N+1 i\/ual ..... UN()\an)ugl VVVVV GN()\N,TL-l-l)
aal,...,aNJrl(n) = \/am,...,mv (n)a017~--7‘7N(n+ 1) X
(3 15) \/ufflnu,rfzv()‘Nvn)ualwwffN()‘N’n+1)

Ugy,....on ()‘an + 1)
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The first relation follows after a straightforward calculation using Sylvester’s determinant iden-
tity (cf. [25], Sect. I1.3)

C(uy,s s ul us(N)Cpa(uy,, o ulFh)
— Crppa(ug,, o ul us (W) Cr(ul,, . u HL)
(3.16) = Cpia(uby, oo ul )Cn(ugy s ul Tl us (V)
and the second is a simple calculation. O

Remark 3.2. If u(z,n) is any solution of 7u = zu, z € C define uy,,... oy (2,n) as in (3.9) but
with £ = N and ug (A, n) replaced by u(z,n). Then uy, ... on(2,n) sOlVes 7o, oyt = 2.

Finally we extend Lemma and assume for brevity oy € (—1,1).

Lemma 3.3. Suppose H satisfies (2.46) and let Hy, . on, 0¢ € (=1,1,), 1 < € < N be con-
structed as in Theorem [31] with

1

Filhem) + (=) =2 (ke ).

Then the transmission Ty, . on (k) and reflection coefficients Ry 5, ... on (k) of the operator
H,,. . on interms of the corresponding scattering data T(k), R+ (k) of H are given by

1+0’g

(3.17) ub, (n) =

N _
(3.18) T oo () = <H L=k ’”)T(zc),
i—1 k—ke
N _
(3.19) Ri gy () = 5N (TT R0 ) Ry,
=11 —Fkke

where kg = Mg + «/)\5 —1€(-1,0), 1 <¢ < N. Moreover, the norming constants Yo, ... on +,j
associated with \; € 0p(Hy, . oy) in terms of v4 ; corresponding to H read

= (o 2F(N-1) M | :
01,...,0N,E, *( Jv> k k ) ]-S]SNa
71 N J 1+J | | Hﬁl|k*kl‘ (J)
kik .
(3.20) Vou,on g = i FN H 7Z’Yﬂ: g» JEJ

i1 |kj — kel
Proof. Observe that

140
’U,th2()\27n) = 2Aa1f+(k2a )

(1+02

,(kgfl’b)

,(kgm)),

o1

(3.21) = Jor 4+ (k2 n) + !

where ¢ > 0 and o3, 6o are related via

1+62 1140y
1—5’2_]%‘21—0'1.

(3.22)

The claims now follow from Lemma [2.9| after extending this result by induction. O

4. THE DOUBLE COMMUTATION METHOD

In this section we provide a complete characterization of the double commutation method for
Jacobi operators. We start with a linear transformation which turns out to be unitary when
restricted to proper subspaces of our Hilbert space. We use this transformation to construct
an operator H,, from a given background operator H. This operator H,, will be the doubly
commuted operator of H as discussed in the Introduction. The results of Sections 4-6 appear to
be without precedent.
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Let § = (2((M_ — 1, My + 1)) be the underlying Hilbert space (—oo < M_ < M, < oo) and
let ¥(n) be a given real-valued sequence which is square summable near M_. Choose a positive
constant v > 0 and define

(4.1) cy(n) =147 > ¥’ n>M_.
j=M_

(We set in addition ¢, (M_ —1) = 1 if M_ is finite.) Denote the set of sequences in ¢((M_ —
1, M + 1)) which are square summable near M_ by $_ and consider the following (linear)
transformation

U,: H- — 9
(42) f) = ) =22 ) = yes(n) Y w()FG)-

j=M_

By inspection, the sequence f, is also square summable near M_ and the inverse transformation
is given by

U,Y_li H_ — $H_

(4:3) o) = T ) 3 0 ()a) |
Jj=M_
where
_ -1 _ 1 _ - 2 _ Y(n)
A VRt R Ry~ e v ot
Lemma 4.1. Define ¢, as in , Then 1., € $ and
1
(4.5) 7 = = (1= Jim ey ()7").

If P, P, denote the orthogonal projections onto the one-dimensional subspaces of § spanned by
¥,y (set P =0 if i & $) the operator U, is unitary from (1 — P)$) onto (1 — P,)$.

Proof. For the claims concerning ¢ we use

n

(4.6) Z |¢’Y(J)|2 = . Z (Cy(jl_ 1) N 1' ) - 1(1 B c,y%n))'

j=M_ RV

Next we note that
(4.7) e (n) Y v (DEHG) = Y vG)G)
j=M_ j=M_

and a direct calculation shows

(4.8) D EGOF= X0 1fOP - ol > FOWG)IE
j=M_ j=M_ g j=M_
This clearly proves the lemma if ¢ € §. Otherwise, i.e., if ¢ € 9, consider U,, U;l on the dense
subspace £o((M_, My)) and take closures (cf., e.g., [54], Theorem 6.13). O
Using, e.g., the polarization identity, we further get
(4.9) > g6 =D 9l fG) - ) ST wG) Y vi)gl).
j=M_ j=M_ v j=M_ j=M_

Next we take two sequences a, b satisfying

Hypothesis (H.4.2). Suppose
(4.10) a,be (M- —1,M; +1)),  a(n) eR\{0}, b(n) €R
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and introduce the difference expression

(4.11) (7)(n) = a(n)f(n+1) +a(n—=1)f(n—1) =b(n)f(n).
We want to consider a self-adjoint operator H associated with 7 and separated boundary con-
ditions at M1 and assume the existence of a sequence ¥ (A1, n) of the following kind.

Hypothesis (H.4.3). Suppose ¥(A) satisfies the following conditions.
(i). ¥(A, n) is a real-valued solution of 7 (A) = Ap(N).
(ii). ¥ (A, n) is square summable near M_ and fulfills the boundary condition (of H) at M_
(if any, i.e., if 7 is l.c. at M_).
(iil). (A, n) also fulfills the boundary condition (of H) at My if 7 is l.c. at My (¢(\, n) is
then an eigenfunction of H).
Sufficient conditions for the above function to exist are
(a). A€ oy(H), or
(b). 7isl.c. at M_ but not at M, or
(¢). o(H) # R (and A € R\o(H)), or
(d). o(H ) #R (and A € R\o(H_)), where H_ is a restriction of H to 62((M_ —1,M +1))
with M € Z and (for instance) a Dirichlet boundary condition at M +1.
It follows that H is explicitly given by
(4.12) DH)={fen| 7feH Wy _1((\), f) =0if 7is l.c. at M_,
Wi, (W(A1), f)=0if 7is l.c. at M, }.

We now use Lemma with ¢(n) =¥ (M1, n), v =m, Uy = U,, to prove
Theorem 4.4. Suppose (H.4.2) and (H.4.3) and let 7, be the difference expression

(413) (7—"/1 f)(n) = Gy, (Tl)f(n + 1) tay, (7’L - 1)f(7‘L - ]‘) o b’“ (n>f(n)’
where
oy \/c71 (A1,n = 1)ey, (A1, n +1)
(4.14) n(n) = c%()\l, n) 7
B a(n — 1)Y(Ai,n — 1)p(A,n)
() = b(n) +fn( e (o~ 1)
a(n)(A,n)p(Ai,n+ 1)
(4.15) ey (A1, 1) )

Then the operator H.,, defined by
(416) H’Ylf = T’Ylf’
Q(H'Yl) = {f € 55‘7_’71.](. € 5; W’YlyM—*l(w’Yl (Al)v f) = W’Yl,M+ ('l/}’ﬂ ()‘1)’ f) = 0}7
where Wa, 5, (u,v) = ay, (n)(u(n)v(n+1)—u(n+1)v(n)), is self-adjoint and has the eigenfunction

A,
(1.17) U (Ar.m) = GUHD
\/C% A, n 071 ()‘17 )

associated with the eigenvalue A1. If w(A1) € 9 (and hence T is l.p. at M) we have
(4-18) (1 - P’yl()‘l))Hm - leHU;ll(l - P’Yl(>\1))’
where U, is the unitary transformation of Lemma and thus
(4.19) o(Hy,) = o(H)U{\}, Oac(Hy) = 0ac(H),

op(Hy) = op(H)U{A}, 0sc(Hy,) = 0sc(H).

If (\1) € $ there is a unitary operator U, = Uy, @ /1 +71[[w(M\)[21 on (1 — Py, (M))H @
P, (M)% such that

(4.20) H, =U,HU*
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and thus

(4.21) o(H,) = o(H), UaC(H%) = 0oac(H),
op(Hy,) = op(H), 0sc(Hy,) = 0sc(H).

Proof. Tt suffices to prove

(4.22) (1= Py, (M) H,, = U%HUy_ll(l = Py, (M)

Let f be a sequence which is square summable near M_ such that 7f is also square summable
near M_ and assume that f fulfills the boundary condition at M_, if any. Then a straightforward
calculation shows

(4.23) Ty (Usy ) = Uy, (Tf)

and we only have to check the boundary conditions at M. Equation (4.8]) shows that 7., is [.c.
at M_ if and only if 7 is and that 7, is [.c. at M if 7 is. The formula

(424) Wanos (), U ) = =220
shows that

(4.25) Wasar 16, () Uy, f) =0, f €D(H).
We further claim that

(4.26) Wopar, (63, (M), U, ) =0, f € D(H).

This is clear if 1(A\1) € . Otherwise, i.e., if (A1) € $, we use

(427 W (M), ) 2. (1, 5) (M = 1) £(5)
. Cn ()‘1’ n) Cn ()‘17 n) .
The right hand side tends to zero for f € ®(H) as can be seen from (4.8)) and the fact that U,

is unitary. Combining (4.25]) and (4.26) yields

(4.28) (1= P (), D(H) € (1= Py, (A))D(H,, ).
But (1— Py, (A1))U,, ©(H) cannot be properly contained in (1 — P, (A1))D(H,, ) by the property
of self-adjoint operators being maximally defined. O

Remark 4.5. (i). By choosing A1 € 04.(H) U 0s.(H) (provided the continuous spectrum is not
empty and a solution satisfying (H.4.3) exists) we can use the double commutation method to
construct operators with eigenvalues embedded in the continuous spectrum.

(ii). If My = oo and H has an eigenfunction ¥ (A1) one can remove this eigenfunction from
the spectrum upon choosing y1 = —|[1(A1)||72. The corresponding function ., (A1) is then no
longer in §), implying that 7., is l.p. at M.

(iii). Especially, removing an eigenvalue from an operator which is l.c. at oo yields an operator
which is I.p.. Thus 7., is not necessary l.p. if 7 is. Moreover, this shows that one cannot insert
additional eigenvalues into an operator which is l.c. at M, (remove this eigenvalue again to
obtain a contradiction).

(iv). The limiting case 3 = oo can be handled analogously producing a unitarily equivalent
operator if ¥(A1) € $ and removes the eigenvalue A\ otherwise.

The previous theorem tells us only how to transfer solutions of 74 = zu into solutions of
Ty, v = 2v if u is square summable near M_. The following lemma treats the general case.

Lemma 4.6. The sequence
Cy (>‘1a n)u(z, Tl) - z’_hAl w()‘la n)Wn(qu)(Al)a U(Z))
\/C’Yl ()‘13 n— l)c’)’l (>‘1a TL)

(4.29) Uy, (2,n) = , 2 € C\{\1}
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solves T, u = zu if u(z) solves Tu = zu. If u(z) is square summable near M_ and fulfills the
boundary condition at M_ (if any) we have u+, (z,n) = (Uy,u)(z,n) justifying our notation.
Furthermore, we note

luy, (2,0) 2 = Ju(z,n)[?
7 (W (M), w(2)]® [Waoa (@A), u(2))
(4:30) EEEYE ( cy (A1, 1) e, (A,n—1) )’
and
(4.31) W (1 (V) (2)) = P, ()

Cy ()‘13 n)

Hence u., is square summable near My if u is. If Gy (2) is constructed analogously then

N _ o a ! i
W’Ylm(u’h(z)vu’h(z)) - Wn(u(z)vu(z))+ C'ﬂ<)\1an) (Z_)\l)(é_)\l) X
(4.32) Wi (9 (A1), u(2))Wa (A1), @(2)).
Proof. All facts are tedious but straightforward calculations. O

Next we want to give some conditions implying the I.p. case of 7,,, at M, assuming M = oo.
Let M_ < M < oo and let H, denote a self-adjoint operator associated with 7 on (M —1,00)
and the boundary condition induced by ¢ (\;) at M (cf. equation (4.12))).

Hypothesis (H.4.7). Suppose H, satisfies one of the following spectral conditions:
(1). Oess(Hy) # 0.
(i). o(Hy) = oa(Hy) = {Aj}jes, with 300, (1+ M ;)7 = o0.
Clearly Hypothesis (H.4.7) is satisfied if a, b are bounded near co (which is equivalent to H
being bounded) since then 7 is I.p. at oo.

Theorem 4.8. Assume (H.4.2), (H.4.3), and (H.4.7). Then 1, is l.p. at My = co.

Proof. Let v1 4+ = ¢y, (A1, M)_l'yl and consider the doubly commuted operator Hy .,  of H,.
Then 7y, [y o) = T and Hy 5, , also satisfies (H.4.7). Hence 7,, is l.p. at oo as claimed. [J

Remark 4.9. We can interchange the role of M_ and M in this section by substituting M_ «
M
M, Z?:]\/L - Ej:t1+1 and y1 — —1.

Let M1 = +o00 and H be a given Jacobi operator satisfying (2.46)). Our next aim is to show
how the scattering data of the operators H, H,, are related, where H,, is defined as in Theorem

E4

Lemma 4.10. Let H be a given Jacobi operator satisfying . Then the doubly commuted
operator H., , defined via Y(A1,n) = f_(ki,n), M = (ki+k]")/2 asin Theorem has the
transmission and reflection coefficients

kki—1
(4.33) T, (k) = sgn(ks) =7 (k),
k—Fk
k—k\®
(4.34) Ro, (k)= R_(k),  Rioy(k)= (") Ry(h),
kki—1
where k and z are related via z = (k+ k=')/2. Furthermore, the norming constants v_ ;

corresponding to \; € o,(H), j € J (cf. (2.50)) remain unchanged except for an additional
eigenvalue A1 with norming constant v_ 1 = v if Y(A1) & 9 respectively with norming constant
F_1=7-1+7 if v(\) € H and y_ 1 denotes the original norming constant of A1 € o,(H).
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Proof. By Lemma the Jost solutions f,, +(k,n) are up to a constant given by
e (A, n = 1) fa(k,n) — oA, ) Wi (¥(A1), f+(K))
\/C’Yl ()‘1777/ - 1)C’Y1 (/\1,%) .

This constant is easily seen to be 1 for f,, _(k,n). Thus we can compute R_(X) using (4.32))
(the second unknown constant cancels). The rest follows by a straightforward calculation. O

(4.35)

5. DOUBLE COMMUTATION AND WEYL-TITCHMARSH THEORY

In this section we want to reveal the connections between Weyl-Titchmarsh theory and the
double commutation method. Without loss of generality we consider only the cases £2(N) and
(?(Z). We start with the half-line N and freely use the notation employed in Appendices A-D.

Let H, be a self-adjoint operator associated with 7 on N and a Dirichlet boundary condition
at 0. Without loss of generality we assume 1(A\1,1) = 1.

Remark 5.1. We have restricted ourselves to a Dirichlet boundary condition since the general
boundary condition

(5.1) cos(a)u(0) + sin(a)u(l) =0

can be reduced to the case a = 0 by the transformation (1) — b(1) + a(0) tan(«) for a # 7/2,
whereas for a = 7/2 one can replace ¢?(N) by £2((1,00)).

Theorem 5.2. Assume (H.4.2), ¥(\1,1) = 1 and let my(z,0), my 4,(2,0) denote the Weyl
m-functions of Hy, H, ., . Then we have

8!

5.2 .0) = ( .0) — )
(52) My (20) = 7 (ma(2,0) = 2
If py and py -, denote the corresponding spectral functions of Hy and H, ., it follows that
5.3 N = 17— (1 () + 1O = \)),
(5-3) fig (A T f4(A) + 1O = Ap)
where ©(.) denotes the (right continuous) step function

1, >0
(5.4) O(x) = { 0. x<0

Proof. As in Appendix B we use the finite approximations my(z,0) and my 4, (z,0). If v;(N),
Vi (IN) are the corresponding norming constants we have

1 V(N)+m, Aj=XN

5.9 i (N) = J v

(5.5) Vi (V) 1+ { ~; (N), A # A

This follows since (2, 0) = 0, 1(z,1) = 1 implies v, (z,0) = 0, ¥, (z,1) = (1 + 1)~ /2. Hence
we infer

gi!

5.6 0) = ( 0) — )

(5. oy (240) = o (v (,0) = 2

and the theorem follows upon taking the limit N — oo. O

Remark 5.3. If we transform the operator H into it’s diagonal form as in Appendix C the double
commutation method gets particularly transparent: it corresponds to adding a step function to
the spectral function. This approach can also be used to derive the unitary transformation stated
in Section 2 in the following way. Take the spectral function uy of a given Jacobi operator, switch
to f4 ,, and compute the orthogonal polynomials with respect to this new measure (compare
Appendix C and [1], Ch. 1). Now take a sequence f(n) and its transform F(z) and use (C.8)) to

obtain (4.2)).

Next we turn to operators in £2(Z). Without loss of generality we assume

(5.7) ¥(A1,0) = —sin(a), ¥P(A1,0) =cos(a), « € [0,m).
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Theorem 5.4. Assume (H.4.2) and let M4 (2, @), M4 4, (2,0) denote the Weyl m-functions of
H, H,, as introduced in Appendiz B. Then we have

- ¢, (M,0) 14 cot(a)? 0% cot(a)cy, (A, 1)1
(58) M (2,6) = o, (A:_n 1+ cot(a)? (mi(m) T2 —1/\1 O +coi(6¢)2) )

where

Cy (Ah 1)

(5.9) Sy = _n tan(a) = m

s tan(«).
o O 0) (@)

Proof. Consider the sequences
B cot(a)ey, (A, 1)
.1 [e% 9 9 oa 1 ) - - ~ @, )
(610)  Gam (), o)~ (725 - T S eorap ) e (1)

constructed from the fundamental system 6, (z,n), ¢o(z,n) for 7 (cf. (B.1)) as in Lemma
They form a fundamental system for 7., corresponding to the initial conditions associated with

& up to constant multiples. Now use (4.31]) to evaluate (B.3). O

The Weyl M-matrix and the corresponding spectral matrix can now be computed in a straight-
forward manner (cf. Appendix D).

6. ITERATION OF THE DOUBLE COMMUTATION METHOD

Finally we demonstrate how to iterate the double commutation method. We choose a given
background operator H (with coefficients a, b satisfying (H.4.2)) and further 71 > 0,\; € R.
Next choose 1(A1) as in Hypothesis (H.4.3) to define the transformation U, and the operator
H,, . In the second step, we choose v2 > 0,2 € R and another function 1(A2) to define
¥y, (A2) = Uy, 10(A2), a corresponding transformation U, .,, and an operator H., ~,. Applying
this procedure N-times results in

Theorem 6.1. Assuming (H.4.2) let H be a given background Jacobi operator in $ = ¢2((M_ —
1,My + 1)) and let v; > 0, A\j, 1 < j < N be such that there exist corresponding solutions
W(Aj,n) of T = Ao satisfying Hypothesis (H.4.3). We set by, v (Aj) =Uqy oy - Uy (X))
and define the following matrices (1 < £ < N)

(6.1) Cln) = 6:(s) + vArs D YA, m)v(As,m) :

m=M_

1<r,s<t
Ceil(’n)rvs r,s<t—1
Vs ;%4 YA, m)p(As,m)  s<e—1r=t
¢ _ n
(6.2) C;j(n) = VI ;%4 YAy m)p(Nj,m)  r<e—1,5=¢ )
> (A m)p(Aj,m)  r=s=t
m=M-_ 1<r,s<t
C*(n)ys r,5<L
s A iy )\3, s<tl,r=
(6.3) W' (\yn) = ﬁmgd_ PNy, m)ip(Xg,m)  s<er=t+1
ﬁ'l/)()\r,n) r<t,s=f+1
¥(Aj,n) r=s=ttl ) < s<er1
Then we have (set C°(n) =1)
- det C*(n)
2
(6.4) CrPen) =145 Y Uy (Aeym)® = detCT1(n)’

m=M_
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and hence

N
(6.5) HC’M (/\Zvn) = det CN(TL)

=1
Moreover,

n det Cf ;(n)
(6.6) mgj\:/[ 7/171 ..... 7571()‘i’m)w71 ----- 'YFl(Aj’m) - W_l(n)
and
det \Ilf()\- n)
6.7 1yeee A iy ) = S ’
1) V) = T der )
In addition, we get
Vdet CN(n — 1) det CN(n + 1)

(6.8) Uyy,n(n) = a(n) det CN(n) ’

N
det W¥(\g,n) det T¥(\s,n + 1)
byy,yn(n) = b(n) — ;W (a(n) det C*=1(n) det C%(n)
det U(\g,n — 1) det (A, n)
det C*~1(n—1)det C*(n — 1)
det CN(n — 1) det UV (A\y,n + 1)
det CN(n) det UN(An,n)
det CN(n) detUN(A\y,n—1)
detCN(n—1) detUN(Ay,n) ’
the last equation only being valid if det WN (A\x,n) # 0 (e.g., if Axy < info(H)). The spectrum
of Hy, .~y 15 given by

—a(n—1)

= =AMy +Fa(n)

(6.9) —a(n—1)

(6.10) O—(H'Ylw“s'YN) = U(H) U {)‘j};'vzzvh O'GC(H%,-W’YN) = UGC(H)v
op(Hy,y, o yy) = op(H)U {Aj}j:h Osc(Hyy,..yy) = 0sc(H).
Moreover,
N
Hy . w (1 - Z P"/lau-:'YN ()‘J))
j=1
N
(6~11) = (U’Yla~~~”YN T le)H(Uy_ll T U'y_l}..‘,'yN)(l - Z P’Ylww'YN ()\j)),
j=1
where Py, v (A;) denotes the projection onto the one-dimensional subspace of §) spanned by
Yyt e ()‘j)'

Proof. We start with . Using Sylvester’s determinant identity (cf. [25], Sect. I1.3) we obtain
det C*~1(n) det ijl (n)
(6.12) = det Cz(n) det Cf)j (n) — e det Cf’j (n) det Cf,e(n),
which proves together with a look at (4.9) by induction on N. Next, (6.4]) easily follows
from . Similarly,
det C*(n) det U1 (X}, n)
(6.13) = det C*T!(n) det T¥(\;,n) — y¢ det U¥(\g, n) det Cié(ﬂ),
and (4.3)) prove . The rest follows in a straightforward manner. 0
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Remark 6.2. (i). If f is square summable near M_, f,, . ., = U, . ., --- U, f is given by
substituting ¥(\;) — f in . Similarly we get the scalar product of f,, .., and g, .

from by substituting f — ¥(\;) and g — ¥();) in (6.2).
(ii). Equation (6.7)) can be rephrased as

(’711/}71 ----- Ye ()‘1’ n)v s 7747/}71 »»»»» ’Ye()‘fv n)) =

det C*(n)

(6.14) det Ct(n —1)

(CHn) " (A, n), ... v (A, n)),

where (C*(n))~! is the inverse matrix of C*(n).
Clearly Theorem extends (by induction) to this more general situation.

Theorem 6.3. Assume (H.4.2) and (H.4.7). Then T, .. is l.p. at M.

YN
Finally we also extend Lemma For simplicity we assume 9(\j,n) € H, 1 <j < N.
Lemma 6.4. Let H be a given Jacobi operator satisfying . Then H, . ~x, defined via

Y(eyn) = f-(keyn), Moo= (ke +k;")/2 € R\o(Hy, .~ 1), 1 <€ < N has the transmission
and reflection coefficients

(6.15) Ty (B) = Ty sem (ko) ST (),
Nk kN2
610) Ry () = R0, Renn () = (1T (F25) ") o),

where z = (k + k=) /2. Furthermore, the norming constants ~y_ ; corresponding to \; € o,(H),
j€dJ (c¢f (2.50)) remain unchanged and the additional eigenvalues Ay have norming constants

V=0 = Ye-

Remark 6.5. Of special importance is the case a(n) = 1/2, b(n) = 0. Here we have fi(k,n) =
k*", T(k) = 1, and Ry (k) = 0. It is well known from inverse scattering theory that R (k), |k| =
1 together with the point spectrum and corresponding norming constants uniquely determine
a(n),b(n). Hence we infer from Lemma [3.3|that H., . ., constructed from ¢)(Ae,n) = f—(k¢, n)
asin Theoremand Hy, .. o constructed from uf;é = L;@k?-y(_l)hl %ke_" as in Theorem
[B.] coincide if

1—0;\ 7" N - kjk
(6.17) %:(Uj> g vl L bl oy oy
L+ IT2 Iy — kel

For a direct proof compare [35].

7. APPLICATIONS

First we state the discrete analogue of the FIT-formula derived in [22] for the isospectral torus
of periodic Schrodinger operators. This yields an explicit realization of the isospectral torus of
all algebro-geometric quasi-periodic finite-gap Jacobi operators.

Let a(n), b(n) be given algebro-geometric quasi-periodic g-gap sequences characterized by the
band-edges Ey < E1 < -+ < Eag41 and Dirichlet data {(;,0;)}{_, at the reference point n =0
(cf. [7]), where p; € [Eaj_1,Es;] and o; € {£}, 1 < j < g. Then the spectrum of the associate
Jacobi operator H is of the type

U(H) = O'ac(H) = Uzill [EQn—%EZn—l]v
(71) Usc(H) = Up(H) = 0.

and (cf. (2:29))
(7.2) o(Hy) = o(H) U{pjloj =+, 1< j <g}.



20 F. GESZTESY AND G. TESCHL

Then considerations as in Theorem [3.I] readily yield that all other isospectral algebro-geometric
g-gap sequences can be realized in the following way

Afi1,61) s (fig,54) (1) = —Va(n — g)a(n — g +2) x
\/ Cnfg(@/]cn (/J’l) ( 1)7 . 7w0q (/ig)v/(/) ( g))
Cnngrl(?;/}al (,ul)a Z/J a1 (ﬂl) cee 7w0q (#g)v ¢ Gy ([Lg))
(13) ¢awﬁx%umxwlmn.ww%w»waxg»
) C’ﬂngrl(wal(:u’l)ﬂw 1(/11) -~-7¢ag(ﬂ )7 g( 9))
b s = aln—g) Cnfg+2(wo1(ﬂl)aw 5 (fi1), ""/(/}Uq(/‘l'g))
(711,61),-+5(fig,54) Cr— g1 (Vo (1) V=, (1) - - -, Yor, (2 g))
Cr—g (Yo, (11), V=5, (1), - - -, Yo, (11g), V-5, (Bg))
On—g-&-l(wal (#1)71/) (ﬁ1)7 <. 71/109 (/Jg)ﬂ,[} (ﬂg))
71 g(wtﬁ(ﬂl)’ 0-1(/11)""71/)0'g(“g))
+a(n+1)cn q+1(¢01(ul) 0'1(/]‘1)a --vwog(ﬂq)) 8
(7.4) Crn—gt1(Voy (1), V-5, (fi1)s - - - Yo, (11g), V-5, (fig))

CrrgWors (1), %0 ()5 - -2 Voo (f1g)s V3, (fig)) 1O

where 11 (z,n) are the branches of the Baker-Akhiezer function associated with a,b (i.e., the
solutions of 7¢ = z¢ which are square summable near +00) and the new sequences are associated
with the new Dirichlet data {(f;,5;)}7—; at the same reference point n = 0. Even though
4 (z,n) is not necessarily positive as required in our Theorem the above sequences can be
shown to be well-defined by using the explicit theta-function representations for ¢4 (z,n) (cf.,
e.g., [1) aslong as fi; € [Eq;_1, Eaj] and 6; € {£}, 1 < j < g. In fact, consider the hyperelliptic
Riemann surface K, associated with the function

2g+1

(7.5) Rogya(2)'? = T (= — E)'?

§=0
and branch points Ey < E; < -+ < Ezgy1. A point P € K, will be denoted by P =
(2, £Ray42(2)'/?) and we add two points cox € K, such that K, is compact. Introduce

g
(7.6) 2(P,n) = Ap (P ZA (£5) + 2nAp, (004 ) = Ep,,

where A p, 18 Abel’s map with base point Py = (Eo,0) and = P, is the vector of Riemann constants
(cf. [7] for more details). Then

(7.7) a(n) = alf(z(cor,n —1))8(z(004,n +1))/8(z(c0r,n))*)"/?,
B(z(001,n — 1))0(=(Poyn + 1))

0(z(00y,n))0(2(Fo,n))
0(z(00+,1))0(z(Fo,n — 1))
0(z(004,n = 1))0(2(Po,m))’
where 0 is Riemann’s theta function associated with K, and a is a constant depending only on K|,
(i.e.,on {E; }QQH) Performing one single commutation at a point Q = (2,0 Ra,10(2)"/?) € K|,
(i.e., choosing 9, (z,n) to perform the commutation) it is shown in [7], Chapter 9 that the new
sequences are again given by , if z(P,n) is replaced by

(7.9) Z(P,n) = 2(P,n) + Ap (Q) + Ap, (004).

As a consequence we note that for the standard procedure as in Theorem (i.e., with Q =
(A1, 01Rag19(A1)'?), 01 € {#1}) the corresponding commuted operator H,, is again quasi-
periodic and isospectral to H.

b(n) = *Eo‘i’d

(7.8) +a
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Hence, choosing @) = fi; we obtain
(7.10) Z(P,n) = z(P,n) + Ap, (fij) + Ap (004

and the Dirichlet eigenvalue at fi; is formally replaced by one at co_ (since Apo(oo_) =
fAAPO(ooJr)). The corresponding sequences are neither real-valued nor well-defined. To re-

pair this we perform a second single commutation choosing Q = (jij, —;Rag42(fi;)'/?). The
resulting sequences a(z; 5,), b(a;,5,) are associated with

(7.11) 2,5 (Pin) = 2(Pon+ 1) + Ap (7)) — Ap, (5,6 Rag2(15)"?))

and are again real-valued. Moreover, we have replaced the Dirichlet eigenvalue (u;,0;) by
(ftj,0;) and we have shifted the reference point for the Dirichlet boundary condition by one
(since z(P,n + 1) and not z(P,n) occurs in ([7.11))) whereas everything else remains unchanged.

From Section 3 we know that a(z; 5,), b(s,,5,) are equivalently given by

Cn (Yo, (115), V=, (11)) Crt2 (Yo, (145), V=3, (fi5))
(7.12) a5, )(n+1) = —a(n)a(n +2) ! ! L ! ,
o) Crur (Y, (1), =5, (725))?
’(/}0']‘ (/j‘jv n+ 2)0774(2/}0]‘ (Nj)? ’(/}*5']‘ (/1]))
wcfj (va n+ 1)Cn+1("/}0j (/J‘J')v ¢f&j (/1]))
o j 5 Cn o i)y Y=o (L ~
(7.13) a(n+1) Vo, 15, )Cni1 (Yo, (1), ¥ '7(“3)) = Hy
7/10‘7' (:ujv n+ 1)071 (waj (Mj)a 7/}—75' (:uj))
where the n 4+ 1 on the left-hand-side takes the aforementioned shift of reference point into
account. Thus, applying this procedure g times we can replace all Dirichlet eigenvalues proving

), 7.
The reader might be puzzled by the fact that the Dirichlet eigenvalue fi; is shifted to co_ (as
opposed to oo, ) which seemingly distinguishes co_ from oo. However, this apparent asymmetry

between ooy and oco_ is related to our way of factorizing H. If we would instead split up H as

(7.14) H=A; Ay +py,

bip;op)(n+1) = al(n) +

where

(7.15) (A5 f(n) = —\/—

wnn¢@mpmfm_ly+¢_wnanmﬁnnfm%

11Z)0'j (/u'jan - 1) 7;[}0,- (,Ujan)

with fl;j being the adjoint of /ngj, the role of ooy and co_ would be interchanged.

We stress again that , represent an explicit realization of the isospectral torus of all
algebro-geometric quasi-periodic g-gap Jacobi operators with spectrum .

Next we turn to bounded solutions (a(n,t),b(n,t)) of the Toda equations and construct N-
soliton solutions on these (arbitrary) background solutions using the single commutation method.

The corresponding Jacobi operators H (t) satisfy inf(o(H(t))) = inf(c(H(0))) > —oo for all
t € R. Furthermore, this implies the existence of principal solutions u4 (A, n,t) which satisfy

(7.16) Htusr(A\n,t) = dux(A n,t),
d

(7.17) aui()\,n, t) = Pux(\n,t), (n,t)€Z xR,
where the difference expression P(t) associated with (a(t),b(t)) is defined by
(7.18) (P(t)f)(n) = a(n,t)f(n+1) —a(n —1,¢)f(n —1).
(7.16]) and (7.17)) then imply the Toda lattice equations,

d

Latnt) = a(n,t) (b(n, £) — b(n + 1,t))
(7.19) d , () EZxR

Lin,t) = Q(a(n,t—l)Q—a(n,t)Q)
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which are well-known to be equivalent to the Lax equation

d
(7.20) @H(t) —[P(t),H(t)]=0, teR
(where [.,.] denotes the commutator).
Next, let H(t) be as above and choose
(7.21) An <--- < A <inf(o(H(0))), oj€[-1,1], 1<j<NeN
Then Theorem [3.1] implies
oy on (M) = —v/a(n,t)a(n+ N,t) x

Vb, )Cnpa ()

(7.22) : al — =,
Crg1(ul ... ul,)
bal ..... oON (n) t) - _)\N
Cra(ul, . ull T)Co(ul . ul)
+a(n,t) - N1 N ~
Crt1(ug, - - oy ) COnga(ug, s - udy)
Cn(ul oo ulN = Cra(ul .o ul)
(7.23) +a(n—|—N—1,t) ( 011 N;\rl,)l +1( 11 NN)7
Cry1(ul,, .. oy )Cn(ul .. ud,)
where
1 1-—

(7.24) ub, (n,t) = o uy(Ae,m,t) + (—1)€+1Ju7()\g,n,t).

2 2

Moreover, for A < Ay,

N—1
+ H (—a(n—&—j,t))Cn(u}n,...,uﬁw,ui(/\))
(7.25) Uoy,...on, (A, 1, 1) = _

7=0
\/c,,(u}n,... A )Cia(ul,, . ul,)

are the principal solutions of 7,, . s, (t)u = Au satisfying

d

(7'26) %um,..-,m\r,ﬂ:(/\anvt) =Fo, .. on (t)uol,--.,aN,:l:(Avnat)v

where Py, 5 (t) is defined as in (7.18) with a replaced by as, .. »n. We also have (cf. (3.11)),
B12))

.....

Cn 1w SO (ul e udN
(7.27) Poor....on(Mst) = —\/—a(n,t) +2(ul, 11’:7N—1) (ul,mul )

I
Crgr(ulostioy -y )Cngr (uf osul )’

N_
C"(uzlvl "7u0Ni1)cn+1(ug-1 ,.,,ﬂJ.é_VN)

138) oo (1a0) = [ —aln+ N — 1 2t

o1 7~~»,uaN71)Cﬂ/(ué1 ,_,,7uévN) ’

Finally, the sequences ag, ... on (N 1), bsy ... on (0, t) fulfill the Toda lattice equations (7.19)
and the sequence

. pe,ol ..... O'N(m7t)) n= 2m
(7.29) P (M) = { Po,or,.on(Myt), n=2m+1 "~
fulfills the Kac—van Moerbeke lattice equation
d
(7.30) Zo(n.t) = p(n,t) (p(n +1,6) = pln = 1,8)?).

At the end we derive the N-soliton solutions relative to an arbitrary Toda background solution
(a(t),b(t)) using the double commutation method.

Denote by ¥(A, n,t) the solutions of 7(t)y» = Ay which are square summable near —co and
satisfy

(7.31) %z/}()\,n,t) = P(t)v(\,n, ).



COMMUTATION METHODS FOR JACOBI OPERATORS 23

As in Theorem [6.1] we define the following matrices

n

(7.32) CN(n,t) = 3 6:(5) + VA7 D DArem )N, m, t) )
meM- 1<r,s<N
CN(nvt)r,s r,s<N
s Aj,m, ) Y(As, m,t)  s<tr=N
(7.33) \IJN()\j7n7t) _ \/PTm%_ P(Aj, m, (A, m,t) +1
\/’Wib(/\,«,n,t) r<f,s=N+1
w()\jﬂl, t) r=s=N+1 <rseNA1

Then the sequences

det CN(n —1,t)det CN 1,
det CN(n,t)
1d . det O (n,t)
2dt " detCN(n—1,¢)
satisfy the Toda lattice equations (7.19). Moreover,

det \I/N()\j, n, t)

(734) Ayy,.vN (’/l,t) =

(7.35) boyyroyw (1) = b(n,t) —

7.36 Ajymst) =
(7.36) Pty (o) Vdet CN(n —1,t) det CN (n, t)
satisfies
d
(737) aqﬁ’h,mﬁN (A.ﬁ n, t) = P’Yhm,"/N (t),(/)'yla**'77N ()\j’ n, t)’

where again Py, .. (t) is defined as in (7.18)) with a replaced by a~,,.. -

8. APPENDICES

Appendix A lists some formulas for Jacobi operators which are used in Sections 2 and 3.
Appendices B-D contain some facts about Weyl-Titchmarsh theory for Jacobi operators which
are needed in Section 3. Finally Appendix D states a l.p. criterion which seems to be novel and
of independent interest.

Appendices B-D generalize some well-known facts about Sturm-Liouville operators (to be
found, e.g., in [11],[28],[49],[54]) to Jacobi operators. The following material is essentially taken
from (11, [3],[5], 8]-

APPENDIX A. GENERAL BACKGROUND
Assume (H.4.2) and define the Jacobi difference expression
(A1) (7f)(n) = a(n)f(n+1) +a(n = 1)f(n = 1) = b(n) f(n).
A simple calculation yields Green’s formula for f, g € ¢(7Z)
(A2) > (1(r9) = 97F) () = Walf.9) = W1 (£.9),
Jj=m
where we have introduced the modified Wronskian
(A3) Walf,9) = a(n) (F(mg(n +1) = F(n+1)g(n)), n € Z.
The main object of our interest will be the equation

(A.4) TU = zu, u€l(Z), z € C.
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A glance at ([A.2]) shows that the modified Wronskian of two solutions is constant and nonzero if
and only if they are linearly independent. If we choose f = u(z), g = u(z) in (A.2)), where u(z)
is a solution of (A.4) with z € C\R, we obtain

(A.5) [u(2)]n = [u(2)lm-1 — Z Ju(z, )%,

where [.],, denotes the Weyl bracket

(A.6) (2] = W _ ()G ?I:z(zz)n 1),

Taking limits in (A.2) shows that Wi (f, 9) = lim,— 1o W, (f, g) exists if f,g,7f, and 7g are
square summable near +oco.

n € L.

APPENDIX B. WEYL m-FUNCTIONS

Let 0,(2,.), 0a(z,.) be the fundamental system of (A.4]) corresponding to the initial conditions

¢o¢(zv 0) = - Sin(a)7 ¢Ot(2’ 1) = COS(O{),

(B.1) L 0) = cos(a) 1) = sin(a)
(20 = 258 B 1) = s

such that

(B.2) W(0a(2); ¢a(z)) = 1.

Next pick A; € R and define the following rational function with respect to z,
_ Wiv(6a(A).a(2)
WN(¢O¢(>‘1)a ¢a(2)) 7

which has poles at the zeros A\j(N) € R, A (N) = Ay of Wx(¢a(A1), da(.)) = 0. The fact that
one can rewrite my(z,a) with A; replaced by A;(INV) together with

(B.3) my(z, ) N € Z\{0},

(B.4) i W (6a(A(N).0a(z) = —1,
(B.5) i WN(‘?Z(?;%’)%“” = WrlbalMy (V) (A (N))

imply that all poles of my(z,«) are simple. Using (A.2) to evaluate (B.5)) one infers that F1
times the residue at A;(V) is given by

N

o -1
(B.6) BN = (3 day(N)m)?) T, N 20

n= Nirl
The ~,(a, N) are called norming constants. Hence one gets
itan((x)il [0,7)
v Fle N) a0) Y€ (0] >

(B?) mN(Z,Oé) = ; W + j:sz(é) o 5 N < O

a2z ¥ = o

(We note that A;(N) depend on « for j > 1.) Furthermore, the function

(B.8) un(z,n) =04(2,n) —my(z,0)da(z,n)
satisfies
(B.9) Z un (2, n)|? = M@)o

Im(z)

1
= N+1

i.e.,, £#my(z, «) are Herglotz functions for N 2 0.
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Next we want to investigate the limits N — +oo. Fix z € C\R. Then, as in the Sturm-
Liouville case, the function my(z,«) (for different values of A\; € R) lies on a circle given by

(B.10) {m € C|[0a(2) — mpa(2)]ny = 0}.

Since [.]y is decreasing in N for N > 0, the circle corresponding to N + 1 lies inside the circle
corresponding to N. Similarly for N < 0. Hence these circles either tend to a limit point or a
limit circle, depending on whether

+oo +oo

(B.11) Z |pa(2,n)|> = 00, or Z |pa(z,n)]? < oco.

Accordingly, one says that 7 is limit point (I.p.) respectively limit circle (l.c.) at +00. One can
show that this definition is independent of z € C\R. Thus the pointwise convergence of my(z, a)
is clear in the [.p. case. In the [.c. case both Wronskians in (B.3]) converge and we may set

(B.12) my(z,a) = NLHEOO mn(z,a).

Remark B.1. (i). m4(z,0) are not the usual Weyl m-functions defined in the literature. For a
connection with the standard Weyl m-functions m4 (z) see (C.20), (C.21). We have chosen to
introduce M4 (z, @) in order to simplify our notation in various places.

(ii). This explicit construction of converging sequences, even in the l.c. case, also works for
Sturm-Liouville operators and seems to be novel to the best of our knowledge. Previously one
usually proved the existence of such sequences using Helly’s selection theorem (cf., e.g., [I1]).

Moreover, the above sequences are locally bounded in z (fix an N and take all circles corre-
sponding to a (sufficiently small) neighborhood of any point z and note that all following circles
lie inside the ones corresponding to N) and by Vitali’s theorem ([50], p. 168) they converge
uniformly on every compact set in Cx = {z € C| £ Im(z) > 0}, implying that +my(z, ) are
again Herglotz functions.

Upon setting

(B.13) ug(z,m) = 04(z,n) — Mi(z,a)p0(z,n)
we get a function which is square summable near +oo
Im(m(z,@))
B.14 P
(B.14) > sz e
n=_1 o0

— oo

In addition,

(B.15) Wioo(da(A1),us(z)) =0,

if 7 is l.c. at £oo. We remark that (independently of the l.c. and l.p. case at +00)
_uj:(z7 1)

a(0)ux(z,0)

and that m4 (z, ) can be expressed in terms of m4 (z, 8) (use that vy is unique up to a constant)
by

(B.16) My (z) = my(z,0) =

1 a(0)cos(f — a)mx(z, ) —sin(f8 — «)
a(0) a(0) sin(8 — a)m(z,8) + cos(f — )

APPENDIX C. WEYL-TITCHMARSH THEORY ON N

(B.17) my(z,a) =

Let H; be a given self-adjoint operator associated with 7 on N and a Dirichlet boundary
condition at n = 0. Abbreviate ¢(z,n) = ¢o(z,n) and let uy(z,n), z € C\o(H,) be a solution
of which is square summable near oo and fulfills the boundary condition at oo (if any).
The resolvent of H, then reads

(C.1) (Hy =2)7')(n) = Y Gulzymn)f(m), =z C\o(Hy),

meN
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where
_ 1 ¢(Z7n>u+(zam)’ mz=n
2 Colermn) = T T emesomy, m2n
Since ¢(z,n) is a polynomial in z we infer by induction
1, k=n
(03) ¢(H+,Tl)51 = 0n, 5n(k) = { 0, k#n ’

implying that ¢; is a cyclic vector for Hy. If E,(.) denotes the family of spectral projections
corresponding to H; we introduce the measure

(C.4) dp+(.) = d(61, E4(.)01).

Equation (C.3) now shows that the polynomials ¢(z,n), n € N are orthogonal with respect to
this measure, i.e.,

(C5) (60, () = / (0 )OO k) dpsy (V) = 65 (k).
implying
(C.6) a(n) = (6(n+ 1), A6(n)),  b(n) = —(é(n), Ab(n)), n € N.

Now consider the following transformation U from the set ¢o(N) onto the set of polynomials

(C.7) UHN) = D fmg(\n),

(C.5) (U F)n) = / (N ) F(\dpy (M),
A simple calculation for FI(A) = (U f)(A) shows that

(C.9) >l = / [F(V)[2dp (V).

Thus U extends to a unitary transformation
(C.10) U : *(N) — L*(R, dpy)

(since the set of polynomials is dense in L*(R,dp,), [5], Theorem VII.1.7) which maps the
operator H, to the multiplication operator by A,

(C.11) UH. U '=H,
where
(C.12) HFE(\) = AF()\), D(H)={F € L*R,dpy)|\F(\) € L*(R,dp,)}.

This is easily verified for f € ¢o(N). If 7 is I.p. at co note that ¢y(N) is a core for H; and if
7 is l.c. at oo note that dpy is a pure point measure and that eigenfunctions are mapped onto
eigenfunctions (all finite linear combinations of eigenfunctions form again a core).

This implies that the spectrum of H; can be characterized as follows. Let the Lebesgue
decomposition of dp; be given by

(C.13) dpy = dpyp + dpy ac + dp+ sc,

then we have (py(\) = f(—oo,A] dp+)

(C.14) o(Hy) = {X€RJ\isa growth point of p,},
(C.15) op(Hy) = {X€R|\is a growth point of p; ,},
(C.16) oac(Hy) = {X€R|\is a growth point of py 4c},
(C.17) ose(Hy) = {A€R|\is a growth point of p; 5}
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The Stieltjes transform of the spectral function p; is called the Weyl m-function

dp+ (A
(C.18) m+(z):/p+7(), 2 € C\R.
R A—z
Conversely, the spectral function p; can be recovered from m,(z) by the Stieltjes inversion
formula

A+48
1
(C.19) p+(A) = = limlim / Im(my (v +ic))dv.
T 510 €l0

— 00

We have normalized p such that it is right continuous and satisfies R lim p;(A) = 0. One infers
——00

—u4(1)
a(0)u(0)
and we remark that the local compact convergence of my(z,0) to m4(z) = my(z) implies the
convergence of the associated spectral functions at every point of continuity ([2], p. 332). The
second Weyl m-function is usually defined as

(C.20) my(z) =Gi(z,1,1) = =1y (2),

—u_(-1) _ z+b(0)+ a(0)?m_(z) .

(C.21) m—(z) = G-(2,-1,-1) = a(—Du_(0) a(—=1)?

mq (2), like £7n4 (z), are Herglotz functions.

APPENDIX D. WEYL-TITCHMARSH THEORY ON Z

In Appendix C we have dealt with the half-line N. In this appendix we extend these results
to all of Z.

Let H be a given self-adjoint operator associated with 7. Let uy(z,n) be a solution of
which is square summable near +oo (provided such a solution exists) and fulfills the boundary
condition at oo if any. The resolvent of H then reads

(D.1) (H=2)""f)(n) =Y Gzm,n)f(m), z€p(H),
meZ
where
1 u_(z,n)uy(z,m), m>n
D.2 =
( ) G(Z7m7n) W(U,(Z),UjL(Z)) { u_(z,m)u+(z,n), m<n
Consider the vector-valued polynomials
(D.3) o(z,n) = (¢1(z,n),¢2(z,n)),
where ¢12(2z,n) are solutions of (A.4) satistying the initial conditions
(D4) ¢1(Z,0) = 0) ¢1(Z7 1) = 1a

¢2(Z,0) = 1, ¢2(Z,1) =0.
The analog of (C.3) reads
(D.5) ¢1(H,n)o1 + ¢2(H,n)do = 6.

This is obvious for n = 0, 1 and the rest follows from induction upon applying H to (D.5)). If E(.)
denotes the spectral resolution of the identity corresponding to H we introduce the measures

(D.6) dpji(-) = d(0;, E(.)0%),

and the (hermitian) matrix-valued measure

dpi1 dpi2 )
D.7 dp = ’ ’ .
(D7) P ( dp2,1  dpa
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By (D.5) the vector-valued polynomials are orthogonal with respect to dp

fotm).o) = 3 [ 6s0m) ox(0 iz

7,k=1
(D.8) = /(b (A, m)dp(X\) ¢p(A,n) = 6, (m).
The analogous formulas to then read
(D.9) a(n) = (¢(n +1),A¢(n)), b(n) = (d(n), ¢(n)), n € Z.

Next we consider the following transformation U from the set £5(Z) onto the set of vector-
valued polynomials

(D.10) (UHM) = D Fm)o(\n)
nez
(D.11) OB = [ s0mdpNEW)
Again a simple calculation for F'(X) = (U f)(A) shows that
(D.12) F(Ndp(2)E(N).
nEZ / p

Thus U extends to a unitary transformation

(D.13) U : (*(Z) — L*(R,dp)

which maps the operator H to the multiplication operator by A,

(D.14) UHU'=H,

where

(D.15) HFE(N) =zF(\), D(H)={F € L*(R,dp)|]A\F(\) € L*(R, dp)},

as in Appendix B.
In order to characterize the spectrum of H one only needs to consider the trace dp® of dp

(D.16) dp' = dpi1+dpaa.

Let the Lebesgue decomposition of dp’ be given by
(D.17) dp' = dpy, + dpg. + dpg.,
then we have (p'(\) = [___ ) dp', etc.)
(D.18) o(H) = {X€eR|\is a growth point of p'},
(D.19) op(H) = {XeR|)is agrowth point of p/ },
(D.20) ouc(H) = {X€R|)is a growth point of p’_},
(

D.21) ose(H) = {X€R|\is a growth point of p’_}.
The Weyl-matrix M (z) is defined as

(D.22) M(z) = / e L cor

Explicit evaluation yields

(D.23) T o (2) — e (2) ( —a(0)m4(2)  a(0)*mg (2)m_(2)
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Finally, assuming p to be right continuous and normalizing p(—oco) = 0 one obtains
1 A5
(D.24) pjk(A) = =limlim [ Im(M, (v +ie))dv, 1<jk<2.

T 6]l0 €0
—00

APPENDIX E. A LIMIT POINT CRITERION

Lemma E.1. Let w, a, b be real-valued sequences, w > 0, a < 0. Define

1

(E.1) (ro)() = o5 (a(n)u(n F 1) +a(n—uln—1) - b(n)u(n))

and suppose that T is bounded from below. Then T is in the l.p. case at oo if Y. |w(n)/a(n)
0.

‘1/2 _

Proof. Since 7 is bounded from below, there exists a principal solution uy > 0 of T4 = Au near
oo for A € R sufficiently small. (See, e.g. [33], [44] for the definition and basic properties of
(non)principal solutions associated with 7.) Then 4 defined by

(B.2) e (n) =us ()Y !

a(m)us (m)us (m + 1)
is nonprincipal near oo, i.e.,

> 1
Z a(m)ig (m)i(m +1)

Now suppose that 7 is l.c. at co which implies

(E.3) < 00.

(E.4) > w(m) i (m)]* < oo.

Then Cauchy’s inequality yields the contradiction

oo

co = |w(n)/a(n)[/?

> l(w(m)is (m)is (m+1)/(a(m)ar (m)a (m+ 1)/
[} 1/2 1/2

(E.5) Yo wm)las(m)P| > la(m)ig (m)i (m+ 1) < oo,

IA

For further l.p. criteria we refer the reader, e.g., to [I], [36].
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